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Paris, France

1. Basic Ingredients

A stochastic game is a multi-stage game played in discrete time where, at
each stage, the stage game played depends upon a parameter called state.
The value of the state evolves as a function of its current value and the
actions of the players. Let I be the finite set of players and S be the set of
states. For each state z in S, an I-player normal form game is specified by
action sets Ai(z) for each player i in I and reward functions ri(z, .), i in I,
from the set of action profiles at z, A(z) =

∏
i∈IA

i(z) to the reals, R. In
addition, for any pair consisting of a state z in S and an action profile a in
A(z), a probability p(.|z, a) on S describes the random transition.

Comments. The finite case corresponds to the model where the state
space S and any action set Ai(z) are finite. One can then assume w.l.o.g.
that Ai(z) is independent of z. In the general case, S has a measurable
structure and for any player i, {(z, ai); z∈S, ai∈Ai(z)} is a measurable
subset of S×A

i where A
i is a measurable space.

2. Game Form

We describe here the traditional model of stochastic games ([19], [7]). Gen-
eralizations will be introduced later on in [4], [21].

A stochastic game is played in stages and a play of the multi-stage
game evolves as follows. The initial state at stage n = 1, z1, is known to
the players (public knowledge). Each player i chooses an action ai

1; this
defines an action profile a1 = {ai

1}i∈I which is announced to all players.
The stage reward is the vector r1 = {ri(z1, a1)}i∈I and the new state z2 is
selected according to the distribution p(.|z1, a1) on S.

At stage n, knowing the history hn = (z1, a1, ..., an−1, zn) (the sequence
of states and actions up to that stage), each player i chooses an action
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ai
n. The state zn and the profile an = {ai

n}i∈I determine the stage reward
rn = {ri(zn, an)}i∈I and the distribution p(.|zn, an) of the new state zn+1.
Denote by Hn the set of histories at stage n and by H = ∪n≥1Hn the
set of all histories. H∞ is the set of plays defined as infinite sequences
(z1, a1, ..., an−1, zn, ...); each play specifies a stream of payoffs (r1, ..., rn, ...).
Several games will be associated to specific evaluations of this sequence of
payoffs, as in other multi-stage game forms with stage payoffs.

Remark. Stochastic games appear as the I-player extension of Stochas-
tic Dynamic Programming or Markov Decision Processes (e.g., [3], [17])
that corresponds to the one-player case. Nonstationary models, where the
transition is also a function of the stage, have also been studied.

3. Strategies

The next step is to introduce several classes of strategies, starting with the
simpler finite case.

In this setup a pure strategy σi of player i is a mapping from histories
to actions, i.e., from H to Ai. The restriction σi

n of σi to Hn describes
the behavior at stage n. Let PSi denote the set of pure strategies endowed
with the natural product σ−algebra generated by the sets of strategies that
coincide with some given strategy σi up to some stage n.

A mixed strategy is a probability distribution on PSi: it is the random
choice of a pure strategy. The set of mixed strategies is denoted MSi.

A behavioral strategy is a mapping µi from histories to probabilities on
actions, i.e., from H to ∆(Ai) (where, given a set C, ∆(C) denotes the set
of probabilities on it). The restriction µi

n of µi to Hn describes the random
behavior at stage n. The set of behavioral strategies is denoted by BSi.

Consider now the general case where S and A
i are measurable spaces.

Measurability requirements are needed in each class. Note that Hn, as a
product space, has a measurable structure and endow H∞ with the product
σ-algebra. A pure strategy σi is a mapping from H to A

i such that σi
n is a

measurable mapping from Hn to A
i that maps histories ending with zn to

elements of Ai(zn).

