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Consider non-atomic vector measure games; ie., games v of the form v=fo(y,,...,p,), where
(K1s--.,14y) 15 a vector of non-atomic non-negative measures and f is a real-valued function
defined on the range of (y,...,4,). Games of this form arise, for example, from production
models and from finite-type markets. We show that the value of such a game need not be a
linear combination of the measures p,,..., 4, (this is in contrast to all the values known to date).
Moreover, this happens even for market games in pNA. In the economic models, this means that
the value allocations are not necessarily generated by prices. All the examples we present are
special cases of a new class of values.

1. Introduction

Much of economic theory is concerned with the existence of prices. In
particular, one is interested in whether various outcomes, defined by diverse
postulates, turn out to be actually generated by prices. Whenever this is the
case, a theory of endogenous price formation is obtained. In this paper we
consider a well-known game-theoretic solution concept: the value.! We will
first describe the problem formally in game theoretic terms, and then we will
present the corresponding class of economic models to which it applies.

Consider non-atomic games which are defined by finitely many non-
negative measures; ie, games v of the form ov=fo(uy,...,n,), where
(B1,- .-, 1t,) s @ vector of non-atomic non-negative measures and f is a real-
valued function defined on the range of (u;,...,u,); a game of this form is
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Jerusalem, during the Research Year on Game Theory in 1979-1980, and was continued in
summer 1985 at the University of California, Los Angeles. Financial support by National
Science Foundations Grants SES-83-12190 and SES-85-10123 and by the U.S.-Israel Binational
Science Foundation Grants 84-00201 and 85-00342 is gratefully acknowledged. We want to
thank the editor, Andreu Mas-Colell, for useful suggestions on the presentation of these results.

'An alternative title for this paper might thus be ‘Values of non-atomic economies: Are they
generated by prices?’.
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usually called a vector measure game. It is a well-known fact that in all cases
studied to date, the value of such a game v turns out always to be a linear
combination of the measures y,,..., y,.2

Can this ‘fact’ be proved in general? That is, is it a consequence of the
axioms defining the value [cf. Aumann and Shapley (1974)]? We will show
here that the answer is negative.

Formally, let Q be a space of non-atomic games [all notations and
definitions follow Aumann and Shapley (1974)], and let ¢: Q—FA be a value
on Q. The property we discuss is

P.1. Let u,,...,u, be n non-atomic non-negative measures, and f a real-
valued function defined on the range of (uy,...,u,). If v=Ffo(uy,...,1,)
belongs to Q, then there exist real numbers ay,...,a, such that gv=>7_, a;u;.

Note that P.1 holds when n=1 [by® Proposition 6.1 in Aumann and
Shapley (1974)]. We will construct a number of examples, each one con-
sisting of a space of games Q together with an appropriate value ¢ on it,
such that P.1 is violated. Of course, there might well be other values on the
same space Q which do satisfy P.1 (indeed, this is the case in all the examples
in this paper).

Why is this question of interest? It turns out that in many applications,
one usually encounters games of this form that depend on finitely many
measures. Most notably, in mathematical economics, there are numerous
such instances. We will consider here two standard examples.

The first one is a model of a production technology. There are n production
factors (inputs), out of which one final good (output) is produced, according
to the function f. For each input i, let x; denote the quantity of input i, then
f(xq,...,x,) is the quantity of output that may be produced from these
inputs together. The ownership of each input i is described by the measure
u; ie., a group of agents (a coalition) S initially owns y,(S) units of input i.
The total amount produced by § is then precisely v(S)= f(u,(S),..., 1, (S)).
An outcome in this model is a certain payoff — a quantity of the final good —
that each agent receives. This may be described by a measure {: the total
payoff of coalition S is {(S). Assume that all the agents are insignificant (i.e.,
there is no single agent who initially owns a positive fraction of the total
supply of some input; formally, this means that the measures y; are non-
atomic). It is reasonable to expect in this case that prices for the inputs
should arise. Thus, if we let g; be the price of input i (i.e., 1 unit of input i is
worth a; units of output), then the outcome measure { is a,u, + - +a, U

2This is also true for other solution concepts; €.g., the core — see Billera and Raanan (1981).
3Here and in the sequel we always assume that the underlying measurable space (I,C) is
standard (i.e., isomorphic to ([0, 1], B), where B denotes the Borel o-field).
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and, conversely, if { is such a linear combination of the y’s then the
corresponding coefficients a; may be interpreted as input prices. Property P.1
can therefore be translated in this model as follows: to every value outcome
there correspond prices for the production factors. As we have stated above,
it turns out that this is, however, not true in general.

