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A. Neyman Valuations of infinite utility streams

1. INTRODUCTION

In many decision problems a decision maker must choose between
different possible streams of payoffs. The decision maker can be an
individual, a firm, or a community of individuals. The stream of payoffs
can be a stream of equal payoffs (called a perpetuity) or of payoffs that
vary over time.

The first objective of this paper is to characterize all preferences, over
bounded streams of payoffs, that satisfy a few plausible assumptions.

The starting assumption is that any stream is equivalent to a perpe-
tuity and the higher the perpetuity’s (constant) payoff, the better. A
preference on bounded streams of payoffs that satisfies this assumption
is represented by a unique ordinal utility function that assigns to each
stream of bounded payoffs its equivalent perpetuity’s payoft.

The second assumption is that the preference obeys the time value
of money principle. The time value of money principle reflects the
preference of expediting the receipt of positive payoffs: the faster the
accumulation of payoffs, the better. In other words, this principle states
that a unit payoff in a given period is preferable to its being spread out
over future periods. This principle is natural when saving is costless.

The third assumption is additivity. The additivity property states
that if the streams A and B are equivalent to the perpetuities C and
D, respectively, then the sum of the streams A and B is equivalent to
the sum of the perpetuities C and D.

The unique ordinal utility function that represents a preference that
satisfies these three assumption and assigns to each stream its equiva-
lent perpetuity’s payoff is called a valuation.

A valuation is impatient if the contribution of payoffs in the distant
future is negligible. It is patient if it is neutral to the timing of payoffs.

We characterize the impatient valuations, the patient valuations, and
the set of all valuations.

The characterization shows that (1) any impatient valuation is a
weighted average of the periods’ payoffs with averaging weights that

are nonincreasing in time, (2) any patient valuation is a linear function

1



A. Neyman Valuations of infinite utility streams

that assigns to each stream a value that is between the limit inferior and
the limit superior of the averages of the first n payoffs in the stream,
and (3) any valuation is a weighted average of an impatient one and a
patient one.

Two classic examples of impatient valuations are the n-th Cesaro av-
erage valuation, which is denoted by u,,, and the r-discounted valuation
(0 < r < 1), which is denoted by u,: for a stream f = (fi, fo,...),

N n

and . (f) = Zr(l — )

t=1

un(f)

The t-th period’s averaging weight of w, is 1/n if £ < n and is 0 if
t > n, and the ¢-th period’s averaging weight of u, is r(1 — r)~1.

We now turn to our second topic: optimization that is robust to a
small imprecision in the specification of the preference.

As there is a one-to-one correspondence between the preferences
(that satisfy our assumptions) and the valuations, it suffices to study
optimization that is robust to a small imprecision in the specification
of the valuation.

Optimization that is robust to small changes in the valuation is com-
mon in a bank’s selection of its portfolio. A few considerations in se-
lecting the portfolio are discussed as an illustration of the importance
of robust optimization in selecting a proper feasible stream of payoffs.

A bank’s portfolio includes assets that are composed mainly of a col-
lection of loans, each with a different maturity and a different payment
schedule, and liabilities that are composed of customers’ (including
other banks’) deposits, bonds issued by the bank, etc.

The economic value of the bank is the present value of the stream of
its portfolio payoffs. It is a function of the yield curve, which specifies
the interest rate as a function of time.

The bank’s set of feasible portfolios depends on market and com-
petitive conditions, as well as on regulatory constraints. One of the

regulatory constraints, as well as an important consideration in the



A. Neyman Valuations of infinite utility streams

bank’s selection of its portfolio, is the sensitivity of its economic value
to changes in the yield curve.!

The objective of maximizing the value of the bank’s portfolio while
ensuring that the losses due to given changes in the yield curve remain
within prescribed limits is essentially an approximate optimization that
is robust to given imprecision in the specification of the valuation.

The yield curve, and hence also the valuation, changes over time.
Therefore, an additional desired property of the bank’s portfolio is
that it can be modified gradually as the yield curve changes.

We now continue with the introduction of the formal concept of a
robust optimizer in a set F' of streams of payoffs.

For any valuation v, the maximum (or more precisely, the supremum)
of v(g) over all streams g in F' is called the v-optimal value of F' and
is denoted by v(F).

An imprecise specification of a valuation is modeled as a set U of
valuations. The maximum (or more precisely, the supremum) of u(g)
over all streams ¢ in F' and valuation w in U is called the U-optimal
value of F' and is denoted by U(F).

Fix a nonnegative number £ > 0, a valuation v, a set of valuations
U, a set of streams of payoffs F', and a stream f in F'.

The stream f € F' is an e-optimizer for v with respect to F if v(f)
(which is at most the v-optimal value of F') is within € of the v-optimal
value of F' (i.e., v(f) > v(g) — ¢ for any g € F).

The stream f € F' is an e-optimizer for U with respect to F' if for
any valuation v in U u(f) (which is at most the U-optimal value of F')
is within ¢ of the U-optimal value of F' (i.e., u(f) > w(g) — ¢ for any
valuation w in U and any stream ¢ in F'). Note that an e-optimizer
for U with respect to F' is, for any v € U, an e-optimizer for u with
respect to F'.

It follows that if the set F' of streams of payoffs has an e-optimizer
for a set of valuations U, then the oscillation of the u-optimal value of
F', where u ranges over all valuations in U, is at most ¢.

LObviously, there are other important sensitivity issues. We mention the sensitivity
to the yield curve as the yield curve specifies the valuation.
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A. Neyman Valuations of infinite utility streams

An imprecision in the specification of a valuation is often expressed
by stating that a fixed valuation v is a good proxy for the “true”
valuation. Such an imprecise specification of the valuation v is modeled
as the set of all valuations that are sufficiently similar to the fixed
valuation v. This leads to the following important concept of robust
optimization.

The stream f € F' is a robust e-optimizer at v with respect to F' if
there is a neighborhood? W of v such that f is an e-optimizer for W
with respect to F.

It follows that if the set F' of streams of payoffs has, for every ¢ >
0, a robust e-optimizer at a valuation v, then the u-optimal value is
continuous at v.

A neighborhood of a patient valuation contains, for all sufficiently
large n and all sufficiently small r, the n-th Cesaro average valuation
u, and the r-discounted valuation u,. Therefore, if f € F' is a robust
e-optimizer at a patient valuation v with respect to F', then, for all
sufficiently large n and all sufficiently small r, f € F' is an e-optimizer
for u,, and for u, with respect to F' and the oscillation of the u,-optimal
and the u,-optimal value of F'is at most ¢.

Therefore, the notion of robustness at a patient valuation provides
a unifying view of earlier studies of robust optimization of a patient
decision maker. Here we study robust optimization at any valuation,
namely, at any mixture of an impatient valuation and a patient one.

The ability to select a robust e-optimizer at v (with respect to F')
that can be changed gradually as the valuation v changes corresponds
to the existence of a robust e-optimizer at v (with respect to F) that
varies continuously as a function of the valuation v. Theorem 4 shows
that if F' is convex and has, for any valuation v, a robust e-optimizer
at v with respect to F', then there is a robust c-optimizer at v with

respect to F' that depends continuously on v.

2The formal definition of a neighborhood depends on the topology on the space of
valuation, which is defined in Section 3.1. This topology is defined by the semi-
metric d, where d(u,v) is the max norm of the difference between the averaging
weights of u and v.

4



A. Neyman Valuations of infinite utility streams

One may argue that impatience is a natural assumption of a prefer-
ence over streams of payoffs and that it is therefore sufficient to confine
the analysis to impatient valuations.

However, in order to model the imprecision in the specification of
the impatient valuation, it may be advantageous to fix a non-impatient
valuation, and then consider all the impatient valuations in its neigh-
borhood.

For example, consider the imprecise specification of an impatient
valuation that is obtained by specifying that its averaging weights are
sufficiently small, e.g., less than one hundredth. This can be modeled
as the set U of all impatient valuations that are one hundredth close
to a patient valuation v.

We illustrate the importance of approximate optimizers and the
advantage of patient valuations by considering the set I’ of feasible
streams of payoffs that consists of the perpetuity 1, with a constant
payoff 1, and the streams f*, k > 0, where the payoff is 2 in the first
period and in each of the first k£ even periods, and the payoff is 0 in all
other periods.

If our objective is to select the best stream in F', given that the im-
patient valuation places a very small weight on each individual period,
then it seems intuitive that we should select the perpetuity 1. But
while for any patient valuation 1 is the unique optimizer and no other
stream in F is even a 0.99-optimizer for® U with respect to F, 1 is not
an optimizer for any specific impatient valuation but is a 0.02-optimizer
for any? v € U with respect to F.

Other examples that illustrate the importance of approximate op-
timization and the use of non-impatient valuation arise in modeling
a preference of an impatient decision maker who has a pretty good

idea of the “interest rate” between successive points in time, as long

3For any patient valuation v, v(1) = 1 and v(f*) = 0 for all k (since the limit of
the average of the first n payoffs is 1 or 0, respectively.

4By the time value of money principle, a stream of alternating 0’s and 2’s is worth
at most as much as a constant stream of 1’s. For a valuation u € U, the extra 2 in
the first period contributes at most 2/100; hence, we have u(f*) < u(1) + 0.02.