Similarly a behavioral strategy µi is a mapping from H to ∆(Ai) such
that µi

n is a measurable probability transition from Hn to A
i that maps

histories ending with zn to elements of ∆(Ai(zn)).
Several equivalent ways of defining mixed strategies are available, all

corresponding to the idea of a random choice of a pure strategy: one can
define a measurable structure on PSi or consider “pure strategies” on H∞×
Ω where Ω is an auxiliary nonatomic probability space [1].
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The initial state z1 and a profile of strategies σ where each σi is in
PSi or MSi or BSi define (by Kolmogorov’s extension theorem) a unique
probability Pz1

σ on the space of plays H∞. Ez1
σ denotes the corresponding

expectation.
Since the game has perfect recall (each player remembers what he did

and what he knew), Kuhn’s theorem [9] applies. For each player i and each
strategy σi in MSi (resp. µi in BSi ) there exists a strategy µi in BSi (resp.
σi in MSi) such that for any (I − 1) profile τ−i of any types of strategies
of the other players, the induced probabilities on plays coincide:

Pz1

σi,τ−i = Pz1

µi,τ−i .

This allows us to consider equivalently behavioral or mixed strategies.
The strategy σi is Markov (resp. Markov stationary, or stationary for

short) if it is, at each stage n, a function αi
n (resp. αi) of the current state

zn and of the stage n (resp. of the current state zn only). A stationary
strategy αi is thus a transition probability from S to A

i mapping z to a
probability on Ai(z).

Remark. Note that with the above definition the set of strategies is
independent of the initial state. One can work with weaker measurability
requirements, as long as the initial state and the profile of strategies define
a probability Pz1

σ .

4. Payoffs and Solution Concepts

There are basically three different ways of evaluating the payoffs when
dealing with games with a large number of stages.

4.1. ASYMPTOTIC STUDY

The first approach leads to the “compact case”: under natural assump-
tions on the action spaces and on the reward function the mixed strategy
spaces will be compact for a topology for which the payoff function will be
continuous.

Two typical examples correspond to:
i) the finite n-stage game Γn(z) with initial state z and payoff given by the
average of the n first rewards:

γz
n(σ) = Ez

σ(
1
n

∑n

m=1
rm).

In the finite case, this reduces to a game with finitely many pure strategies.
ii) the λ-discounted game Γλ(z) with initial state z and payoff equal to the
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discounted sum of the rewards:

γz
λ(σ) = Ez

σ(
∑∞

m=1
λ(1− λ)m−1rm).

In this setup the first task is to find conditions under which:
- in the two-person zero-sum case the value will exist; it will be denoted
respectively by vn(z) and vλ(z);
- in the I-player case, equilibria will exist; the corresponding sets of equi-
librium payoffs will be denoted by En(z) and Eλ(z). Similarly, one may
consider correlated and communication equilibria.

A second aspect of interest is the nature of optimal (or ε-optimal) strate-
gies: existence of Markov, stationary Markov optimal strategies, etc. A re-
lated issue is to design efficient algorithms to compute the value or optimal
strategies.

Another consideration is the asymptotic behavior of the above objects
(value, optimal strategies, equilibrium payoffs, equilibrium strategies) as n
goes to ∞ or λ goes to 0 . This is the study of the “asymptotic game.”

Remark. To any distribution µ on the positive integers (or any finite
stopping time) one can associate a game with payoffs Ez

σ(
∑

µ(m)rm) and
the value vµ(z) will exist under natural conditions. Similarly, one can study
the convergence along nets of such distributions as the weight on any finite
set of stages goes to zero.

More generally, the asymptotic game in the compact case could be
viewed as a game (in continuous time) played between 0 and 1. Both play-
ers know the time (and the length of the game) and the finite, discounted
or other discrete-time versions correspond to constraints on the available
strategies (basically they are piecewise constant).

In comparison with the MDP literature ([3], [17]), the focus is more
on the asymptotics of the values than on the asymptotics of the strategies,
which often are not sufficient: the limit of optimal strategies are not optimal.

4.2. INFINITE GAME

The second perspective considers games where the payoff γz(σ) is defined
as the expectation w.r.t. Pz

σ of an asymptotic evaluation on plays like:
lim sup rn, lim inf rn or lim sup 1

n

∑n
m=1rn, lim inf 1

n

∑n
m=1rn (limiting aver-

age criterion). More generally, given a bounded measurable payoff function
f on plays, one defines γz(σ) = Ez

σ(f(h∞)).
In this framework, the main difficulty consists in proving the existence

of a value, called the infinite value, or of an equilibrium. Also of interest is
the characterization of simple classes of ε-optimal strategies.