A second model is that of a market (exchange economy) with transferable
utility [cf. Aumann and Shapley (1974, ch. VI)]: the space of agents is I, and
4 is the population measure. There are ! goods. Each agent ¢ in I has an
initial endowment* e(t)eR!, and a concave function u,: R, -R, which may
be interpreted either as a utility function or as a production function.
Assume that there are only finitely many different functions u,; i.e., the space
of agents [ is partitioned into disjoint sets Tj,..., T, such that 4, = U, for all
teT;and j=1,... k. This is called the finite type case (note that ‘type’ refers
here only to the utility functions and not to the initial endowments). Put
n=k+1, and define the function f: R, -R by

k
f(y19-~~,yk; zl""’zl)zmax{_zl ijj(xj)
ji=

k
x;eRy, Y ijj§(z,,...,z,)}.
=1

Then the maximum that is achieveable by a coalition § equals [see Aumann
and Shapley (1974, (39.18))]

US)=f(n1(8),...,m(8); {4(S),... LiS)),

where 7;(S)=u(S ~ T)) (the proportion of type j in S) and {{(S)=se;du (the
total initial endowment of S of good i). Note that the measures n; are
mutually singular, whereas the measures {; need not be so. In this setup, a
linear combination of the measures, Y ;a;1;+ Y b,{;, corresponds to a price b;
per unit of good i, and a price a; per type j.

Since we will show that a value need not satisfy P.1, it follows that the
classical axiomatic approach to the value in the non-atomic case [cf.
Aumann and Shapley (1974)] does not yield the existence of prices for the
economic factors in the corresponding models. It should therefore be of
interest to find, on one hand, additional plausible axioms that would imply
P.1, and, on the other hand, reasonable economic interpretations to the
values we exhibit here - where P.1 is violated and there are thus no
underlying prices.

“R denotes the real line, and R', is the non-negative orthant of the I-dimensional Euclidean
space.

*The two models are actually quite similar: on one hand, a finite type market with one type
(k=1) corresponds to a production technology. On the other hand, if one considers the k types
as additional ‘goods’, then the function f defined above represents a production technology with
n=k+1 inputs.
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2. The examples

We start with a simple counter-example to P.1.

Example 1. Let u, and u, be two non-atomic probability measures on (I, C)=
([0,1], B), and consider the game v=min {u,u,}. For each i=1,2 let g;=
dy;/du be the Radon-Nikodym derivative of u; with respect to u=pu, + ;.
Define {=u; A p, by d{/du=min{g,,g,}. We now require that { is not a
linear combination of u; and p,; in particular, { does not vanish. For
example, let 4 be the Lebesgue measure on ([0,1],B), u, =4 and u,(S)=
[s2sdi(s); then {(S)=[smin{2s,1}dA(s) is not a linear combination of u,
and u, [indeed, (d{/d4)(s) is not an affine function of s, whereas (d(a,u, +
a,,)/dA)(s) is so for all real a,,a,].

Let Q be the symmetric linear space generated by the game v; an element
w of @ is thus of the form

n
w=Y a0},
i=1

where, for each i=1,...,n, a; is a real number, 6, is an automorphism of the
measurable space (I,C), and 6* denotes the induced symmetry on games:
(0*v)(S)=1(60S) for all SeC. Define an operator y: Q—+FA by

n//( 5 a,-0;"v>=.i a2,

i=1

We claim that i is well-defined (i.e., yw does not depend on the particular
representation of w), that it is symmetric, linear and positive. As usual [see,
e.g., Proposition 4.1 in Neyman and Tauman (1979)], it suffices to prove
positivity; the rest then follows easily. To this end, let I, ={seI|g,(s)<g,(s)}
and I, =I\I,; note that

u8)={(S)
for all SeC such that either ScI;, or ScI,. Therefore, if SeC satisfies
SO 'I,or ScO; I, for all i=1,...,n, then