5
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as these are not too distant; however, as regards the very distant fu-
ture, he cannot tell much beyond the fact that the interest rates remain
nonnegative; furthermore, he wants to give the very distant future a
non-zero weight, say 30%. Such preferences arise naturally in decision
problems that involve pollution, global warming, etc.

The advantage of using valuations that are not impatient in describ-
ing a small imprecision in the specification of an impatient valuation
is analogous to the advantage of using boundary points of a square in
describing a small imprecision in the specification of an interior point,
e.g., an interior point that is sufficiently close to a fixed boundary point.

We now turn to our third topic: existence of robust optimization in
a Markov decision process (MDP); see Section 4.1.

In many decision problems, e.g., in a MDP, the decision maker faces
stochastic randomness. Thus a choice of a policy does not determine a
single stream of payoffs but rather a distribution over streams of pay-
offs. The decision problem, then, is to choose from a set of distributions
over a bounded set of streams of payoffs.

By assigning to each distribution the stream of expected periods’
payoffs, we can transform a decision problem where the choice is from
a set of distributions to one where the choice is from a set of streams
of payoffs.

This assignment, along with the earlier introduced concept of robust
optimization, enables us to analyze robust optimization in the model
of a MDP.

A policy 7 in a MDP determines a distribution P, on the streams
of payoffs. The distribution P, determines the stream of expected
(periods’) payoffs P,.

The set of feasible streams of payoffs in a MDP is the set of all
streams ]5#, where 7 ranges over all policies of the decision maker.

A policy 7 in a MDP is an e-optimal policy for v, respectively, a
robust e-optimal policy at v, if P, is an g-optimizer for v with respect
to {lf’7r : 7 a policy}, respectively, a robust e-optimizer at v with respect
to {P, : 7 a policy}.
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Theorem 5 shows that any finite MDP has, for every € > 0 and every
valuation v, a robust e-optimal policy at v.

Theorem 6 states that a finite MDP has, for every € > 0 and every
valuation v, a robust e-optimal policy at v that satisfies a stringent

robustness property.

2. CHARACTERIZATION OF VALUATIONS

This section defines formally the concepts of impatient valuation,
patient valuation, and a valuation, and states the theorems that char-

acterize each of them in turn.

2.1. Streams of payoffs. A stream of payoffs is a sequence g =
(g1, g2, . ..) of real numbers. It is bounded if ||g|| := sup, |g:| < o0.
The linear space of all bounded streams of payoffs is denoted by /.

For g,h € l+, and a € R, g + h is the element (g1 + h1, g2 + ha,...)
of o, i.e., the t-th coordinate of g + h is g; + hs, and ag is the element
(agy,ags, ...) of s, i.e., the t-th coordinate of ag is ag;.

2.2. Linearity. The t-th coordinate, g;, of the stream ¢ is often in-
terpreted as the utility of consumption at stage ¢, and several classical
sets of axioms (see [2, 7]) lead to a presentation of a utility over infinite
streams of consumption that is a linear function of the stream g.

A real-valued function u that is defined on ¢, is additive if for every
g,h € loo, u(g+ h) = u(g) + u(h). As 0+ 0 =0, where 0 = (0,0, ...),
an additive u satisfies u(0) = 0.

A real-valued function u that is defined on ¢ is linear if it is additive

and u(ag) = au(g) for every g € {+ and a € R.

2.3. The time value of money principle. This principle captures
two desirable properties of a real-valued function w : ¢, — R that
represents a preference over streams of payoffs.

The first is monotonicity: the higher the stage payoffs the better.
For an additive u, monotonicity is equivalent to the property that a
stream of nonnegative payoffs is at least as desirable as the stream of

zero payoffs.
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The second desirable property of u expresses the fact that the earlier
the payments the better: a unit payoff in a given period is at least as
desirable as its spread over later periods. This implies the positive time
weak preference® property: u(e;) > u(eyy) for all ¢, where e, is the ¢-th
unit vector in f.

An additive u satisfies the positive time weak preference property
(i.e., u(e;) > u(euy) for all t) iff for any two streams g and h that differ
only in finitely many periods of nonzero payoffs and obey >; | ¢ >
> iy he Vs, we have u(g) > u(h).

The time value of money principle, which is defined formally below,
is a generalization of the positive time weak preference and is a key
principle in the characterization of valuations.

Definition 1. A real-valued function u that is defined on {., satisfies
the time value of money principle if:

For every two streams g and h such that > ;_, g: > > 7 he Vs, we
have u(g) > u(h).

Remark 1. A function u : {oc — R that satisfies the time value of
money principle is monotonic, i.e., u(g) > u(h) whenever g, > hy Vt,

and satisfies u(e;) > u(ewy) for all t.

Remark 2. An additive and monotonic function u : o, — R satisfies
u(ey) > 0 and Y2, u(ey) < oo, and therefore u(e;) goes to zero as t

goes to infinity.
2.4. Valuations.

Definition 2. A real-valued function u : ¢, — R is normalized if:
u(l) =1, where 1 = (1,1,...).

Definition 3. A normalized additive real-valued function u : {oo — R

that satisfies the time value of money principle is called a valuation.

Recall that two classic examples of impatient valuations are the n-th

Cesaro average valuation, which is denoted by u,,, and the r-discounted

For theoretical, empirical, or historical accounts of time preference properties see,
e.g., [19, 17, 18, 8, 5, 10, 6] and the references therein.
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A. Neyman Valuations of infinite utility streams

valuation (0 < r < 1), which is denoted by w,: for a stream g =

(917927 .. ')7

+ ..+ g - _
ua(g) = LTI and w(g) =Y e 1) g

n
t=1

2.5. Preferences and valuations. Many writers, e.g., [2, 3, 11, 13,
4,7, 12, 17, 8, 14], studied the implications of various axioms on pref-
erences over product sets, e.g., on sequences of consumptions or on
streams of payoffs, and the representation of the preferences by ordinal
utilities.

In this section we present a list of axioms (on preferences over bounded
streams of payoffs) such that a preference over bounded streams of pay-
offs satisfies the axioms iff it is represented by a valuation.

A preference relation - on /., satisfies the time value of money prin-
ciple if g 7= h whenever g and h are two streams in f, such that
Yoi1 g = > e Vs it is additive if for every o, € R, (9 + h)
(o +pP)1 = (a+ B, + B,...) whenever g 77 ol and h Z (1; it is
non-trivial if there are g, h € f, such that g > h, i.e., g 77 h and not
h 7 g; it is complete if for every g and h either g = h or h =~ g; it is
transitive if f - h whenever f =~ g and g - h.

The next result states properties of a preference relation that are

sufficient for it being represented by a valuation.

Proposition 1. For every non-trivial preference relation == on {y, that
is complete (alternatively, transitive), additive, and satisfies the time
value of money principle, and such that for every stream g there is
a € R such that g ~ al, i.e., g 77 al and al 7 g, there exists a unique

valuation v such that v represents = as an ordinal utility, i.e., g 7~ h

iff v(g) = v(h).

2.6. Impatient valuations. Let 1., be the stream of payoffs g =
(91,92,...) with g =1Vt >n and g, = 0 Vt < n.

Definition 4. An impatient valuation is a valuation u such that

u(1>n) _>n—>oo 0
9



A. Neyman Valuations of infinite utility streams

Remark 3. Ifu is an impatient valuation then (g1, g2, - - -, gn, 0,0, ...)
converges to u(g) as n goes to infinity, where (g1, 9o, ..., gn,0,0,...)
stands for the stream whose t-coordinate equals g; if t <n and equals 0
if t > n.

Moreover, if u is an impatient valuation then w(gi, ..., Gn, Pnst, - - ),
where g, h € ls, and (g1, ..., Gn, hni1,...) stands for the stream whose
t-coordinate equals g, if t < n and equals hy if t > n, converges to u(g)

as n goes to infinity.

The last property of a function v : £, — R is Fishburn’s convergence
axiom [7].

A normalized, impatient, and additive u : ¢, — R that obeys
u(e;) > u(eys) for all ¢ satisfies the time value of money principle.
See Lemma 1.

Therefore, a real-valued function that is defined on /., is an impatient
valuation iff it is normalized, linear, u(1.,) —n 0 0, and u(e;) >
u(eyq) for all t.

The first result characterizes all impatient valuations.

Theorem 1. A real-valued function u that is defined on lo is an im-
patient valuation iff there are weights w;, where t > 1 ranges over the

positive integers, with wy > wiy > 0 and Z;ﬁ Lwy = 1, such that

u(g) = Z WGt
t=1

The r-discounted valuation and the n-th Cesaro average valuations
are impatient valuations. The weights representing the r-discounted
valuation u, are w; = (1 —r)*, and those representing the k-th Cesaro

average valuation uy are w, = 1/kif t <k and w, =0 if t > k.

2.7. Convergence of impatient valuations. Next, we define con-

vergence of a sequence of impatient valuations.

Definition 5. A sequence u* of impatient valuations converges if for

every positive integer t the sequence uk(et) converges as k — 0o.
10
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The subspace of ¢, of all converging sequences g € (., i.e., the
limit of g; exists as t goes to infinity, is denoted by c¢. An equivalent

definition of convergence of a sequence of impatient valuations follows.

Remark 4. A sequence v* of impatient valuations converges iff v*(g)

converges for every g € c.

It follows that the limit of a converging sequence of impatient valu-
ations defines a real-valued function on c¢. On this restricted domain,
the “limit” v satisfies the following properties of a valuation: linearity,
v(1) = 1, and the time value of money principle.

