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Abstract We introduce asymptotic analysis of stochastic games with short-stage duration.
The play of stage k, k > 0, of a stochastic game [I's with stage duration § is interpreted as
the play in time k8§ <t < (k + 1)é and, therefore, the average payoff of the n-stage play
per unit of time is the sum of the payoffs in the first n stages divided by nd, and the A-
discounted present value of a payoff g in stage k is A**g. We define convergence, strong
convergence, and exact convergence of the data of a family (I);s-0 as the stage duration §
goes to 0, and study the asymptotic behavior of the value, optimal strategies, and equilib-
rium. The asymptotic analogs of the discounted, limiting-average, and uniform equilibrium
payofts are defined. Convergence implies the existence of an asymptotic discounted equi-
librium payoff, strong convergence implies the existence of an asymptotic limiting-average
equilibrium payoff, and exact convergence implies the existence of an asymptotic uniform
equilibrium payoff.

Keywords Stochastic games - Equilibrium of stochastic games - Continuous-time
stochastic games - Multistage games with short-stage duration - Uniform value - Uniform
equilibrium payoffs

1 Introduction

Most strategic interactions evolve over time, and are often modeled as a discrete-time mul-
tistage game. The discrete-time modeling enables us to use the classic theory of extensive
form games, which entails no conceptual difficulties. This, however, comes at implicit costs:
Players cannot change their actions within a stage and additional information about others’
actions and nature’s moves is obtained only at a discrete set of times. An alternative mod-
eling of dynamic interactions is continuous-time games, which avoids the above mentioned
costs, but entails some conceptual difficulties.
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The present paper develops a complementary approach that studies the asymptotic be-
havior of multistage games when the stage duration goes to zero. We focus on the theory of
stochastic games.

A discrete-time stochastic game, introduced by Shapley [9], proceeds in stages. The stage
payoff is a function g(z, a) of the stage state z and the stage action a, and the transitions
to the next state 7z’ are defined by conditional probabilities P(z’| z, a) of the next state z’
given the present state z and the stage action a. Players’ stage-action choices are made
simultaneously and are observed by all players following the stage play.

Discrete-time stochastic games are multistage game-theoretic models that enable us to
account for changes of states between different stages of the interaction, and where the
change is impacted by the players’ actions. However, no single discrete-time stochastic game
can model the case where the probability of a state change in any short time interval can
be positive yet arbitrarily small. This feature can be analyzed by studying continuous-time
stochastic games, introduced in [13], and studied in, e.g., [2-4, 8, 13]. An alternative and
complementary approach is to study the asymptotic behavior of discrete-time stochastic
games, where the individual stage represents short time intervals that converge to zero and
the transition probabilities to a new state also converge to zero.

The continuous-time stochastic game model provides us with a tractable analytic model
(whose results are neatly stated), but, as mentioned earlier, the model entails some concep-
tual difficulties. The complementary asymptotic approach builds on the classic discrete-time
(well-defined) game model and, therefore, avoids the conceptual issues of continuous-time
games. The results of the asymptotic approach supplement and cement the conclusions of
the analytic continuous-time model.

We consider a family of discrete-time stochastic games I's, where the positive parameter
6 > 0 represents the stage duration. The sets of players N, states S, and actions A are in-
dependent of the parameter §, and the conditional transition probabilities Ps; and the payoff
function gs depend on the parameter 6. We study the asymptotic behavior of the strategic
analysis of I's as § goes to zero.

The payoff function g; describes the stage payoff in I'5. As the stage duration is § the
stage payoff per unit of time is g5 /5. One natural condition, (g.1), on the family of discrete-
time stochastic games [ is that the stage payoff function per unit of time is a function of the
current state and action, and independent of 8, i.e., gs/8 = g, where g : S x A — R¥. A less
restrictive condition, (g.2), is that the stage payoff function per unit of time converges (as §
goes to zero) to a payoff function g : § x A — R". In the asymptotic results, the distinction
between assumptions (g.1) and (g.2) is immaterial.

The transition rates, ps, are the functions defined on § x § x A by ps(z/, z,a) = Ps(Z' |
z,a) if 7 # z and ps(z/, z,a) = Ps(z' | z,a) — 1 if 7/ = z. The transition rate p;(z/, z, a)
represents the difference between the probability that the next state will be z” and the prob-
ability (0 or 1) that the current state is z” when the current state is z and the current action
profile is a. Note that it follows that for every (z, a) the sum of p;(z’, z, a) over all states z’
is zero and ps(Z/, z, a) is nonnegative whenever z’ and z are two distinct states. It is conve-
nient to express our conditions on the conditional transition probabilities Ps as conditions
on the transition rates p;.

There are several natural conditions on the transition rates function ps, each reflect-
ing a dependence of ps on the stage duration parameter §. One such condition, (p.1), is
that the transition rates per unit of time is constant, i.e., for each § > 0, ps/é = n, where
n:S x 8§ xA— R. A weaker asymptotic condition, (p.2), called convergence, is that the
equality with @ holds in the limit, i.e., for all triples (z’, z, @) of states z’, z and action pro-
file a, ps(z',z,a)/8 converges (as § goes to zero) to a limit u(z/, z, @). Condition (p.3),
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called strong convergence, requires that condition (p.2) hold and that p;(z’, z, a) > 0 if and
only if u(z', z,a) > 0. Condition (p.1) implies condition (p.3) and condition (p.3) implies
condition (p.2).

An exact family of discrete-time stochastic games [ is one that obeys (g.1) and (p.1).
A family of discrete-time stochastic games I is said to converge in data if it obeys (g.2)
and (p.2), and it is said to converge strongly if it obeys (g.2) and (p.3).