W)= a(6:5)= 3. al(0,5)=(m)(S)

Let w be a monotonic game; we thus have (yw)(S)=w(S) =0 for all coalitions
S as above. Since Yw is a measure, and every coalition TeC is a union of
such sets S, it follows that yw=0, i.e., ¥ is a positive operator.®

A similar argument was used in Tauman (1982, Lemma 2).
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To obtain a value ¢ from , we only need to normalize it, so that
efficiency is also satisfied:

1

¢W=Z(E

yw.

This completes Example 1: ¢ is a value on Q that does not satisfy P.1.

How ‘exceptional’ is this example? We will show that one may actually
require additional conditions, both on the space Q and on the value ¢, and
still obtain a counter-example to P.1.

Recall that a value is defined by the following axioms: additivity, symmetry,
positivity and efficiency. Another desirable property is the

Projection Axiom. ¢u=p for all finitely additive measures p.”

Of course, this condition applies only when g belongs to the space on which
the operator ¢ is defined. The space Q of Example 1, however, does not
contain any positive finitely additive measure.® An (indirect) argument
showing that no positive finitely additive measure belongs to Q is as follows:
let 4 be such a measure in Q, then u is absolutely continuous (since the
generating game v is absolutely continuous), and thus u is a non-atomic
measure. By symmetry and linearity, 0 must therefore contain all positive
non-atomic measures, in particular {. Now

v—{=min {u; —{, u, —}.

The measures u,—{ and u,—{ are easily seen to be mutually singular
positive non-atomic measures, therefore any value ¢ satisfies [by the same
argument as that of Proposition 19.7 in Aumann and Shapley (1974)]

(min {u; —Cpuy — L} =30 — ) + 31y — ) =3(py +12) - .

This implies that ¢pv==%(u, + u,).

The argument above shows not only that Q does not contain any positive
measure, but, moreover, that the value ¢ on Q cannot be extended to any
larger space that will include N A, the space of all non-atomic measures.

Our examples below will be of values that satisfy the Projection Axiom, on
spaces that will contain NA.

"Note that if g is a non-atomic countably additive measure, then ¢u=y is a consequence of
symmetry and efficiency.

81t contains all non-atomic countably additive measures with total mass zero; indeed, let
B(s)=1—s for all se[0, 1], then v—OG*v=p, —pu,.
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We next consider conditions on the space Q. In both Examples 2 and 3
below, we show that Q can be made large enough so as to contain the
‘differentiable’ games: pNA, or even DIFF [see Mertens (1980)]. Moreover,
the value ¢ will of course coincide on pNA with the unique value there, and
on DIFF it will coincide with Mertens’ value ¢;,.

Example 2 is obtained by a slight modification of Example 1; it has,
however, the drawback that the game v where P.1 is violated is not
monotonic. This is remedied in Example 3, where v is a market game [the
minimum of three measures; of course, not mutually singular — see Propo-
sition 19.7 in Aumann and Shapley (1974)].

Finally, we will also show that Q may be taken to consist only of
differentiable games. In Example 4, Q is the space generated by a market
game in pN A4, or, alternatively, it is a subspace of pNA containing N A.

We now present these examples. They will be followed in section 3 by the
general construction of a new class of values, of which all our examples are
special cases. We hope that these values may well be of independent interest.

Example 2. Let (I,C)=([0,2],B), and let yu, and u, be as in Example 1
(their support is [0,1]). Let u; and u, be the measures with support [1,2]
obtained by translating u, and u,, respectively: for i=1,2, py;,,(S)=p(S—1),
where S—1={s—1|seS} for S=[1,2]. Let {=p, A u, and {'=p; A p, be
defined as in Example 1. Finally, let

v=min {g;, pp } —min {y3, s},

and define Q as the linear symmetric space® generated by v and NA. An
element w of Q is thus of the form

n
w=Y a,0fv+n,
i=1

where ne NA and q,, 0,, are as before. The operator ¢: Q—FA is defined by

i=1

¢( ) aiﬂrv+n>= 3 abrC—0)+n

Note that ¢ is efficient [since v(I)=0={(I)={(I)], and satisfies all the
axioms of a value (use the same proof as in Example 1).