Examples of converging sequences of impatient valuations are the k-
th Cesaro average valuations, ux, which converge as k goes to infinity,
and the r-discounted valuations, u,, which converge as r > 0 goes to
Zero.

The “limit” v of a sequence of impatient valuations need not coincide
with the restriction of an impatient valuation to the domain c. For
example, if v is the “limit” of wug, then, for every fixed n, the sequence
u(1s,) converges to 1 as k goes to infinity, and therefore v(1.,) = 1;

hence, v is not impatient.
2.8. Patient valuations.
Definition 6. A patient valuation is a valuation u such that
u(ls,) = 1.
The second result characterizes the patient valuations.

Theorem 2. A real-valued function u that is defined on {, is a patient
valuation iff it is a linear function on the bounded streams of payoffs
such that

(4) liminfg, < wu(g) <limsupg,.

n—oo n—o00

The lower and upper bounds in (4), liminf,,_,,, g,, and lim sup,,_, .. G,,,
are tight. The tightness follows from Lemma 2, which shows that for

any stream g € (., there are patient valuations v and w such that

v(g) = liminf, ,, g, and w(g) = limsup,,_, ., 7,,-
11
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In the characterization of patient valuations it is impossible to re-
place the time value of money principle with the condition that u(e;) >
u(eyy) for all t: there are normalized, monotonic, and linear functions
u: lo — R that satisfy u(e;) > u(eyq) for all ¢, but do not satisfy the
time value of money principle. See Lemma 3.

A patient valuation can be viewed informally as a limit of the k-th
Cesaro average valuation as k goes to infinity and of the r-discounted
valuations as 0 < r < 1 goes to zero. This informal view will be made

formal at a later stage.

2.9. Characterization of valuations. There are other possible in-
formal limits of impatient valuations. For example, a weighted average
Bv+(1—p)w, 0 < < 1, of an impatient valuation w and a patient one
v is the informal limit, as k goes to infinity, of the impatient valuations
Bug + (1 — B)w.

The next result characterizes all valuations by showing that the
weighted averages of an impatient valuation and a patient one are all

the valuations.

Theorem 3. A real-valued function u that is defined on l is a val-
uation iff it is a convex combination of an impatient valuation and a

patient one.

3. RoBUST OPTIMIZATION

This section starts with the definition of a compact topology on the
set of valuations. The topology is used in defining robust optimization.
The section includes implications of the existence of robust optimiza-

tion.

3.1. The topology on the set of valuations. In order to define
nearby valuations, as well as the proximity of one valuation to another
one, we need to define a topology on the set V' of valuations.
The coarser the topology, the larger are the neighborhoods of a point.
The topology that we define is the minimal topology 7T such that

for every g € ¢, the function v — v(g) on the set V' of valuations is
12



A. Neyman Valuations of infinite utility streams

continuous. This topology is the minimal topology such that the denu-
merably many functions v +— v(e;), t > 1, are continuous. Therefore,
V' is a pseudometric (semi-metric) space.

Namely, there is a function d : V x V. — Ry, eg., d(u,v) =
max;>, |v(e;)—u(e)|, such that (i) d(u,v)+d(v,w) > d(u, w) Yu,v,w €
V', (ii) for every neighborhood U of a valuation u there is ¢ > 0 such
that any valuation v with d(v,u) < ¢ is in U, and (iii) for every valua-
tion v and a positive ¢ > 0, {u: d(u,v) <e} € T.

By defining the equivalence relation ~ on V' by u ~ v if and only if
v(e;) = u(e;) Vt, the space of equivalence classes V/ ~ is a metrizable

space.

Remark 5. The topological space (V,T) is compact.

The impatient valuations are dense in V.

A sequence v* of valuations converges iff the sequence v*(e;) converges
Vt.

For any two distinct impatient valuations v,u € V', there is a converg-
ing sequence g € ¢ s.t. v(g) # u(g).

For any two patient valuations v,u € V, and for any converging se-
quence g € ¢, we have v(g) = u(g). Therefore, any neighborhood of a

patient valuation includes all patient valuations.

Note that for any neighborhood W of a patient valuation there is a
positive integer kg and a positive 0 < ry < 1 such that for all £ > kg

and 0 < r < ry the impatient valuations u, and wu; are in W.

3.2. Local robust optimization. Let F' be a set of bounded streams
of payoffs and v a valuation.
Recall that the v-optimal value of F', v(F), is defined by
v(F) = supv(F),
feF

and that

Definition 7. An element f € F is a robust e-optimizer at v with
respect to F', € > 0, if there is 6 > 0 such that

(5) w(f) > w(F)—e for all valuations wu,w that are §— close to v;
13
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equivalently, if there is a neighborhood U of v such that f s an e-

optimizer for U with respect to F, 1i.e.,
(6) u(f) > w(F)—¢ Yu,weU.

A related robustness property of an element f € F' is the existence
of a neighborhood U of v such that f is an e-optimizer for any v € U

with respect to F, i.e.,
(7) u(f) > u(F)—e Yuel.

If F is bounded and v is an impatient valuation, then for every ¢ > 0
there is § > 0 such that u(F) > w(F') — ¢ for any two valuations u and
w that are d-close to v. Therefore, the related robustness property at
v is closely related to our robustness property at v whenever v is an
impatient valuation.

The next remark shows that if v is an impatient valuation (and hence
there are no other valuations that are 0-close to v) and v(f) > v(F) —e,
then f is a robust ¢’-optimizer at v with respect to F' for any & > ¢.

However, this is not the case if v is not an impatient valuation.

Remark 6. If inequality (5) holds for any u that is 0-close to v, then,

for every &' > e, [ is a robust €' -optimizer at v with respect to F'.

The following example demonstrates that the continuity of the opti-
mal value of F is insufficient for the existence of a robust e-optimizer

at a non-impatient valuation v.

Example 1. Let F3 be the set of all streams f = (fi, f2,...) with
fee {-1,1}, hminft—>007t = —1, and limsupt_mo?t =1.

For any valuation v the v-optimal value of Fj, v(F3), equals 1; see
Section 6.2. Therefore, the function v — v(F3) is a constant function
and thus continuous. However, if v is a non-impatient valuation, then
F3 does not have a robust e-optimizer at v with respect to F' for some
e > 0.

The next example demonstrates that the existence of a u-optimizer
at any valuation u is insufficient for continuity of the optimal value at

any non-impatient valuation v.
14
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Example 2. Let Fy be a set that consists of a single stream of payoffs
g such that liminf,_, g, + 2¢ < limsup,,_,, G,,, where € > 0.

The set Fi consists of a single element. Therefore, it has, for every
valuation u, a (unique) u-optimizer. However, it does not have a robust
e-optimizer at any patient valuation v. Moreover, if v = (1 — 5)w + Bu
where u is a patient valuation, § > 0, and w is a valuation, then Fj
does not have a robust [Se-optimizer at v.

The next example demonstrates the (obvious) need to consider ap-
proximate optimization (rather than exact optimization) in the study

of robust optimization.

Example 3. Let Fy be the set that consists of the stream f = (0,2,0,2, ...

i.e., a payoff of zero in the odd periods and a payoff of two in the even
periods, and of the streams (0,2,...,0,2,1,0,0,...), i.e., with the same
pattern up to some even period, followed by a payoff of one in the fol-

lowing period, and thereafter the periods’ payoffs are zero.

For any 1 > ¢ > 0 and a patient valuation v, the stream f is the
unique e-optimizer for v with respect to F. Moreover, it is a robust
g-optimizer at v with respect to F'. Note that if u, is the n-th Cesaro
average valuation, then the stream f is not a w,-optimizer in F' if n is
odd. Since the n-th Cesaro average valuation converges, as n goes to
infinity, to the patient valuation v, there is no robust 0-v-optimizer in
F.

The following proposition provides a “minmax=maxmin”-type con-
dition on a set F' that is equivalent to F' having a robust s-optimizer

at v for every € > 0.

Proposition 2. F' has a robust e-optimizer at v for every ¢ > 0, if

and only if

sup  inf u(f) = inf sup u(h),
FEFWEN (v) uew WeN (v) he FueWw

where N'(v) denotes the set of all neighborhoods of a valuation v.

The next proposition is a simple corollary of the definition of a robust

g-optimizer at a valuation v.
15
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Proposition 3. If the set F' of feasible streams of bounded payoffs has
a robust e-optimizer at every fized valuation v and every € > 0, then

the function u— u(F') is continuous at v.

The following proposition shows that a bounded set of streams of

payoffs F' admits robust optimization at every impatient valuation v.

Proposition 4. Let F' be a bounded set of streams of payoffs and let
v be an impatient valuation. If f is an e-optimizer for v with respect
to F, then, for every e’ > e >0, f is a robust £-optimizer at v with
respect to F'. Therefore, F has, for every ¢ > 0, a robust e-optimizer

at v.

3.3. Global robust optimization. In this section we state the im-
plications of a bounded set of streams of payoffs F' having a robust

c-optimizer at every valuation v.

Theorem 4. Assume that the set F of feasible streams of bounded
payoffs has a robust e-optimizer at every valuation v. Then, there is a
finite list f1, f%, ..., f¥ in F such that

a) for every valuation v there is an index 1 < i < k such that f°
1s a robust e-optimizer at v with respect to F', and

b) there is a continuous function v — f* with values in the convex
hull of {f*, ..., f*} such that every valuation v has a neighbor-
hood U such that u(f") > w(F) — e Yu,w € U; hence, if f¥ is

in F then ¥ is a robust e-optimizer at v with respect to F.