The above-mentioned convergence conditions on a family (I3)s-o are stated as condi-
tions on the data of the games in the family. The data convergence condition seems natural
and, therefore, the study of the asymptotic behavior of equilibria of a data-convergent fam-
ily is of interest. However, one may wonder if the strategic dynamics of some other families
of games that do not converge in data have a limit and, therefore, such families deserve an
asymptotic analysis as well. This leads us to the study of convergence conditions on a family
(I's)s=0 that depend on the stochastic processes of payoffs and states that are defined by the
initial state and a strategy profile o, in particular, when the strategy profile o is stationary.
This leads to our definition of stationary convergence. Roughly speaking, stationary conver-
gence states that for every stationary strategy profile o and real time ¢, both the cumulative
payoff (in I'5) up to time ¢ and the distribution of the state at time ¢ converge as the stage
duration 8§ goes to zero.

Proposition 1 asserts that stationary convergence is equivalent to data convergence. This
result shows that the continuous-time model (see, e.g., [8]) captures all possible limits of
“nicely behaved” families of discrete-time stochastic games with short-stage duration.

Data (or its equivalent stationary) convergence is sufficient for our asymptotic results
(e.g., Theorems 1 and 8) on the stationary (as well as the nonstationary) discounted games.
In these results, we associate with a discount rate p and a stage duration § the discount factor
1 — pé. These results remain intact if the (8, p)-dependent discount factor As , is such that
the limit, as § goes to zero, of (1 — A5 ,)/8 exists and equals p. For example, A5 , = e~#%.

The unnormalized p-discounted payoff of a play (zo, ag, z1,...) of the game [} is
Yo o1 — p8)"gs(zm, am). The corresponding p-discounted game is denoted by I ,. In
the two-person zero-sum case, Sect. 4.1 shows that, given a converging family (Is)s-o of
two-person zero-sum games, (1) the value of I ,, denoted by V; ,, converges as & goes to
zero, and (2) there is a stationary strategy o that is £(§)-optimal in the game I ,, where
&(8) goes to zero as § goes to zero.

An asymptotic p-discounted stationary equilibrium strategy of the family (I)s-0 of non-
zero-sum stochastic games is a profile o of stationary strategies that is an &(§)-equilibrium
of I's, where €(8) — 0 as § goes to zero. In the discounted non-zero-sum case, we prove
(Theorem 8) that (for every p > 0) a converging family has an asymptotic p-discounted
stationary equilibrium strategy.

The average (per unit of time) payoff to player i up to time s (in the game I3) is
gi(s) = %ZO§m<s/5 85 (2m, am), where g is the ith coordinate of gs. The liminf, respec-
tively limsup, game I is the game where the payoff to player i is gg = liminf,_, » g(’; (s),
respectively gi :=limsup,_, . gi(s). The limiting-average value or equilibrium payoff is a
payoff v such that for every ¢ > 0, there is a strategy profile such that (1) for every player i,
his payoff in the liminf game is at least v’ — &, and (2) every unilateral deviation of player i
results in a payoff to him in the lim sup game of no more than v’ + .

For every 6 > 0, vs , := pV;s,, converges to a limit (denoted by vs ) as p — O+ [1].
The limit vs o is the uniform and limiting-average value of I'y [5]. Convergence in data is
not sufficient to guarantee the convergence of vs o as § goes to zero (Remark 10). Strong
convergence implies that vs , converges as § goes to zero uniformly in p (Theorem 2) and,
therefore, v; o converges as § goes to zero.
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A family (I)s-o of two-person zero-sum stochastic games has an asymptotic limiting-
average value v if for every ¢ > 0 there are strategies o of player 1 and t; of player 2 and
a duration 8y > 0, such that for every 0 < § < &y, strategy o of player 1, and strategy t of
player 2, ¢ + Efrwg6 >v(z) > —e+ Ef,',,sg(;.

A family (I3)s-0 of non-zero-sum stochastic games has an asymptotic limiting-average
equilibrium payoff v if for every ¢ > O there are strategy profiles o5 and a duration §y > 0,

such that for every 0 < § < 8, player i, and strategy t' of player i,
e+ ELg >v'(0) = —e+ E, &(s).
— 05 \T

A family (I3)s-0 that converges strongly has an asymptotic limiting-average value in the
zero-sum case (Theorem 4), and an asymptotic limiting-average equilibrium payoff in the
non-zero-sum case (Theorem 11).

A family ([3)s-0 of two-person zero-sum stochastic games has an asymptotic uniform
value v if for every € > 0O there are strategies o of player 1 and t; of player 2, a duration
8o > 0, and a time sy > 0, such that for every 0 < é < &, § > s0, strategy o of player 1, and
strategy 7 of player 2, ¢ + ES . 85(s) = v(2) = —e + ES  gs(s).

A family (5)s-0 of non-zero-sum stochastic games has an asymptotic uniform equilib-
rium payoff v if for every ¢ > 0 there are strategy profiles o, a duration §y > 0, and a time
so > 0, such that for every 0 < § < 8, s > 5o, player i, and strategy t' of player i,

e+ EZ gi(s) > v' () > —e + EX, _gh(s).
0'8 ,T

An exact family of games Is has an asymptotic uniform value in the zero-sum case
(Theorem 6), and an asymptotic uniform equilibrium payoff in the non-zero-sum case (The-
orem 12).

2 The Model and Results

Throughout the paper, the set of players N, the set of states S, and the set of actions A,
are finite. The set of feasible actions may depend on the state z € S. We denote by A’(z)
the set of actions of player i € N in state z € S. A(z) is the set of action profiles at state z,
A(z) = X;en Al (z). For notational convenience, we set A ={(z,a):z€ S, a € A(z)}.

The data of the stochastic game I’ that depend on the parameter § are the R"-valued
payoff function gs that is defined on A and the conditional probabilities Ps(z' | z,a) that
are defined for all z’ € S and (z, a) € A. The payoff function gs defines the stage payoff
gs(z, a) € RY as a function of the stage state z and the stage action profile a. The ith coordi-
nate of a vector g € RV is denoted by g’. The conditional probabilities Ps(z’ | z, a) specify
the conditional probability of the next state being z’ conditional on playing the action profile
a at the current state z.