Results in this direction extend the work of Dubins and Savage [5] on
gambling; see, e.g., [11].
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Remark. In some cases (e.g., of positive reward) the sum of the stage
rewards has a limit and the corresponding additive reward game has been
studied. See, e.g., [16].

4.3. UNIFORM APPROACH

A third model approaches the infinite game by considering the whole family
of “long games.” It does not specify payoffs but requires uniformity prop-
erties on strategies to define concepts analogous to value or equilibrium
[14].

In the zero-sum framework one introduces the following definitions.
Player 1 can guarantee v, a real function on S, if ∀z ∈ S,∀ε > 0,∃σ strategy
of player 1, ∃N such that ∀n≥N , ∀τ strategy of player 2:

γz
n(σ, τ) ≥ v(z)− ε.

Similarly, player 2 can guarantee v if ∀z ∈ S,∀ε > 0, ∃τ strategy of player
2, ∃N such that ∀n≥N , ∀τ strategy of player 1:

γz
n(σ, τ) ≤ v(z) + ε.

If both players can guarantee the same function, it is denoted by v∞ and the
game has a uniform value, v∞. It follows from the above definitions that if
player 1 can guarantee v, then both lim infn→∞ vn(z) and lim infλ→0 vλ(z)
will be greater than v(z). In particular, the existence of v∞ implies

v∞(z) = lim
n→∞ vn(z) = lim

λ→0
vλ(z).

For the case where the uniform value does not exist, one defines v(z) to be
the maxmin of the game starting at z if player 1 can guarantee v(z) and
player 2 can defend v(z) in the sense that: ∀ε > 0,∀σ strategy of player 1,
∃N, ∃τ strategy of player 2 such that, ∀n≥N :

γz
n(σ, τ) ≤ v(z) + ε.

A dual definition holds for the minmax v(z).
In the non-zero-sum case one similarly defines equilibrium payoffs through

approximate robust equilibria as follows. The set of uniform equilibrium
payoffs starting from state z is Ez

0 = ∩ε>0E
z
ε where Ez

ε is the set of I-
vectors g of ε-equilibrium payoffs, namely satisfying: there exist a profile of
strategies σ and a natural number N such that

γz,i
n (σi, σ−i)− ε ≤ gi ≤ γz,i

n (σ) + ε

for all strategies σi of player i, for all i and for all n ≥ N .
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Note that these sets Ez
ε are decreasing as ε goes to 0. Heuristically, g

belongs to Ez
0 if for any positive ε, there exists a profile σ such that g is

within ε of the asymptotic payoff induced by σ, and σ is an ε-equilibrium
of any game Γn(z) for n large enough or Γλ(z) for λ small enough.

Within this approach the main problem is the existence of a uniform
equilibrium payoff and eventually a characterization of the set of uniform
equilibrium payoffs. Note that if the payoffs are bounded, E0 is nonempty
as soon as for any ε > 0, Eε is nonempty.

Comments. In all previous cases one can in addition study ε-consistency,
i.e., look for strategies that remain ε-optimal on any feasible path [10].

For the comparison of the different approaches (finite, discounted and
uniform) and their interpretation we refer to the illuminating comments of
[2], Chapter 2, postscripts c, f, g, h.

5. Recursive Structure and Functional Equation

The fact that in a stochastic game the current state is public knowledge
among the players allows for a simple recursive structure. A crucial role is
played by the following class of one-stage games. Given a profile of functions
f = {f i}, where each f i belongs to the set F of bounded measurable
functions on S, define Γ(f)(z), the auxiliary game associated to f at z,
as the I-player strategic game with strategy set Ai(z) and payoff function
ri(z, .) + E(f i|z, .), where E(f i|z, a) =

∫
Sf i(z′)p(dz′|z, a), for all i in I.