The next proposition demonstrates that the condition that F' has a
robust e-optimizer at every valuation v is essential for the conclusions
of Theorem 4 and Proposition 3.

Proposition 5. For every non-impatient valuation u and a neighbor-
hood U of u, there is a bounded set of streams of payoffs F' C ¢ such
that:

(1) The optimal value of F' is not continuous at u. Moreover, there

1s a sequence of impatient valuations v, that converges to u such
16
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that the sequence v, (F') does not converge.
(2) The optimal value of F' is continuous at any valuation v & U.

(3) 3n > 0 such that for every finite subset G C F' there is an im-
patient valuation w such that w(F)—n > 141 > max,eq w(g).

4. ROBUST OPTIMIZATION IN A MARKOV DECISION PROCESS

4.1. Markov decision process (MDP). In a discrete-time finite
Markov decision process (MDP), play proceeds in stages. At each
stage, the process is in one of finitely many states, and the decision
maker chooses an action from a finite set of possible actions. The ac-
tion and the state jointly determine a payoff to the decision maker and
transition probabilities to the succeeding state.

Before making the choice, the decision maker observes the current
state.

A finite MDP is defined by the list I' = (S, A, r, p), where S is the
finite set of states, A is the finite set of actions, r : S x A — R is
the payoff function, and p : S x A — A(S) is the transition function.
If action a € A is taken at stage t and the state in stage t is s € 5,
then the payoff at stage ¢ is r(s,a) and the (conditional) probability
distribution of the state at stage t + 1 is p(s, a).

A pure (respectively, behavioral) policy 7 of the decision maker spec-
ifies the action (respectively, the probability distribution over actions)
at stage t as a function of the current state and past states and actions.
Namely, 7 : Ui>1(S* x A7) — A (respectively, — A(A)).

Given an initial state s; = s, a policy 7w defines a probability dis-
tribution P’ over the sequences si,a, ... of states and actions. The
expectation w.r.t. P? is denoted by E. For simplicity, we use the same
symbol P? to denote also the distribution over the streams of payofts
Gr = 1(S¢, ar).

The set F® of feasible distributions over streams of payoffs, as a func-
tion of the initial state s, is defined by F** = {P? : m a behavioral policy}.

It equals the convex hull of the sets {P? : m a pure policy}.
17
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The expectation with respect to the probability distribution P? is
denoted by EZ. The set F's of feasible streams of payoffs, as a function
of the initial state s, is the set of streams of payoffs ]57f = ¢*7, where
;" = E2r(s;,a;) and 7 ranges over all policies in the finite MDP. It

equals the convex hull of the sets { P2 : 7 a pure policy}.

Theorem 5. Let I' = (S, A, r,p) be a finite MDP. For every probability
distribution g € A(S), the set Y ¢ q(s)F*® has, for every e > 0 and ev-

ery valuation v, a robust e-optimizer at v with respect to Y ¢ q(s)ﬁ’s.

In fact, we prove a stronger result. In order to state this stronger
result we introduce the following notation. For a valuation u and a
stream of payoffs ¢ we denote by u(g), respectively, by u(g), the infi-
mum, respectively, the supremum, of u'(g) over all valuations ' that
are 0-close to w.

Note that as u(g) need not be measurable in g and therefore the
expectation of u(g) with respect to the probability P? (where 7 is a
policy) need not exist. However, u(g) and u(g) are measurable in g
and therefore the expectation of u(g) and w(g) with respect to the
probability P? exists.

As u(P?) > Eu(g) and u(P?) < E*T(g), the next theorem implies
Theorem 5.

Theorem 6. For every finite MDP, a valuation v, and € > 0, there
is a policy ™ and 6 > 0, such that for all valuations u and w that are

d-close to v and any policy o,

Eiu(g) > E;w(g) — €.

The proof of Theorem 6 proves also the following stronger property
of a finite MDP. The normed space of all sequences w = (wy,ws,...)
with |w]]y == Y 12, |wi| < o0 is denoted by ¢;.

Theorem 7. For every finite MDP, w € {1, a patient valuation v,
and € > 0, there is a policy m and 6 > 0, such that for all impatient

valuations u and w that are §-close to v, any policy o, and any W' € {4

18
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with |lw —W'||1 < 0,

Ejr(z wige +ulg)) > E[;(Z wigr +w(g)) — €.

t=1 t=1
5. PROOFS OF THE THEOREMS

Note that an additive function u : ¢, — R that is monotonic is
(by classical arguments) linear. Indeed, by the additivity of u, we
have u(—g) = —u(g) and u(ag) = au(g) for every rational o. By the
additivity and monotonicity of u, for every g, h € l, |u(g) — u(h)| <
llg — h|lu(1) and therefore u(ag), a € R, is continuous in «; thus
u(ag) = au(g) Yo € R.

5.1. Proof of Theorem 1.

Assume that u is an impatient valuation. Define w; = u(e;).

By the additivity of u, we have u(0) + u(0) = u(0) and hence,
u(0) = 0. The time value of money principle of a valuation along the
definition of w; implies that u(0) =0 < w; = u(e;) > u(ewys) = wya.

Note that —[|g||1sn, < g — > "1, grer < ||g||1>, and, therefore, using
the linearity of u, the definition of w;, monotonicity (which follows from

the time value of money principle ), and the impatience of u, we have

lu(g) — Zwt9t| = |u(g) — U(Z grer)| < u(llgll1>n) —n-eo O.

t=1
Therefore, u(g) = > o, wigr. In particular, using the normalization
assumption u(1) = 1, we have u(1) = > 7, w; = 1. This completes
the proof of the “only if” part of the theorem.

Assume that u(g) = > ;o wrgr with wy —wyg > 0 and Y o wy = 1.
Then u is a normalized linear real-valued function on the space {4
with u(1s,) = Y7, W —noee 0. Since u(g) = Y70 wige = Doy (Wi —
wWei1 )G, it follows that if g, > h; V¢ then u(g) > u(h). This completes
the proof of the “if” part of the theorem. O

5.2. Proof of Theorem 2. Let u be a patient valuation.
Note that if w is a patient valuation then u(e;) = 0. Indeed, by

additivity we have u(0) = 0, and by the monotonicity of a valuation
19
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we have u(e;) > 0. As u is a patient valuation, 1 = u(1) = u(}_;_, e+
1.,) =>"1  u(e) + 1. Therefore, u(e;) = 0 Vt.

For g € l we set g := limsupy,_,., g, and g := liminf; . g

Let v be a patient valuation and g € (. Fix ¢ > 0 and let n be
sufficiently large so that g —e < g, <g+¢ Vk > n.

Let h be defined by h = Y"1 (|lg]| + €)e: + (g + €)1-,. Note that
for every positive integer s, we have h, > g, and therefore, by the time
value of money principle , u(h) > u(g).

By the linearity and patience of u, u(h) = (g + e)u(l) = g + e.
Therefore, u(g) < g+ e. As this last inequality holds for every ¢ > 0
we deduce that the right-hand inequality of (4) holds for every patient
valuation u and every g € (..

Note that the left-hand inequality of (4) holds for ¢ € f if (and
only if) the right-hand inequality of (4) holds for —g. Indeed, —u(g) =
u(—g) < limsup,,_, ., —g, = —liminf, ,g,. Therefore, g < u(g) for
every g € .

Assume that u is a linear function that is defined on /., and satisfies
(4). Obviously, u(1) = 1; thus u is normalized. It remains to show that
u satisfies the time value of money principle . Assume that g, h € {
with Y1 g > > ¢, he Vn. Then, g — h > 0 and therefore u(g—h) > 0
by the left-hand inequality of (4), and therefore, as u is linear, u(g) =
u(g — h) +u(h) > u(h). O

5.3. Proof of Theorem 3. Obviously, a convex combination of valu-
ations is a valuation. This proves the straightforward “if” part of the
theorem. We proceed in proving the “only if” part.

Let u be a valuation, and let w; := u(e;). As w is a valuation,
wy > w1 > 0 VL.

As wu is additive, u(0) = 0. As u is additive, normalized, and mono-
tonic, u(1s,) is nonincreasing in n and 0 < u(1s,) < 1.

Let 8 be the limit of the nonincreasing sequence u(1-,) = u(1) —
Soijw As0<u(ls,)=1->7" w <u(l) =1, we have 0 < f§ =
1—=>72 w <1

If B =0 then u is an impatient valuation.
20
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If 5 =1 then u is a patient valuation.

Assume that 0 < 8 < 1. Define w : lo — R by w(g) =Y 2, 959t
and define the function v : £, — R by v(g) := %(u(g) — > WiGt)-

As w; > wipq > 0 and Zfil wy = 1 — 3, w is an impatient valuation.

Obviously, u = (1 — f)w + Bv. Therefore, it remains to prove that v
is an impatient valuation.

As u(1) = >"° wy = B, we have v(1) = 1. Therefore, the function v
is normalized.

By the linearity of the function g — u(g) — > o, wig:, the function
v is linear.

Asv(1ls,) = %(u(1>n) — 1on W) —nosoo 1, the function v is patient.

Therefore, the function v : £, — R is normalized, linear, and patient.

In order to prove that v is a patient valuation, it remains to prove
that v satisfies the time value of money principle.