The conditional probabilities Ps(z' | z,a) obey Ps(z' | z,a) = 0 and Y, ¢ Ps(2’ |
z,a) = 1. We describe the conditional probabilities by specifying the function p;(z’, z, a)
that is defined on § x A by p;s(z’,z,a) = Ps(Z' | z,a) if 7/ # z and ps(z,z,a) =
Ps(z' | z,a) — 1 if 77 = z. Obviously, ps(z’,z,a) > 0 if 7/ # z, p(z,z,a) > —1, and
2es Po(2,z,0) =0.

The set H of plays of I is the set of all sequences h = (zo, ao, - .., Zk, Ak, - . .) With
(zx, ar) € A. The events are the elements of the minimal o -algebra H of subsets of H for
which each one of the maps H 3 h = (2o, ao, - . .) — (zx, ar) € A, k > 0, is measurable. We
denote by H; the o -algebra generated by (zo, ag, - - ., 2x)-
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The set of strategies in the stochastic game I is independent of §. The transition proba-
bilities, however, do depend on §. For every strategy profile o = (o/);cy We denote by Ps,
the probability distribution defined by the transition probabilities of the game I, the initial
state zo = z, and the strategy profile o, on the measurable space (H, H) of plays. The expec-
tation with respect to the probability Py, is denoted by Ef . The parameter § that appears
in the probability and expectation above is formally needed as the transition probabilities de-
pend on §. However, wherever there is an implicit reference to the parameter &, we suppress
(the formally needed) J; e.g., we write E ffa, for short, instead of the more explicit E §m.

2.1 The Discounted Games

Given a discount factor 0 < A < 1, the discrete-time stochastic game I" with a dis-
count factor A is the game where the (unnormalized) valuation of the stream of payoffs
(8m = 8@m, am))m=0 18 2310:0 A" g,. The normalized valuation is the unnormalized one
times 1 — A. The generalization to the case of individual discount factors is straightforward.
Given a vector A = (Xi)ien of discount factors, the game with discount factors X is the game
where the unnormalized (respectively, normalized) valuation of player i of the stream of
vector payoffs (g, )m=0 18 Do Mgl (respectively, (1 — A;) > oo AMgl).

We study the family of discrete-time stochastic games I's with discount factors As that
depend on the stage duration parameter 6. We require that the limit, as § goes to zero, of
the valuation of a unit payoff per unit of time (i.e., gs = § for all § > 0) with the discount
factor A, exist. This requirement is equivalent to the existence of the limit of ITSA as § goes

to zero. A family of §-dependent discount factors A;s is called admissible if lims_, o l;ﬁ

exists. The limit is called the asymptotic discount rate (and is equal to lims_, o+ 712 %) Two
examples of admissible §-dependent discount factors, with asymptotic discount rate p > 0,
are As = e % and Ay = 1 — pé.

A family of §-dependent discount factors, s, is admissible and has an asymptotic dis-
count rate p > 0, if and only if for all streams x5 = (gs.0, &5.1, - - -) of payoffs, with uniformly
bounded payoffs per unit of time (i.e., |gs...| < C§), the difference between the valuation of
x5 according to the discount factors As and its valuation according to the discount factors
e~ goes to zero as § goes to zero.

Our asymptotic results on the §-dependent discounted games depend only on the asymp-
totic discount rate p (and not on the exact choice of the §-dependent discount factor with
asymptotic discount rate p). Therefore, it suffices to select, for each p > 0, an admissible
family of §-dependent discount factors A5 , with asymptotic discount rate p. Our choice
of the §-dependent discount factor with asymptotic discount rate p is A5, = 1 — pé. This
simplifies some parts of the presentation.

The p-discounted game, denoted by I ,, is the game I with discount factor 1 — pd.
In the zero-sum case, we say that the family (I)s-o of two-person zero-sum games' has
an asymptotic p-discounted value V,, if the values of I ,, denoted by Vj ,, converge to V,
as 6 goes to zero. Theorem 1 asserts that a family (/75)s-¢ that converges in data has an
asymptotic p-discounted value. In addition, it provides a system of S equations that has a
unique solution, which equals V,,, and proves the existence of a (-independent) stationary
strategy that is £(8)-optimal in Is ,, where £(§) — 0 as § goes to zero. In the non-zero-sum
case, Theorem 8 asserts that a family (I7s)s-¢ that converges in data has a (§-independent)
stationary strategy that is an £(8)-equilibrium of I's ,, where £(8) — 0 as § goes to zero.

THenceforth, whenever we discuss a value concept of a family (/5), we will omit the statement of the implicit
condition that it is a family of two-person zero-sum games.
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Section 4.1 notes that the map p — V,, is semialgebraic and bounded and, therefore,
v, = pV, =Y 1oy ck(2)p"M in aright neighborhood of zero. This fact, in conjunction with
the covariance properties of v, as a function of (g, i) (see Sect. 4.1), is used in the study of
the asymptotic uniform value (see Sect. 4.5). It shows that for an exact family (Is);- there is
an integrable function v : [0, 1] — R and §y > O such that ||[p Vs , — o' Vs || < f;, Y(x)dx
forO<p<p <1landé <.

The covariance properties (in conjunction with [10, Theorem 6]) are used in the proof
of Theorem 2 that asserts that if I'; converges strongly, then vs , (:= pVj, ,) converges, as &
goes to zero, uniformly on 0 < p < 1.