Consider first the finite zero-sum case. Denote by A and B the action
sets of the players and by val the value operator. Assuming that the game
Γ(f)(z) has a value for all z, the Shapley operator is defined by Ψ : f 7→Ψ(f)
that maps the function f to the values of the family, indexed by S, of
auxiliary games associated to f . Ψ is specified on (a complete subset of) F
by the following relation:

Ψ(f)(z) = val∆(A)×∆(B)(r(z, .) + E(f |z, .))

or explicitly

Ψ(f)(z) = max
x∈∆(A)

min
y∈∆(B)

( ∑

a∈A,b∈B

x(a)y(b)r(z, a, b)

+
∑

a∈A,b∈B,z′∈S

x(a)y(b)p(z′|z, a, b)f(z′)
)

= min
y∈∆(B)

max
x∈∆(A)

( ∑

a∈A,b∈B

x(a)y(b)r(z, a, b)

+
∑

a∈A,b∈B,z′∈S

x(a)y(b)p(z′|z, a, b)f(z′)
)
.
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Ψ(f)(z) expresses the value of the game Γ(f)(z) where starting from state
z, the stochastic game is played once and there is an additional payoff
determined by f at the new state. This corresponds to the usual Bellman
operator in the one-player case (MDP).

Notice that Ψ as an operator from F to itself has two properties: mono-
tonicity and translation of constants; hence it is non-expansive.

Let 0 < α < 1. Giving a relative weight α on the current reward and
(1−α) on f evaluated at the next state, one obtains the discounted Shapley
operator Φ(α, .) : f 7→Φ(α, f) defined by

Φ(α, f)(z) = val
(
αr(z, .) + (1− α)E(f |z, .)

)
.

Both operators Ψ and Φ are related through the equation

Φ(α, f) = αΨ
((1− α)

α
f
)
.

These tools allow us to obtain inductively the functions vn

vn+1 = Φ(
1

n + 1
, vn)

and to express vλ as the unique fixed point of a contracting operator

vλ = Φ(λ, vλ)

(this is one advantage of the discounted case: the model itself is stationary).
The knowledge of the current state is sufficient to play optimally in the
above “auxiliary one-shot game” which will imply Markov properties of
optimal strategies.

The natural approach, which extends to the general action and state
space, is thus to look for a class of functions f such that all corresponding
games Γ(f)(z) have a value, and are in the same class; and moreover to
have enough regularity w.r.t. z to exhibit ε-optimal strategies.

The operator Φ(0, .) will appear naturally in the asymptotic analysis
[22] as well as in the infinite game [12], [13].

In the non-zero sum case a similar approach can be used to study “sub-
game perfect” equilibria. In the discounted case it will allow us to charac-
terize stationary equilibria [20].

6. Special Classes and Extensions

The basic classification of stochastic games specifies whether the action
spaces are finite or compact; the state space can be finite, uncountable or
measurable.
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In addition, specific assumptions on the transitions have interesting con-
sequences:
- Irreducible games are such that a.s. every state will be visited infinitely
many times on any play; they are usually much simpler to study. More
generally, unichain games possess a unique ergodic class S′ ⊂ S, for any
profile of stationary strategies.
- An absorbing state is a state z that one cannot leave, i.e., such that:
p(z|z, a) = 1, for all profile a. An absorbing game [8] is a game with a single
nonabsorbing state.
- A recursive game [6] is a game where the reward function in any nonab-
sorbing state is identically 0. Note that in this class lim rn and lim 1

n

∑n
m=1rm

exist and coincide on any play.
- Other examples will be found in [23], [18].

The principal extensions of the model are obtained by relaxing the hy-
potheses on the information of the players. Two main streams of research
have been considered up to now:
- The first does not assume the “standard signalling” (perfect monitoring)
hypothesis that the previous actions are observed. In some cases, the ex-
istence of an ε-optimal Markov or stationary strategy indicates that much
less than the knowledge of the past history is needed; only the current state
and the date are enough. On the other hand, in the zero-sum “uniform ap-
proach” framework, the fact that the players know the payoff is sufficient,
but also necessary (see [15]. More generally, it is interesting to study the
general case of signalling functions: after each stage n, rather than knowing
an, each player i receives a signal according to some distribution qi(.|zn, an).
However, the current state is assumed to be known. See [4].
- The second allows for incomplete information on the current state for at
least one player. Hence the state is no longer public knowledge and the usual
recursive structure is no longer available. However, it is usually assumed
that standard signalling on the moves holds. See [21].
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