By the linearity of v it suffices to prove that if g € £, with Y7 g: > 0
Vs, then v(g) > 0.

For g € ¢, and an integer n we denote by g-, the element of /
whose ¢-th coordinate equals ¢; if ¢ > n and equals 0 if ¢ < n.

Assume that > 7 g > 0Vs. Fixe > 0. Asw; > 0 and Y ;0 wy < 00,
there is a positive integer k such that (kwy, +>2,°, ; we)llgll <e.

As v is patient, v(g) = v(g=x) = U(Zle gi€x + g>x). Using the defi-
nition of v along with the time value of money principle of u, we have
Bo(Siy gextgsi) = u(Xory grentgor) — (31 Gty pss Gi0r) >
0—e>—c

As the inequality Bv(g) > —e holds for every ¢ > 0, and 3 > 0, we
conclude that v(g) > 0. O

5.4. Proof of Theorem 4. Let ' C /., be a set of feasible streams
of bounded payoffs and ¢ > 0.

Assume that for every valuation v there is a stream ¢" in F' that
is a robust e-optimizer at v with respect to F. Let W, € N (v) be a
neighborhood of v such that

(8) u(g’) > w(F) —e Yu,w € W,.
21
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As the topological space V of all valuations is compact and the set
of neighborhoods W, covers V' (i.e., U,ey W, = V), there is a finite
subcover. Namely, there are finitely many distinct valuations vy, ..., vy
such that UF_,W,, = V. Set f! = g and let v be a valuation. As
Uk W, =V, there is an index 1 < i < k such that v € W,,.

By setting v = v; and ¢” = f* in inequality (8), we deduce that f is
a robust e-optimizer at v with respect to F'.

This completes the proof of the first part of the theorem.

Let a; : V' — R, be a continuous function such that «;(v) = 0 iff
v ¢ W,,. The existence of such a function «a; follows from the fact
that V' is a semi-metrizable space. (E.g., a;(v) can be the distance
of v from the complement of W,,.) Note that for every v € V there
is 1 <4 < k such that v € W,, and thus «;(v) > 0. Therefore
S L a(v) >0Vw eV,

Next, we define the stream f¥ in F' by

Zf:l O‘i(v)fi‘
Zle a;(v)

As the functions «; are continuous and 3%, a;(v) > 0, the function

fr=

v — fY is continuous.

Let U be the neighborhood of v consisting of all valuations u such
that for all 1 <1 <k, a;(u) > 0iff o;(v) > 0. Le., U = Niay ()0 W, =
Niuew,, W, -

Let u and w be two valuations in U. For any 1 < ¢ < k such that
a;(v) > 0, we have u(f*) > w(F) — e Yu,w € W,,; hence, u(f*) >
w(F) —eYu,w e U CW,,. Asu is a linear function of the stream of
payoffs, we deduce that u(f") > w(F) — e Yu,w € U.

This completes the proof of Theorem 4.

5.5. Proof of Theorem 6. Let I' = (S, A,r,p) be a discrete-time
finite MDP and let v(s), s € S, be the undiscounted value of the MDP

with initial state s.

Set g; = T(Sta at) and g, = %Z?:l Ggt-
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Let 7 be a stationary uniformly optimal policy® of the decision maker
in . Thus,” for every state s € S and every policy 7,
(9) E; liminfg, > v(s) > E; limsupg,,
n—0o0 n—00
and for every € > 0 there is n. such that for every state s € S, every

n > n., and every policy 7,
(10) e+ Erg, 2 v(s) 2 E;g, — €.

Fix a valuation u and let w; = u(e;), t > 1, be the weights of the
valuation wu.

In order to prove the theorem, it suffices to define, for every € > 0, a
neighborhood U of u and a policy 7, such that for every policy n and
every u* € U,

(11) Te+u*(P?) > v(s) > W (P) — Te.

Recall that Y 7wy < 1. Set weo = 1 — > ° wy, and let ¢. be
a sufficiently large positive integer such that (1 + [|r]]) >°2, w; < ¢,
where ||7]| = max;, |[r(s,a)].

Fix ¢ > 0.

Let I, be the multi-stage decision problem (N, 3, r,), where the set
of policies ¥ coincides with the set of policies of the MDP and the
payoff function r,, as a function of the initial state s and the policy o,
is defined by

re(s,0) = E2 Z wegr + (1 — Z wi)Ev(sy,).

1<t<t, 1<t<t,
The payoff r, depends only on finitely many coordinates of the play
of I'. Therefore, T, is equivalent to a decision problem with finitely

many pure policies; thus I'y, has an optimal pure policy.

6A uniformly optimal policy is a policy m that is optimal in every discounted MDP
with a sufficiently small discount rate. The existence of a stationary uniformly
optimal policy in a finite MDP is due to [1].

"Properties (9) and (10) are easily derived from the fact that 7 is a stationary
uniformly optimal policy. Alternatively, by the construction of an e-optimal policy
in [15] it follows that the policy = is, for every £ > 0, an e-optimal policy in the
undiscounted MDP. Alternatively, see [16, part 4) of Proposition 3.

23



A. Neyman Valuations of infinite utility streams

Let o be an optimal policy of I', with payoff vector v,. Namely,
(12) r(s,0) = B3 D wige+ (1= > w)Ejv(z,) = v(s),
1<t<te 1<t<t.
and for every policy 7,

(13) r.(s,m) = B, Z wege + (1 — Z wi) Epu(se.) < v.(s).

1<t<t. 1<t<t.
Define the policy 7 as follows. At stage t < t., 7(s1,a1,...,8;) =
o(s1,a1,...,8) and at stage t > t., Ti(S1,a1, .., Sty .-+, Se) = 7(S¢).

The definition of the policy 7 along inequality (9) implies that
(14) EXliminfg, > Elv(si.) = Equ(st.).
n—oo

Let U be the set of all valuations u* whose valuation weights w; :=
u*(e;) are such that

tet+ne

(15) Il Y Jwp =l <
t=1

Note that U is a neighborhood of .

Fix a valuation u* € Y. By the choice of t., we have ||r| S k%"

t=t. Wt <

e, and therefore inequality (15) implies that

tetne

(16) > wilrll < 2.

t=te
By equality (12), the definition of 7, the inequality w;g; > wig; —

I7]| |w;f — we|, and inequality (15), we have

By Y wig = Bl ) wia=E; ) wo

1<t<te 1<t<te 1<t<te
> E; Z wig — |7l Z |we — wr|
1<t<te 1<t<te
(17) > u(s) = (1= ) w)Eu(s,) —e.
1<t<te
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Let t > t. + n.. Then, using inequality (10) and the definition of T,

we have
(18) Er(ge. + o+ ge | Heo) > (8 —te + 1) (v(se.) — ),

where H, is the algebra (of subsets of plays) that is generated by
S1,01, ..., S¢t.

By summation by parts, and using the inequality w; > w;,; Vt > t.,

we have
(19) Zwtgt Z — Wit ng
t=te t=te s=te
and
(20) Zwt = Z —wli )t —t.+1).
t=t. t=t.

Therefore, using (19), the triangle inequality, (16), (10), and (20), we
have

00 [ee) t
ET(Z wy gr | He.) = ET(Z(W: — Wii) ng | He.)
t=te t=te s=t¢
o) t tetne—1
> E( ) (W —wi)d g [ H) = D wilr]
t=te+ne s=te t=t,
> Z (wf —wiy )t —te + 1)(v(se.) —€) — 2¢
t=te+ne
> Y (W —wi)(t —te + 1)(v(sr,) —e) — de
t=te
— Zwt 3t5 — & —4€>Zwt St) 55
t=te t=te

By taking the expectation, we deduce that

(21) E? Zw;‘gt > sz‘Eﬁv(stE) — Be.

t=te t=te
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Multiplying inequality (9) by wi, :=1—) ;°, w; and adding inequal-
ity (21), we have

[e.e] o0
(22) Ejwiliminfg, + B} Y wige > (Wi + D w)Eu(s,) - 5e
t=te t=te

= (1= > wh)EN(s.) =5 > (1— Y w)Ev(s,) — 6e.

1<t<t. 1<t<t.

By summing inequalities (17) and (22), we have

S * : : - S * > _ .
E;} W, h}gggf g, + E; tzlwt Gr > vi(s) — Te
For any stream of bounded payoffs g, we have u*(g) > w’ liminf, , g,+
> o0, wige by the characterization of valuations (Theorems 1, 2, and 3),
and the map g — w’ liminf, ... g, +> .~ w;g: is measurable. There-

fore,

u* (P2 > EZwi, li;r_l)glfﬁn + E; ;wfgt > v.(s) — Te,
which proves the left-hand inequality of (11).