2.2 The Nonstationary Discounted Games

A time-separable valuation u of streams of payoff is represented by a positive measure
w on the nonnegative integers. It is given by the valuation function u,(go, g1,...) =
anozo w(m)g,. The valuation function u,, is (well) defined over all bounded streams
(g0, &1, - - ) of payoffs. The valuation u,, is normalized if the total mass of w equals 1,
ie., Y oo w(m) = 1. The generalization to the case of individual time-separable valuations
is straightforward. Given a vector W = (w');cy of positive measures on the nonnegative in-
tegers the game with valuation u is the game where the valuation of player i of the stream
of vector payoffs (gm)m>0 is D o w' (m)g', . The discrete-time stochastic game I" with the
valuation u is denoted by ;.

The set of all probability measures on a set * is denoted by A(*). As A’ (z) is finite, the set
Xi(z) :== A(A!(z)) is a compact subset of a Euclidean space. The set of profiles of Marko-
vian strategies in a discrete-time stochastic game is identified with the Cartesian product
X (i.emeNxSxNX' (z), which is a compact space in the product topology. Let I” be a discrete-
time stochastic game (with finitely many states and actions). A profile ¢ of Markovian
strategies is an equilibrium of I'; whenever: (1) for every k € N, wy is a vector of positive
measures on the nonnegative integers, (2) for every k € N, o (k) is a profile of Markovian
strategies that is an equilibrium of I, , (3) 0 (k) = o (in the product topology), and
(4) forevery i € N, Y o |wi(m) — w' (m)| =40 0.

By backward induction, if w has finite support, the game I; has an equilibrium in
Markovian strategies. Therefore, the above-mentioned comment implies that a discrete-time
stochastic game with individual time-separable evaluations has an equilibrium in Markovian
strategies. The discrete-time stochastic game I with the individual time-separable valua-
tion w; is denoted by I j,. In this game, the payoff to player i of a play (zo, ay, ...) is
gs(wh) ==Y wi(m)gi(zm. an). The discrete-time stochastic game I'; with the common
time-separable valuation ws, denoted by I5 ., is the game I 3, with wg = w; for every
player i.

If W = (w');en is a profile of nonnegative measures on [0, co], we say that the vector
Ws = (wi);cy of N measures on N U {00} converges (as § — 0+4) to w if (1) ws(N U {oo})
converges (as 8 goes to 0) to w ([0, co]), and (2) for every 0 <t < oo there is a family of
nonnegative integers m; with §ms — 504 7, and such that > ws(m) =504 w([0, 1]).
Note that by identifying the N-vector measure w; with the N-vector measure 17)(’5 on [0, o0]
(the one-point compactification of [0, 00)) that is supported on {6m : m > 0} U {oco} and satis-
fies wi([6m, 8(m + 1))) = ws(m) and w;(00) = W;s(00), our definition of convergence here
is equivalent to w* convergence of measures on compact spaces. Explicitly, ws converges
as § — 0+ to the N-vector measure w on [0, oo] if for every continuous function f on
[0, oo, f[O,ooJ f(x)dwj(x) (which equals f(c0)ws(00) + > oy f(8m)ws(m)) converges
as § — 0+ to f[O,oo] fx)dw(x).
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In this section, we focus on the case that w; is supported on N and w is supported on
[0, 00). The more general convergence definition (above) is used in subsequent parts of the
paper.

Of special interest are the nonstationary discounting valuations and their limits. In the
discrete-time model, the nonnegative measure w on N U {oo} is called a nonstationary dis-
counting valuation (measure) if w(m) > w(m + 1). The vector measure w is said to be non-
stationary discounting if each of its components w’ is a nonstationary discounting. A non-
negative measure w on [0, oo] is said to be nonstationary discounting if for every s > 0 the
function [0, 00) > t — w([#, ¢ + s)) is nonincreasing in ¢. Note that if the family of nonsta-
tionary discounting measures w; on N converges to the nonnegative measure w on [0, oo],
then w is a nonstationary discounting measure.

Let w be a nonstationary discounting N-vector measure on [0, c0). We say that v € R¥*S
is an asymptotic W equilibrium payoff of the family of N-person games (I's);s-0, if for every
& > 0 and a family of nonstationary discounting N-vector measures w; on N that converges
to w, v is an &-equilibrium payoff of I ;, for every § > 0 sufficiently small.

Let w be a nonstationary discounting measure on [0, 00). We say that v € R is an asymp-
totic w value of the family of two-person zero-sum games ([3)s-o, if for every ¢ > 0 and
a family of nonstationary discounting measures ws; on N that converges to w, the value v;
of I ., satisfies |vs(z) — v(z)| < & for every § > O sufficiently small and state z. Note that
v € RS is an asymptotic w value of the family of two-person zero-sum games (I’s)s-o if and
only if (v, —v) is an asymptotic (w, w) equilibrium payoff of (Is)s~¢-

Theorem 9 asserts (in particular) that if (I5)s-¢ converges in data, then for every non-
stationary discounting N -vector measure w on [0, 00) the family (I's)s~o has an asymptotic
w equilibrium payoff. In addition, if the nonstationary discounting N-vector measure ws
converges (as § goes to 0) to the N-vector measure w on [0, 00), then for every & > 0 there
is 8o > 0 and a family of Markovian strategy profiles o5, such that (1) for 0 < § < 8y, o5 is
an e-equilibrium of I' 3, and its corresponding payoff is within ¢ of an asymptotic w equi-
librium payoff v, and (2) o5 converges to a profile of continuous-time Markov strategies.’
In Sect. 3.2, we define the convergence of Markovian strategies.

Theorem 9 implies in particular that a finite-horizon continuous-time stochastic game has
an g-equilibrium in Markov strategies. Reference [4] shows that a finite-horizon continuous-
time stochastic game need not have an equilibrium in Markov strategies. Therefore, it is
impossible to require (in the additional part) that o5 be an equilibrium (rather than an e-
equilibrium) of I 3, and at the same time converge to a profile of continuous-time Markov
strategies.