°Note that Q is a reproducing space: v=(v+p3+pu,)—(u3+p,) is a difference of two
monotonic games.
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Actually, one may add to Q also pNA and even DIFF. Indeed, let
w=Y a;0%v+u,
i=1

with u a game in DIFF. Assume w is monotonic; then its extension w is
also monotonic, therefore

%[W(tl +18)—w(t])]=0

for all SeC, te(0,1) and >0 sufficiently small. It is easily seen that the
above expression equals

L 1
Y a,0¥u(S) +; [a(tI +<S) —a(tD)].
i=1
Integrate over t in (0, 1) and the take the limit as 1—07, to obtain
2., a:0F0(S) +(dpu)(S) 20
i=1

(where ¢, denotes Mertens’ value on DIFF).
We again consider first coalitions S for which

0 min {u,, 4,}(8)=0X{(S) and 6F min{p;, u}(S)=06}{'(S)

for all i. Then 6*wK(S)=0}(¢dv)(S), implying (¢w)(S)=0. The proof is com-
pleted by decomposing any T e C into a union of such coalitions S.

Example 3. Let u,, u, and u; be three non-atomic probability measures
(not mutually singular). Put

v=min {u;, uy, h3}, H=py+pa+ s,

A=pyV py Vg, and  p=p A py A ps

(ie., dig/dp=max, g, <3 {du/du} and dp=min, ¢;<;{du,/du}). Choose the real
constant a so that

{=ap+(1—a)i
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is a probability measure [ie.,, {(I)=1; note that 0= u(I) £1Z a(I) £ (1), thus
0<a<1]. We now require that { is not a linear combination of the y,s.

For example, let g be the following real function on [0,1): g(s)=0 for
se[0,3); g(s)=2s for se[3,%); and g(s)=2 for se[%,1). Let 4 be the Lebesgue
measure on (I,C)=([0, 1], B) and put (du;/dA)(s)=g([s +(i—1)/3][mod 1]) for
i=1,2,3. Then =2, u=0 and {=A (which is indeed not a linear combina-
tion of the y,’s). )

Let Q be the symmetric linear space generated by v together with DIFF,
and let ¢ be the symmetric linear operator on Q defined by ¢v={ and
¢w=¢pw for all we DIFF (recall that ¢, denotes Mertens’ value on DIFF).
It may be checked that ¢ is a value on Q (of course, P.1 is not satisfied).
This will follow in particular from the general arguments below.

Example 4. Let u, and u, be two non-atomic probability measures that are
not mutually singular, and let v=./u, u,. Then v is a market game!® in
PN A [indeed, \/i €pNA by Theorem C in Aumann and Shapley (1974), and
pNA is an algebra]. Let

dpy du,
WS=[ [
where u=pu, +p, and SeC. For an appropriate constant a, the operator ay
can be extended to a value on the linear symmetric space generated by v.
Moreover, if 6 is an automorphism such that v and #*v have disjoint
carriers, then y itself (without the constant g) is a value on the space
generated by u=v—0*v, which can be extended to a value on the space
generated by u together with NA.

Remark. The last example shows, in particular, that on subspaces of pNA
the value need not be unique.!!

3. A class of values

We come now to the general construction of a new class of values, of
which all the four examples above are special cases. We hope that these
values may be of independent interest and find other applications as well.

Let Q be a linear symmetric space of games, ie., functions v: C—»R with
() =0. Let v—7 be an (extension) operator that associates to every game v

%] e., super-additive, monotonic and positively homogeneous of degree one.