Fix a policy 1 of the decision maker. By replacing, in the above
equations and inequalities, EF by Ej, = and > by <, ¢ by —¢, and
liminf by lim sup, we have

w*(P)) < Eywi limsupg, + Zw:gts’" < v,(s) + e,
n—o00 —1

which proves the right-hand inequality of (11).
Explicitly, using inequalities (15), (13), and w;g: < wigr + ||g|| |wi —

wy|, we have

(23) E; Z wigr = E, Z wygr < ui(s)—(1— Zwt)Egv(sts) +ec.
t=1

1<t<t. 1<t<t.
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By using (19), the triangle inequality, the right-hand inequality of
(9), and (20), we have

ET](Z w:gt ’ Hts)

t=t.
00 t
= EW(Z(W? — Wi1) ng | He.)
t=te s=te
[e’s) t tetne—1
< B ) @ —wi) ) gs [ H)+ Y Irlle}
t=te+ne s=t¢ t=tc
< Z (wf —wi )t —te +1)(v(se.) +€) + 2¢
t=te+ne
< > (W —wi) (=t 1)(v(se) &) + 4e
t=t.
= Zwt v(s,)+e +€<wa v(sy. ) + be.
t=t. t=te
By taking the expectation, we deduce that
(24) B3> wig <Y wiEiv(s,.) + 5e.

t=t. t=t.
The uniform optimality of 7 implies that for every policy 7,
(25) E,limsupg, < Epv(s,).
n—oo
Multiplying inequality (25) by wi = 1 — > 2, w; and adding in-
equality (24), we have

(26) Egwi liminf g, + B} Y wigr < (Wi + D wi)Eyu(ss,) + 5
t=te t=te

=(1= Y w)Ew(s.)+5: < (1— > w)Eu(s,,)+6e.

1<t<t. 1<t<te

Inequalities (23) and (26) imply that

Zwt hmsupg”—l—Zw;‘gS" < v,(s) + e,

n—o0
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which proves the right-hand inequality of (11). O

Any valuation u is a mixture of a patient valuation v and an im-
patient valuation w. If w is impatient then for any policy © we have
w(g®™) = w(Pg). If v is a patient valuation then for any policy m we
have v(P?) < v(g®™) < T(P2). Therefore, for any valuation u we have
u(P7) <wu(g™™) < u(Fy).

Therefore, Theorem 6 implies Theorem 5, i.e., that the set {¢g®™ :
7 a policy } has, for every € > 0 and valuation v, a robust e-optimizer
at v.

Note that the inequalities w; > wiqy > 0, 1 <t < ., were not used
in the proof. Therefore, the proof demonstrates that for every finite
MDP and a finite sequence of real numbers wq, ..., wy, there is a policy
7 and neighborhoods U, € > 0, of the patient valuations such that for

any policy 7,
N N

E? ; wigr + B3 liminf g, > E; ; g+ By lim sup g,.

and for every u € UL,

N N
1 Z wegr + Eru(g™™) > Ey Z wge + Equ(g™™) — €.
t=1 =1

6. PROOFS OF THE PROPOSITIONS

6.1. Properties of the set F| in Example 2. Let u be a non-
impatient valuation. Then, u = (1 — f8)w+ pv, where w is an impatient
valuation, v is a patient one, and 3 > 0.

The impatient valuations (1— )w—+ Su,, where w,, is the n-th Cesaro
average valuation, converge, as n — 0o, to the valuation u.

Recall that Fy = {f} and liminf, . f, + 2 = liminf u, (f) + 2c <
limsup,, ... f, = limsupu,(f).

Then, iminf,, o0 ((1—B8)w+Bu, ) (f) = (1—=B)w(f)+Bliminf, . f, <
(1= B)w(f)+BTm sup, ., F—28e = limsup, (1= B)w+Bu,) (f) -
28¢e. Therefore, f is not a robust fe-v-optimizer in F}. O
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6.2. Properties of the set F; in Example 1. Let v be a patient
valuation. We will prove® that v(F3) = 1.

Let ni, > 0, £ > 0, be an increasing sequence of positive integers such
that limng /ngy1 = 0. Let j be a positive integer and let f*, 0 <1 < j,
be the stream of payoffs with f{ = 1if ny <t < nyy and k =i mod j,
and f{ = 0 otherwise.

Note that > f* = 1sp,, 1=2f" € F3, and v(f*) > 0. Therefore,
as v(Dg<ie; [1) = v(1ss,) = 1, there is i such that v(f") < 1/ and
therefore v(1 — 2f%) > 1 —2/4. Hence, v(F3) = 1.

Obviously, by the definitions of the n-th Cesaro average u,, and the
set Fy, for any f € F3 we have lim inf, o u,(f) = liminf, . f,, = —1.
Therefore, no f € F3 is a robust 1-v-optimizer.

Similarly, if v is a non-impatient valuation, then, by choosing ng
sufficiently large, we deduce that v(F3) = 1, and that F3 does not have

a robust e-optimizer at v whenever € < lim,,_, v(1s,).

6.3. Proof of Proposition 2. First, we derive an inequality that does
not depend on F' having a robust e-optimizer at v.

Note that for every neighborhood W of v, inf,ew u(F) < v(F) <
sup,ew w(F). Therefore,

sup inf u(F) <o(F) < inf supu(F).
WeN (v) ueWw WeN (v) ueWw

sup  inf w(h) < sup inf w(F),
heF,WeN (v) ueWw WeN (v) ueWw

we conclude that

sup inf w(h) <o(F) < inf supwu(F)= inf sup u(h).
heF, WeN (v) ueWw WeN () ueWw WeN (v) he F,ueWw

Second, assume that f is a robust e-optimizer at v with respect to
F. Then, there is a neighborhood U of v such that for every u € U
we have u(f) > u(F) — ¢ and |u(f) — v(F)| < e (and thus u(F) <

8We thank Bruno Ziliotto for the proof.
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u(f) +e<v(F)+ 2¢). Therefore,

v(F)—e<infu(f)< sup inf u(h).

uel - heF,WeN (v) ueWw
Also,
inf sup u(h) < sup wu(h) <supu(F) <o(F)+ 2e.
WEeN (v) heF,ueW heF, uelU uelU
Therefore,

v(F)—e< sup inf u(h) < inf sup  u(h) < o(F)+ 2e.
heF, WeN (v) ueWw WEN (v) heF,ueW

If F' has a robust e-optimizer at v for every € > 0 we conclude that

sup  inf w(h) =v(F) = inf sup u(h).
heF,WeN (v) ueW WEeN (v) he F,ueWw

In the other direction, assume that

sup  inf w(h) =a = inf sup u(h).
heF,WeN (v) ueWw WeN (v) heF,ueW

The left-hand equality implies that for every € > 0 there are f € F
and neighborhoods U € N (v) such that u(f) > a—e/2 for every u € U.
In particular, v(F) > a — /2.

The right-hand equality implies that for every ¢ > 0 there is a neigh-
borhood W € N (v) such that u(F) < a + /2 for every u € U. In
particular, v(F) < a+¢/2.

Therefore, v(F') = a, and for every u € UNW,

v(F)+¢e/2>u(F) >u(f) >v(F)—¢e/2>u(F) —e¢,

and thus f is a robust e-optimizer at v with respect to F. O

6.4. Proof of Proposition 4. Assume that v is an impatient valua-
tion with v(g) = Y oo, wigr, where wy > 0 and > .7 w; = 1.

Fix ¢ > 0 and ¢° € F with v(g°) > v(F) —e. We will prove that ¢°
is a robust 10e-v-optimizer in F'.

Fix n sufficiently large such that ),  w||F| < e, where ||F| =
supser || fll. Let W be the neighborhood of v of all valuations u such

that |u(e;) — wil||F|| < e/n Vit < n.
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Then, for every h € F and u € W, u(h) < u(} i, hver+ || F||1s,) <
S+ 2+ IF(1 = Sy u(e) < S0y wrhy + 3¢ < o(h) + 4e.
Therefore, u(F) < v(F) + be.

Similarly, u(¢%) > u(> 7, gser— | Fl|1sn) > D0 wihi—e— || F||(1—
S ulen) 2 0w — 32 2 olg?) — 4 > o(F) — =

Therefore, for any v € W, |u(g®) — v(F)| < 5e and u(g®) > v(F) —
5e > u(F') — 10e. Therefore, g° is a robust 10e-v-optimizer in F'. [

6.5. Proof of Proposition 5. Fix a non-impatient valuation v and a
neighborhood U of .

Let ui denote the set of all g € ¢ with ||g|| = 1 and u(g) = 0.

For every v € V \ U, SUP gyt v(g) > 0. For every € > 0 set U, =
{v eV isupge,rv(g) > el = Uy i{v €V :v(g) > e} As a union
of open sets, U, is an open set. Note that U, D U, if ¢/ < ¢ and
UesoU: 2 V \ U. Therefore, there is € > 0 such that U, 2 V \ U for
every ¢’ < e.

Let € < 1 be sufficiently small so that U. 2 V' \ U. For every v € U,
there is an element g° € u; and a neighborhood U.(v) of v such that
for every w € U.(v), we have w(g”) > €. As Uyep,U:(v) 2 V' \ U, there
is a finite list v*, ..., v* such that Uj<;<,U.(v)) 2V \ U.

Let F.(u) be the finite set {¢g"" : 1 <i < k}.

Let h € £ be a stream of payoffs with ||h|| = ¢, limsup, ,. by = ¢,

geu

and liminf, . by = —¢.

Define u, = u(e,) if ¢t > 1 and up = 1 — > 7, us. As u is a non-
impatient valuation, 0 < uy < 1.

Let n. be sufficiently large so that . |us| < uoe/4.

Let H be the set of all streams of payoffs A", n > n., where h} = h,
it n. <t <n and h} = 0 otherwise.

Let g be the stream of payoffs where g; = u;/ > oy ui if ¢ < n. and
ge = (uo — Do we)/ Dogui if £ > me.

Let F=(g+ H)U (g4 F.(u)).