In several dynamic interactions, the game payoff is composed of stage payoffs and a
terminal payoff. Such games are also useful in backward induction arguments. For exam-
ple, in order to find an equilibrium (or an approximate equilibrium) of an extensive form
game, a classical procedure is to replace a subgame of the game with a terminal node whose
payoff equals an equilibrium (or approximate equilibrium) payoff of the subgame. An equi-
librium (or approximate equilibrium) of the original game is obtained by patching together
an equilibrium (or an approximate equilibrium) of the truncated game with an equilibrium
(or approximate equilibrium) of the subgame. This motivates the definition of the following
useful family of games.

Let ws = (wf;)iezv be a vector of positive measures on N, ms > 0, and let vs; = (vg),-eN

be a vector of N payoff functions v : A — R. The game I"SmI?S”‘S is the game Iy where the

2 A continuous-time strategy o is a mixed-action-valued measurable function defined on S x R.
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valuation of player i of the play (zo, ag, z1,...) is the sum of two terms: v(’; (Zmg» Amy) +
> Wh(m)gk(Zm, an). The first term accounts for a one-time (e.g., terminal) payoff. This
variation enables us to view games like soccer, where the objective is to reach the best score
at the end of the game, as stochastic games.

We say that (m;, vs) convergesto (¢, v), where 0 <t < ooand v : A — RV, if (1) v5(z, a)
converges to v(z, a) for all (z,a) € A, and (2) m; converges to ¢ as § goes to zero.

Let w be a nonstationary discounting N-vector measure on [0, 00), 0 < ¢ < oo, and
v:A— RV.The N x S payoff vector v € R¥*S is called an asymptotic (W, t, v) equilibrium
payoff of the family ([5)s-0, if for every (1) family of nonstationary discounting N -vector
measure ws on N that converges (as § goes to 0) to 0, (2) ms € N and vs : A — R" such
that (ms, vs) converges to (¢, v), and (3) ¢ > 0, there is §y > 0, such that for 0 < § < &y,
1“5'"5 " has an e-equilibrium payoff within ¢ of v.

Theorem 9 asserts if (1) w is a nonstationary discounting N-vector measure on [0, 00),
(2)0<t <oo,and (3) v:A— RV, then a family (I)s-¢ that converges in data has an
asymptotic (), ¢, v) equilibrium payoff. In addition, if (1) ws is a nonstationary discounting
N-vector measure on N that converges (as § goes to 0) to w, and (2) ms; € N and vy :
A — RY are such that (ms, vs) converges to (¢, v), then for every ¢ > 0 there are (1) §y >
0, (2) Markov strategy profiles o3, and (3) a continuous-time Markov strategy profile o,
such that (1) for 0 < 8 < 8, o5 is a e-equilibrium of I';"2'" with a payoff within & of an
asymptotlc (w, t, v) equilibrium payoff v, and (2) the Markov strategy profiles o5 converge
w*too.

2.3 The Limiting-Average Games

The classic limiting-average valuation of a stream (go, g1,...) of payoffs is the limit of
the average payoff per stage, lim,_, o, % > 0<m<n &m- if the limit exists. The interpretation
is that the stage duration is one unit of time, and therefore the average % Y 0<m<n &m TED-
resents the average payoff per unit of time. In studying the limiting-average valuation of
streams (gs.0, gs.1, - - -) of payoffs in I, one has to take into account that the stage dura-
tion is §. Therefore, the average payoff per unit of time up to time s is (gé (5))ien = g5(s)
(= } D m0<ms<s 8s.m)- In the two-person zero-sum case, the set of players is N = {1, 2} and
we write g for g' and g for gg. No confusion should result.

The averages gi(s) need not converge as s goes to infinity. Therefore, in defining the
limiting-average (value or) equilibrium payoff v = (v');cx, we require that for every & > 0
the (e-optimal or) e-equilibrium strategy result in a distribution on streams of payoffs such
that the expectation of g (= liminfs_o, gi(s)) is within ¢ of v, and no unilateral deviation
bya player say player i, can resultin a distribution on streams of payoffs with an expectation
of g5 (=limsup gg(s)) greater than v' + ¢.

Note that if w; ; is the probability measure on N with ws ((m) = 1/[s/8] (where [x]
denotes the smallest positive integer that is > ) if m§ < s and w; ;(m) = 0 otherwise, then
gé (s) = gé(wsys). For each § > 0, the probability measures ws g, s > 0, are the extreme
points of the convex set M} (N) of nonstationary discounting probability measures w; on N.
Indeed, ws =Y o (ws(m — 1) — ws(m))mws s and Y o (ws(m — 1) —ws(m))m = 1. As
Zl;:l(w(g m—1) — ws(m))m < ws(0)k? —ws0)—0+ 0, we deduce the following (known)
property of the liminf valuation 52 and the lim sup valuation gi:

gi lim inf{gé(w(;) Tws € ML}(N) with ws (0) < n}, and
=3 n—0+

=i

lim sup{gh(ws) : ws € My(N) with ws(0) < n}.
n—0+
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A two-person zero-sum discrete-time stochastic game (with finitely many states and ac-
tions) has a limiting-average value [5]. However, this does not imply that a convergent family
(I's)s>0 has an asymptotic limiting-average value. A non-zero-sum discrete-time stochastic
game (with finitely many states and actions) has a limiting-average correlated equilibrium
payoff [11], but it is unknown if it has a limiting-average equilibrium payoff.

Recall that v € RS is an asymptotic limiting-average value of the family (I});-¢ if for
every ¢ > 0 there are strategies o of player 1 and t; of player 2 and a duration 6y > 0, such
that for every strategy t of player 2, strategy o of player 1, and 0 < § < §y, we have

e+ E; .8, >v()=—e+E; 8.

The definition implies that a family (Is)s~0 has at most one asymptotic limiting-average
value.