" Another example: for every ve pN A, let yv=2{}/? diXt,S)dr. Then ¥ is a continuous value (of
norm 2) on the symmetric linear subspace Q of pNA4 on which it is efficient (i.e., ve Q if and only
if o(I)=yo(I)=2v(31); note that Q includes all homogeneous games in pN A, in particular N A).
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in Q a real valued function ¢ defined on simple functions h which are
measurable with respect to C, satisfying:

(i) ohy=&{(h v 0) A 1); 5(0)=0; 5(1)=1v(I); and # is continuous at 0 and 1;
(i) if v is monotonic then 7 is monotonic;

(iii) if ve FAnQ and 0<h<1, then i(h)={shdy;

(iv) If 6 is an automorphism of (I, C), then vo =008, where (6h)(s) = h(0s);
(v) the operator v—1 is linear.

For any pair A, n of measures on [0, 1) and (0, 1], respectively, any finite
subfield IT of C and any >0, let y(A,n; IT;t)v be the measure on (I, )
defined by

[0 1 00)S) =, [ [0 +58) — K] i)

+% (}) [(el) — (¢ —S)] (o),

for every atom S of II, whenever all the integrals exist. Next, define the
measure (A, n; INv on (I,II) as the limit of measures (A, ; IT;7)v as t—0",
whenever the limit exists. Finally, we define y«(i,n)v on (I,C) as the limit —
again, whenever it exists — of the measures Y(A,#; IT)v as II increases (i.e., for
every SeC and every £>0 there exists a finite field IT with Se Il such that
for every finite field I7, that includes IT,

| D2, 75 1T J0(S) — D4, s T )(S) | <.

Let Q(4,n) be the set of all games v in Q for which Y(4,%)v exists and is
finite (that is, all the above integrals and limits exist and are finite). It is now
easy to check the following:

(a) Q(4,n) is a linear symmetric subspace of Q.

(b) ¥(4,n) is a linear and symmetric operator from Q(4,n) into FA.

(c) If both A and » are non-negative measures, then y(4,7) is a positive
operator.

(d) If both 4 and n are non-negative measures, then (4, 7) is a value operator
on the linear symmetric subspace Q°(4, 1) of @(4,n) on which it is efficient
[i.e., Q%(4, n) consists of all ve Q(4, n) for which [ (4, nv](I)=v(D)].

(e) If A[0,1)})+#n((0,1])=1 then Y(A,n) satisfies the Projection Axiom and,
moreover, Q°(4, n) > FAnQ; otherwise, Q°(4,n) nFA* ={0}.

All the values in our examples are obtained as (4,n) for a pair of non-
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negative measures 4,7. We always use the standard extension operator, Q
being a subspace of pNA’ or EXT [see Mertens (1980)].

In example 1, =0 and 4 is any measure on [0,1) of total mass 1/{(I)
[note that when v=min {u,,u,} we have tI+1S)—(t])=i(tS) and there-
fore y(4,0)v depends only on the total mass of 1]. In Example 2, again =0,
but now A({0,1})=1.

We come next to Example 3. If veQ has a concave extension 7, and the
marginals of ¢ in a neighborhood of the diagonal are bounded by the
marginals of some measure, then ve Q(4,0) and ve Q(0, A) for any measure A.
Indeed, the concavity of © and the monotone convergence theorem yield
[¥(4,0; IMv]1(S) = (§ 0ixt, S) dA() for all atoms S of IT; this expression increases
with IT (again by the concavity of ©) and is bounded from above (by our
assumption on the marginals of d); this implies that ve Q(4,0). Similarly we
obtain ve Q(0, 1), implying also ve Q(al,(1—a)A) for all 0<a< 1.

If 4 is the Lebesgue measure, then in addition we have the following:
L4, 0; INv](1) (1) L[Y(0, 4; IT)v](I) (recall the representation as an integral
above), hence also [Y(4, 0)w](I) S v(I) £ [Y(0, A)v](I). Therefore ve Q%(ald,(1 —a)l)
for an appropriate constant ae[0, 1]. Finally, note that y(a4,(1—a)4) coin-
cides on Q n DIFF with ¢, (for any a€[0, 1]).

In Example 4 we consider y(4,0) with A an atomic measure concentrated
at the point 0: on the space generated by v=./u,-u, there, A({0})=a, and
on the space generated by u=v—0*v and N4, A({0})=1.
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