In order to prove (1), (2), and (3), it suffices to construct a sequence

of impatient valuations w, that converges to v and a positive number
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n > 0, such that for any finite subset G of F', limsup,,_,, sup;cp wn(f) >
n + limsup,,_, ., maxyeq wn(g).

As u is a non-impatient valuation, u = (1 — ug)w + ugv, where v is
a patient valuation. Therefore, the sequence of impatient valuations
Wy, = (1 — up)w + ugy,, where v,(g) = g,,, converges to u.

By the definition of g, it follows that

1>u(g) = Zuf/ZutZ —( Z ut)Q/Zut2 > 1 — upe/16.
t=0 t=0 t=n+1 =0

By the properties of h, there are sequences of integers n,, that con-
verge to infinity such that lim,, ., wy,,, (g + h"") = u(g) + uee. There-
fore, wy,, (g + h") > 1 4 upe/2 for all sufficiently large m.

For every ny € N and f € F.(u), we have lim,, o w,(g + h™) =
u(g+h™) < 14+wupe/4 and lim,, o w,(g+ f) < 1. Therefore, for every
finite subset G' of F, limsup,_,, maxsecwn(g9) < 1+ upe/4. This
completes the proof of properties (1) and (3) of the set F.

Let v € U.. Define a(F,v) := v(g) + maxsep ) v(f). By the defi-
nitions of U, and of the finite set F.(u), there is f* € F.(u) such that
a(F,v) =v(g+ f*) >v(g) +e >v(g+h) Vh € H.

Fix 0 <n < wv(f*) —e. Let U(v) be the set of all valuations w such
that |w(g) —v(g)| + |w(f) —v(f)] <nforall f € F.(u). As F.(u) is a
finite subset of ¢ and g is a fixed element of ¢, U(v) is a neighborhood
of v.

The definitions of U(v) and f* imply that if w € U(v), then, w(g +
f)<v(g+ f)+n=a(F,v)+nforall fe F.(u).

As ||h|| < € for every h € H, the properties of f* and n imply that
w(g+h) <w(g)+e<v(g)+e+n<alF,v)forall he H.

The definitions of F', U(v), and f* imply that w(F) > w(g + f*) >
v(g+ ) —n=a(F,v) —n.

As F'is the union of g+ H and g+ F.(u), and g+ f* € F, we conclude
that a(F,v)) —n < w(F) < a(F,v)) +n. This completes the proof of
property (2) of the set F'. O

32



A. Neyman Valuations of infinite utility streams

APPENDIX A. PROPERTIES OF VALUATION

In this appendix we relate various properties of valuations to sev-
eral postulates and axioms that were used in the study of preference
relations on the set of consumption programs, i.e., points in an infinite
product set? x2, X;, and to evaluations of streams of payoffs.

A preference relation 2~ on a set S defines a strict preference relation
= on S: x>y iff x 7 y and not y 77 x, and an indifference relation ~:

x~yiff z 72y and y 77 x. A valuation v defines a preference 7~ on £,
by fZ g iff v(f) = v(g).

A.1l. Debreu’s independent and essential factors [3, Definition
4]. Given a preference relation 77 on a product set x;enX;, the factors
of X;enX; are independent if for every subset I of N and elements
z; € X;, the preference relation induced by 27 on x;¢;X; given (;)cr
is independent of (x;);c;, and the factor X; is essential if for some
(7;)j not all elements of X; are indifferent for the preference relation
given (x;) ;..

Any preference 2~ on £, that is defined by a valuation satisfies De-
breu’s independent factor property [3, Definition 4], and the i-th factor
is essential [3, Definition 4] iff w;(v) := v(e;) > 0.

A.2. Diamond’s continuity axioms [4, (PSC) and (PPC)] and
Fishburn’s convergence axiom|7, (UC)]. Diamond [4] studies pref-
erences over the set of [0, 1]-valued streams of payoffs. Two versions
of his continuity axioms are the continuity of the preference w.r.t. the
product topology!® and the continuity of the preference w.r.t. the sup

topology™!.

9An element in a product set x$°,X; is identified with a sequence (z1,2a2,...),
where z; is an element of X;, and an element in a product set x;cnX; is a list
(z;)ien, where z; is an element of X;.

01 the product topology a sequence g(n) of elements in ¢, converges to g iff
gi(n) — g1 as n — oo.

HIn the sup topology a sequence g(n) in £, converges to g iff sup®, |g:(n)—g¢| — 0
as n — 00.
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Any preference - that is defined by a valuation v obeys Diamond’s

continuity axiom [4, (PSC)], i.e.,

(PSC) Vg € lo, {9 ¢ =g} and {¢': and g = ¢'} are closed
in the sup (norm) topology,

and it obeys Diamond’s continuity axiom [4, (PPC)], i.e.,

(PPC) Vg€ly, {¢:¢ =g}tand {¢ : and g = ¢’} are closed
in the product topology,

iff v is an impatient valuation.

The valuation v obeys Fishburn’s convergence axiom [7, (UC)], i.e.,
(UC) Va,y € ly, li_>m V(T1, o Ty Ynt1y Yna2s - - -) = v(T),

iff v is an impatient valuation.

A.3. Diamond’s sensitivity properties [4, (S1) and (S2)]. Dia-
mond’s sensitivity properties are versions of monotonicity, which states
that more is better. Recall that weak monotonicity of a valuation is
implied by the time value of money principle.

Diamond’s sensitivity property [4, (S1)] is composed of two proper-

ties:
(S11) g>9 = ¢ Zg, and
(S12) g, > gVt = ¢ =g,

and Diamond’s sensitivity property [4, (S2)] is

(S2) (>gandg#4¢) = ¢ =g

Any preference that is defined by a valuation v obeys (S11). It obeys
(S12) iff 72, wy(v) > 0, and it obeys (S2) iff wy(v) > 0 Vt.

A.4. Koopman'’s recursivity [11, Equation (11)]. [11, 13] study some
implications of a set of postulates on a a utility function U on consump-
tion programs, henceforth programs, for an infinite horizon. The set

of these programs is the Cartesian product x$°,X; where the set X; of
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feasible consumptions in period 7 is a convex and bounded subset X of
a Euclidean space (and therefore X; is independent of 7).

The postulates of continuity, Koopman’s sensitivity, limited noncom-
plementarity, and stationarity (which are defined and discussed in the
following sections) are shown to imply the existence of a real-valued
function u that is defined on single-period consumption and a real-
valued function V' that is defined on R2, such that

(27) U(zy,xs,...) = V(u(zy),U(xe, 23, .. .)).

Accordingly, we say that a real-valued function v that is defined on
(, obeys Koopman’s stationary recursiveness if there is a function V
that is defined on R? such that v(g1,ga,...) = V(g1,v(g2,93,...)) for
all g = (g1,92,...) € loo-

A valuation v obeys Koopman’s recursiveness iff v is either a patient
valuation (and then V(a,b) = b) or v is the discounted valuation wu,
(and then V(a,b) = a+ (1 —r)b).

A.4.1. Koopman’s sensitivity postulate [11, Postulate 2|. This postu-
late assumes that there exist first-period consumptions z; and 2} and

a program o= = (9,3, ...) from the second-period on, such that
U(z1,2m) > U(x)21).

Accordingly, we say that a real-valued function v that is defined on /¢,
obeys Koopman’s sensitivity if there exist x; and 2} in R and g € {
such that v(z1,g) = v(x1, 91, g2, .. .) > (2], 9).

A valuation v obeys Koopman’s sensitivity iff v is not a patient
valuation. Therefore, a valuation v obeys Koopman’s stationary re-
cursiveness and Koopman’s sensitivity postulate iff it is a discounted

valuation u,, 0 < r < 1.

A.4.2. Koopman’s aggregation by period postulates [11, Section 5]. The
aggregation by period postulates [11, (P3a) and (P3b)], equivalently
the limited complementarity postulates [13, (P3a) and (P3b)], assume

that for all first period consumptions z, | and all programs sz, 22’
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from the second period on, we have (P3a) U(xy,22) > U(z),2x) im-
plies U(x1,02") > U(x),22’), and (P3b) U(z1,0x) > U(x1,22") implies
U(zhor) > Uy ).

Accordingly, a real-valued function v that is defined on /., obeys
Koopman’s aggregation by period postulates iff for all z, 2’ € R and
all g, € l, we have v(z, g) > v(2', g) implies v(x, ¢') > v(2’,¢’) and
v(a',g) > v(2,¢') implies v(x, g) > v(x, q).

Any valuation v obeys Koopman’s aggregation by period postulates.

A.4.3. Koopman’s stationarity postulate [11, Postulate 4]. A function
U that is defined on the set of programs is stationary if for some first-
period consumption zq, for all consumptions from the second period
on, ox and o2, we have U(x1,00) > U(xq,00") iff U(sx) > U(x2').

Accordingly, a real-valued function v that is defined on /., is sta-
tionary if for some z € R, for all g,¢" € ¢, we have, v(x, g) > v(z, )
iff v(g) > v(g').

A valuation v is stationary iff it is a mixture of a patient valuation

and a discounted valuation wu, for some 0 < r < 1.

A.4.4. Koopman’s continuity postulate [11, Section 3]. This postulate
assumes that the utility U is continuous for the sup metric, i.e., for any
seuence of programs z(n) = (x1(n), x2(n),...), if sup, ||x;(n) —x;|| —
0 then U(x(n)) —nooo U(x1,22,...).