Recall that v € R¥*S is an asymptotic limiting-average equilibrium payoff of the family
(Is)s=0 if for every € > O there are strategy profiles o5 and a duration &y > 0, such that for
every strategy 7' of player i and every 0 < § < &y, we have

&+ E;;g; >vi(z) > —e+ E;_,-,fl.gé.

We prove that a family (/3)s-0 that converges strongly has an asymptotic limiting-
average value in the zero-sum case (Theorem 4), and an asymptotic limiting-average equi-
librium payoff in the non-zero-sum case (Theorem 11).

A variation of the limiting-average value, respectively, limiting-average equilibrium pay-
off, is the weak limiting-average value, respectively weak limiting-average equilibrium pay-
off, obtained by exchanging the order of the limiting and the expectation operations. There-
fore, we say that v € RV*S is an asymptotic weak limiting-average equilibrium payoff of the
family (I)s-¢ if for every € > O there are strategy profiles o and a duration &, > 0, such
that for every strategy t' of player i and every 0 < § < &y, we have

&+ liminf EZ g (s) > v'(z) > —& + limsup £, _ gj(s).
§—>00 500 o5 T

In the general model of repeated games (which includes repeated games with incomplete
information), the existence of a limiting-average (value or) equilibrium payoff implies the
existence of a weak limiting-average (value or) equilibrium payoff, but not vice versa. In the
game models studied in the present paper, all results that we can prove regarding the weak
limiting-value hold also for the limiting-average value. Therefore, no special consideration
is given to these weaker concepts. It should be noted, however, that in the analogous study
of the general model of repeated games, in particular, in repeated games with incomplete
information, the limiting-average value, or equilibrium payoff will typically not exist, while
the weak limiting-average value and equilibrium payoff may exist in some of these models.

2.4 The Mixed Discounting and Limiting-Average Games

The mixed time-separable and the limiting-average (respectively, the weak limiting-average)
valuation of payoffs is a positive linear combination of a time-separable valuation u,, and
the limiting-average (respectively, the weak limiting-average) valuation. It is represented by
a measure w on N U {oo}, where w(0o) represents the weight given to the limiting-average
(or weak limiting-average) valuation, and w(m) represents the weight of the payoff at stage
m € N. A normalized mixed time-separable and limiting-average (or weak limiting-average)
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valuation of payoffs is a convex combination of a normalized time-separable valuation u,,
and the limiting-average (or the weak limiting-average) valuation, and is represented by a
probability measure on N U {oo}.

Let ;s = (w');en be a vector of positive measures on N U {oo}, ms > 0, and let vs =
(v§)ien be a vector of N payoff functions v : A — R. The game I;"5" is the game I’
where the valuation of player i of the play (zo, ao, 21, - - .) is the sum of three terms

[ee]
V5 @y i) + w5 (00) Tim g5(s) + D wh(m) g} (@m- an),

m=0

if the limit exists.

The limit of gé (s) as s — oo need not exist. Therefore, in defining (the value or)
an equilibrium payoff v of Fs'fl]%;"“, we require that for every ¢ > 0 the (e-optimal or)
g-equilibrium strategy result in a distribution on plays such that the expectation of the
VE(Zing s Gy ) + WS (oo)gfs + Y wh(m)gi(zm, ay) is within & of v, and no unilateral devi-
ation by a player, say player i, can result in a distribution on plays with an expectation of
V5 (Zig s my) + WE(00) G+ D0 wh(m) gk (zm, an) greater than v’ + &.

Theorem 13 asserts that if (1) (I's)s~0 is an exact family, (2) the nonstationary discounting
N -vector measure ws converges (as § goes to 0) to the N-vector measure @ on [0, oo], and
(3) (ms, vs) converges to (¢, v), then for every € > 0 there are strategy profiles o5, an N x S
vector v, and 8 > 0, such that for 0 < § < 8y, o5 is an g-equilibrium of 1':;?'3;”3 with a payoff
within € of v.

2.5 The Uniform Games

In a uniform (value or) equilibrium payoff v, we require that for every ¢ > 0 there be a time
so and a strategy profile for which for every s > sy the expectation of gs(s) is within ¢ of v,
and that there be no unilateral deviation by a player, say player i, and a time s > sy such that
the expectation of gg (s) is more than v’ + ¢. It is known that a uniform value exists in the
zero-sum case (with finitely® many states and actions) [5]. In the discrete-time non-zero-sum
case (with finitely many states and actions), (a uniform correlated equilibrium payoff exists
[11], but) it is unknown if a uniform equilibrium payoff exists in this case.

We say that v € RS is an asymptotic uniform value of the family (I's)s- if for every & > 0
there are (1) a time s > 0, (2) a duration &, > 0, and (3) strategies o5 of player 1 and 75 of
player 2, such that for all strategies t of player 2 and o of player 1, duration 0 < § < ¢, and
time s > 59, we have

e+ E; 85(s) >v(z) = —e + E;  85(s).

The definition implies that a family (I)s-0 has at most one asymptotic uniform value.

Similarly, we say that v € RN*S is an asymptotic uniform equilibrium payoff of the fam-
ily (I5)s~0 if for every € > O there are (1) a time 5o > 0, (2) a duration §y > 0, and (3) strategy
profiles o3, such that for every player i, strategy t° of player i, duration 0 < § < 8;, and time
s > 5o, we have

l,‘L"

e+ E5g5(s) = v' (D)= —e + EX, g5(s).
%

3Without the assumption of finitely many actions, a uniform value need not exist [12]. The assumption of
finitely many states is obviously needed.
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An exact family has an asymptotic uniform value in the zero-sum case (Theorem 6), and
an asymptotic uniform equilibrium payoff in the non-zero-sum case (Theorem 12).

Remark 1 The existence of an asymptotic uniform equilibrium payoff has the following
corollaries.

If v is the asymptotic uniform equilibrium payoff of a family (/)s-o then for every
& > 0 there is 8y > 0 such that if 0 < § < 8y and w;s = (w');cy is a profile of nonstationary
discounting probability measures on N with wg (0) < 86, then the game I, has an e-
equilibrium payoff within ¢ of v.

2.6 The Robust Nonstationary Discounted Solutions

Given a nonstationary discounting measure w on [0, oc], we define g; (w) by

g5 (w) :=1}l)1;1j1;fgé(wa) and  gg(w) := limsup g5(ws),
ws—w

where the liminf and lim sup are over all nonstationary discounting measures ws on N that
converge to w. If 1,, denotes the probability measure on [0, oc] with 1,,(c0) = 1, then
81 (o) = g/ and gj(1oo) = 3.

Fix a nonstationary discounting measure w on [0, oo] and a profile & = (w');cx of non-
stationary discounting measures w' on [0, oo].

We say that v € RS is an asymptotic w-limiting-average value of the family (Iy)s-¢ if
for every € > 0 there are strategies o of player 1 and 75 of player 2, and a duration &y > 0,
such that for every strategy t of player 2, strategy o of player 1, and 0 < § < 8y, we have

e+ E; 8,(w) =v(2) = —e+ E;  gs(w).

We say that v € RS is an asymptotic w-uniform value of the family (I's);s-o if for every
& > 0 there are strategies o5 of player 1 and 75 of player 2, such that for all strategies t;
of player 2, strategies o of player 1, and nonstationary discounting measures w; on N that
converge (as 6 — 0+) to w, we have

3 H Z M Z
&+ l}sliléng%T;g(;(wa) >v(z) > —e+ llgzlip E(,S*Jaga (ws).

Similarly, we say that v € RV*S is an asymptotic w-limiting-average equilibrium payoff
of the family (I5)s-0 if for every € > O there are strategy profiles o5 (6 > 0) and a duration
8o > 0, such that for every player i, strategy 7 of player i, and 0 < § < &y, we have

&+ Ef,'ég;(wt) >v'(z) > —e+ E;—f,,; gi(w').

We say that v € R¥*S is an asymptotic w-uniform equilibrium payoff of the family

(I5)s=0 if for every & > O there are strategy profiles o5, such that for every player i, all

strategies 7. of player i, and all nonstationary discounting measures w’ on N that converge
(as 8§ — 0+) to w', we have

e+ liminf B g} (w}) > v'(2) = —& + lim sup E; i i85(w5).

Note that v is an asymptotic limiting-average, respectively asymptotic uniform, equi-
librium payoff of a family (Is)s-¢ if and only if it is an asymptotic 1.,-limiting-average,
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respectively, asymptotic 1-uniform, equilibrium payoff of this family. Therefore, the re-
sults in the paragraph below generalize our results about the existence of an asymptotic
limiting-average, respectively, asymptotic uniform, equilibrium payoff.

A strongly convergent family (I)s~o has an asymptotic w-limiting-average equilibrium
payoff, and an exact family (I's)s-o has an asymptotic w-uniform equilibrium payoff.

In what follows, we define the asymptotic w-robust value and the asymptotic w-robust
equilibrium payoff.

We say that v € RS is an asymptotic w-robust value of the family (Is)s~o (of two-person
zero-sum games) if for every ¢ > 0 there are strategies o of player 1 and 75 of player 2, such
that for all strategies 7 of player 2, strategies o} of player 1, and nonstationary discounting
measures ws on N U {oo} that converge (as § — 0+) to w, we have

l. . sz i > i > _ l Ez —i )
¢ +limin %l,razga(wa) >v'(z) > —e+ Tl(s)lip r;,ag.gﬁ(w“)

We say that v € RV*S is an asymptotic w-robust equilibrium payoff of the family (I's)s-0
if for every ¢ > O there are strategy profiles o;, such that for every player i, all strategies
t} of player i, and all nonstationary discounting measures w; on N U {oo} that converge (as
§ — 0+) to w, we have

e+ 1?332”%53(’“3) >v'(z) = —¢ + limsup E

85 (w})-
8§—0+ s

Z
057'.,'[

An asymptotic w-robust equilibrium payoff of a family (I)s-o is (by definition) an
asymptotic w-limiting-average equilibrium payoff and an asymptotic w-uniform equilib-
rium payoff.

Theorem 13 asserts that for every nonstationary discounting N-vector measure w on
[0, oo], an exact family (I'3)s~o of N-person games has an asymptotic w-robust equilibrium
payoff.

2.7 The Variable Short-Stage Duration Games

The paper states and proves asymptotic results on families (Is)s-¢ of discrete-time stochas-
tic games. In each game [}, the stage duration is a constant positive number § > 0. The
results remain intact also in the case where the parameter § is a sequence of stage durations
8= (8n)m=o With d, := > o, _, O —>n—>o00 00, Where §,, is the duration of the mth stage,
the mth stage payoff function is g;., (or g, for short), and the mth stage transition function
is ps.m (or p,, for short).*

The condition that the constant stage duration is sufficiently small needs to be re-
placed with the condition that the supremum of the stage durations, d(§) := sup,,~q m,
is sufficiently small. A family (I;); with variable stage duration converges in data if
SUp,,>o 118m/8m — gl and sup,, .o | pm/3m — |l converge to zero as d(8) goes to zero. It
is an exact sequence if g,, = d,,¢ and p,, = 8,4, and it converges strongly if it converges in
data and for every 8§, m >0, 7/ #z,and a € A(z), pn (2, z,a) #0iff u(z,z,a) #0.