Accordingly, a real-valued function v that is defined on /., is con-
tinuous if it is continuous where R and /., are equipped with the sup
norm/distance. It is easy to see that any valuation is continuous, and
any real-valued function v that is defined on /., that obeys the time

value of money principle and v(al) = « is continuous.

A.5. Diamond’s Equal treatment [4, (C)]. In order to state Dia-
mond’s equal treatment axiom, we denote by ¢* the stream g where its ¢-

th period payoff is exchanged with its first one; i.e., g* = (g1, 92, - - -, Gt—1, 915 Gea1, - - -)-

(ET) g~g Vg€l andVt=12,....
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It is easy to see that the (ET) axiom is equivalent to g ~ mg for
every permutation 7 of the positive integers with only finitely many ¢
with 7(t) # t, where mg is the stream of payoffs whose i-period payoff
1S Gr(i)-

A preference that is defined by a valuation v obeys property (ET)
iff v is a patient valuation. However, a normalized, monotonic, linear
functional v : o, — R that satisfies the (ET) axiom need not satisfy
the time value of money principle,and therefore need not be a patient
valuation; see Lemma 3.

Forges [9] labels a linear functional v on £, as “time-neutral” if v
satisfies (4), i.e., iff v is a patient valuation (Theorem 2), and Lauwers
[14] proves that a linear functional u on f is time-neutral iff it is
monotonic, u(1) = 1, and u(g) = u(mg) for every permutation 7 such

that lim, m(n)/n = 1 (where (7g) is defined by (7g): = gr())-
A.6. The time value of money principle and impatience.

Lemma 1. A monotonic, impatient, and additive function u : {o, — R

that obeys u(e;) > u(ey1) satisfies the time value of money principle.

Proof. Assume that g,h € (o with > 7 hy > > 7 g Vs and let

u : {5 — R be a monotonic, impatient, and additive function that

obeys w; := u(e;) > u(e;1). Then, as in the proof of Theorem 1,
u(g) = D2 wge = Yoo (we — wern)tg, < 307 (wp — wt+1)tﬁt =
Z)Cf)il htwt = U(h) |:|

A.7. Properties of patient valuations. The next result shows that

the lower and upper bounds in Theorem 2 are tight.

Lemma 2. For every bounded g there are patient valuations u and v

such thatv(g) = g (= liminf, . g, ) andu(g) = g (:= limsup,,_, . 7,).

Proof. Fix g € l,.
Let U be the one-dimensional subspace of /., that is spanned by

g. Let ¢ be the linear functional on U that obey ¢(g) = g; hence,

v(fg) = 0g VO € R.
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Define the function p : oo — R by the equality p(h) = h. Then,
p is sublinear (i.e., p(¢g + h) < p(g) + p(h) and p(f8g) = Op(g) for all
g,h € ls,0 €Ry) and o(h) < p(h) = h for all h € U.

Therefore, by the Hann—Banach theorem, there is a linear functional
u on o, such that u(h) < p(h) = h Vh € £y and u(g) = p(g9) = 3.

It remains to show that h < w(h) for all h € f, which follows
from h = liminf,_,o hy, = —limsup,,_,., —h, = — limsup,, .. (—h), =
—p(—h) < —u(—=h) = u(h).

Applying the above-proved part to the element —g of £, shows that
there is a linear functional v on /o, such that v(—g) = limsup,,_,. —7,,;

thus v(g) = liminf, ,, g,,, and v(—h) > liminf, ,,, —h,; thus v(h) <
hVh € ls and v(h) = —v(—h) > —(—h) = h. 0

Lemma 3. There is a normalized linear function w : o, — R that is
monotonic and satisfies w(e;) = 0 Vt, thus w satisfies the (ET) axiom
and w(e;) > w(ew1), but does not satisfy the time value of money

principle.

Proof. Define the following two linear operators on /.. The linear
operator O : {y, — ls, is defined by the equality Oh = (hy, hs, hs, .. .),
i.e., (Oh); = hg_1, and the linear operator F : (o, — (., is defined by
the equality Eh = (ho, ha, he, .. .), i.e., (Eh); = hoy.

Let 0 < g € l with g <g. Let u and v be two patient valuations
such that u(g) = g and v(g) = 9.

Therefore, u(g) — v(g) < 0 and u(e;) = v(e;) = 0 Vt.

Define the function w : £o, — R by w(h) = u(Oh)/2 +u(Eh)/2. We
claim that w is normalized, linear, monotonic, and satisfies w(e;) >
w(e1), but w does not satisfy the time value of money principle.

First, note that uoO and uo E are normalized, linear, and monotonic,
and, therefore, so is their average w. As w(e;) = 0 Vt, 0 = w(e;) >
w(egr1) = 0 Vi.

Next, define h by Oh = gand Eh = —g,i.e., h = (g1, — 01,92, — 92, - - -)-
Note that 32" h, = 0 and that 3" h, = g, > 0. But, 2w(h) =
u(Oh) + u(Eh) = u(g) — v(g) < 0. Therefore, w does not satisfy the

time value of money principle. O
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APPENDIX B. IMPATIENT ROBUST OPTIMIZATION

Confining the theory of robust optimization to impatient valuations
leads to the following modification of the definition of a robust opti-
mizer.

For any set U we denote by U* the set of all impatient valuations in
U. Let v be a valuation and € > 0. A small imprecision in the spec-
ification of an impatient valuation is modeled as the set of impatient
valuations in a small neighborhood of a valuation v, and v need not be
an impatient valuation.

A stream f in F'is an impatient-robust e-optimizer at v with respect
to F if there is a neighborhood U of v such that

u(f) > w(F)—¢e Yu,weU"

A robust e-optimizer at v with respect to F'is obviously an impatient-
robust e-optimizer at v with respect to F. We now show that the
converse holds as well.

Fix a stream f and a neighborhood U of a valuation v. The infimum
of u(f) over all u € U* equals the infimum of u(f) over all u € U, and
the supremum of w(f) over all w € U* equals the supremum of w(f)
over all w € U. Therefore, if f is an impatient-robust e-optimizer at v
with respect to F', then u(f) > w(F) — ¢ for all uw,w € U; hence, f is
a robust e-optimizer at v with respect to F'.

In the robustness result for a finite MDP we alluded to stringent ro-
bustness conditions that are called for when the decision maker chooses
between different possible distributions over streams of payoffs. We in-
troduce the formal definition.

Let P be a set of distributions P over streams of payoffs. For every
valuation u and distribution P we denote by u(P) the expectation of
u(f) with respect to the distribution P, and we denote by w(P) the
expectation of u(f) with respect to the distribution P. The supremum
of w(P) over all P € P is denoted by u(P). Let v be a valuation.
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A distribution P in P is a robust e-optimizer at v with respect to P
if there is a neighborhood U of v such that

u(P)>w(P)—e¢ VYu,weUl.

A distribution P in P is an impatient-robust e-optimizer at v with

respect to P if there is a neighborhood U of v such that
u(P)>w(P)—e¢ Yu,welU".

A robust e-optimizer at v with respect to P is obviously an impatient-
robust e-optimizer at v with respect to P. The converse need not hold.

For example, let g be a stream of payoffs with liminf, , g, = —1 <
limsup,,_,.. g, = 1. Let P be the set consisting of the single distri-
bution P with P(g) = 1/2 = P(—g). For any impatient valuation w,
u(P) = 0 = u(P). Therefore P is a V*-robust e-optimizer in P. In
particular, for any valuation v, P is an impatient-robust v-e-optimizer
in P. However, if w is a patient valuation then w(P) = 1. Therefore,

if v is a patient valuation, P is not a robust v-e-optimizer P in P.

APPENDIX C. THE CONTINUOUS-TIME THEORY

In the continuous-time theory a bounded stream of payoffs is a
bounded measurable function [0,00) 3 t — ¢; € R. The linear space of
bounded streams of payoffs is denoted by L., and 1<y is the stream g
with g, = 1if t < T and g, = 0 if ¢t > T". Similarly, one defines 1 and
1.7 in analogy to the definitions in the discrete-time case.

A waluation is an additive function v : L., — R that is normal-
ized, i.e., v(1) = 1, and satisfies the time value of money principle: if
fOT gy dt > fOT hydt YT > 0, then v(g) > v(h). A valuation v is impa-
tient if v(1s7) =710 0; it is patient if v(1-7) = 1 VT (equivalently,
v(1s7) 27500 1).

The characterizations of impatient valuations, patient valuations,
and valuations are analogous to those in the discrete-time case.

A real-valued function u that is defined on L., is an impatient val-

uation iff there is a function [0,00) 3 t — w; € R, with fooo wpdt =1,
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that is nonincreasing on (0, c0) and such that

u(g) :/ grwy dt.
0

A real-valued function u that is defined on L, is a patient valuation

iff it is a linear function on L., such that

I I
lim inf —/ grdt < wu(g) <limsup —/ gy dt.
T Jo T Jo

T—o0 T—o0

A real-valued function u that is defined on L., is a valuation iff it is
a convex combination of an impatient valuation and a patient one.

Similarly, the analogous results of the other theorems and proposi-
tions hold also in the continuous-time case.

The topology on the valuation in the continuous-time case is the
minimal one where for every g € C, where C' consists of all elements
g € Ly such that the limit lim; ,, g; exists, the function v — v(g) is

continuous.
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