The p-discounted present value of the payoff g, at stage m is g, [],- jem(l —38;p)
(where a product over an empty set of indices is zero). Therefore, in the p-discounted

4Moreover, the stage-dependent duration §,,, payoff g, and transition function p,, can depend on past
history.
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game [y, the valuation of a play (zo, ao, ..., Zm,@m - ..) by player i is Zf;o:o 8m (Zm, am) -

H0§j<m(1 - 8]p)

In the case of a time-separable valuation, w; is said to be nonstationary discounting if
% is nonincreasing in m. We assign to the measure ws on N the measure wj on [0, 0o)
that is supported on {d, : n € N} and wj(d,) = ws(n). We say that w, converges, as d(8) —
0+, to the measure w on [0, o) if wj converges w* to w.

Similarly, in the limiting-average games with variable stage duration §, we set g(s) =
% Zo <medy <s 8m (Zms Am) and in the definitions of 5; and g;, the condition ws(m) < n needs

to be replaced with ws(m) < nd,,.

3 Convergence of Stochastic Games with Short-Stage Duration

We study the “convergence” of the family (I7s)s-0, and the presentation of the “limit” as a
continuous-time stochastic game I.

We define various conditions of the dependence of the transition rates ps on the stage
duration 6. Some of these conditions relate directly to assumptions on the homogeneous
Markov chain of states that are defined by an initial state, a stationary strategy, and the stage
duration §. Each one of the conditions can be interpreted as a consistency, or approximate
consistency, of the models 5 as § varies.

Condition (p.0) asserts that the probability of a state change within the first m stages
(namely, in a time ¢ < m§) converges to zero as md goes to zero. In particular, the probability
of a state change in a single stage converges to zero as § goes to zero. Condition (p.0)
is equivalent to mp;(z, z, a) converging to zero as mé goes to zero. Recall that condition
(p-2) is limg_ o4 ps/6 = u where u: S x A — R, and note that condition (p.2) implies
condition (p.0).

Recall that condition (p.3) requires (p.2) and that ps(z’,z,a) > 0 if and only if
w(z', z,a) > 0 (where (7', z,a) is the limit, as § goes to zero, of ps(z’, z, a)/8). Condi-
tion (p.3) implies that the ergodic classes of the homogeneous Markov chain that is defined
by a stationary strategy and the transition rates p;s are independent of §.

Recall that condition (p.1) is ps = 1, condition (p.1) implies condition (p.3), and con-
dition (p.3) implies condition (p.2). Therefore, each asymptotic property that holds in any
family (I7§)s-o that obeys (g.2) and (p.k) holds also in any family (I7)s-o that obeys (g.1)
and (p.k’), where k' =3 if k=2 and k' =1 if k = 3.

Recall the following definitions of convergence in data and strong convergence.

Definition 1 (Convergence in data) We say that I's converges in data (as § — 0) if the
family (I3);-0 satisfies conditions (g.2) and (p.2).

Definition 2 (Strong convergence) We say that I's converges strongly (as § — 0) if the
family (I5)s-0 satisfies conditions (g.2) and (p.3).

Next, we wish to define the “convergence” of the family (/3)s-0 as a convergence (as
8 — 04) of the stochastic process of states and payoffs that is defined by the initial state
and a strategy o. Obviously, in defining the convergence of the stochastic process of states
and payoffs one has to take into account the stage duration §. The state z, in the play of
the discrete-time stochastic game Iy is interpreted as the state at time n§. Similarly, the sum
Z'j;(l) 8s5(2;, a;) of stage payoffs in stages 0 < j < n is interpreted as the cumulative payoff
in the time interval [0, nd].
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Definition 3 (Convergence in stationary dynamics) We say that I's converges in stationary
dynamics if for all pure stationary strategies o, states 7',z € S, times ¢ > 0, and positive
integers ng such that nsé —;_. o4 t, we have

P(;Z’g (Zn5 = Z/) >85>0+ FZZ’ (t)

and
ns

Ej, ng(Zj, a;) =50+ Gi(z,0),
Jj=0

where (0,7, z,t) = F7,(t) eR and (t,z,0) = G,(z,0) € R¥ are functions that are de-
fined for all pure stationary strategies o, states z’, z € S, and times ¢ > 0.

3.1 Stationary Convergence

Proposition 1 The following conditions are equivalent:

(A) (I3)s=0 converges in stationary dynamics.
(B) (Is)s=o converges in data.

Proof (A) = (B). Assume condition (A) holds. Obviously, >, ¢ Pf (z,; =2') = L.
Therefore, »_ .. F7.(t) = 1. Applying condition (A) to n; =0 and 7’ = z, we have
F?.(0) = 1. Applying condition (A) to r = 0 and all nonnegative integers ns; with
6n5 —s5-0+ 0, we deduce that for every & > O there are ¢, > 0 and §, > 0, such that for
every 0 < § < 8, and n with n§ <t,, we have P(;g (zx = z) > 1 — ¢ for all states z € S and
pure stationary strategy profiles o.

Fix ze Sand a € A(z), set K5 = Ks5(z) = ZZ,# ps(Z, z,a), and let o be a pure station-
ary strategy with o (z) = a, and n = ns = [t,,3/8] (where [*] denotes the largest integer that
is less than or equal to *). Then, for § < 8,3, 1/3 > P(;U(zn #27)> Z;:l Pafa(Vj <mzj=
zand 2 # 2 =20) > 3w (1 — K3)"'K;52/3 = (1 — (1 — K5)")2/3, which implies the in-
equality (1 — K)" > 1/2. Therefore, limsup;_,,, K5/ < oo. Therefore, there is a positive
constant K such that forall § >0, z € S, and a € A(z), we have Zz,# ps(Z,z,a) < K3.

Next, we prove that if for a pair of distinct states z’ # z and an action profile a € A(z)
we have liminfs_ o, ps(z/,z,a)/8 < c, then, for ¢+ > O sufficiently small and a station-
ary strategy o with o(z) = a, we have F7.(t) <ct. Indeed, the set {z, =7/, 70 = z} is
the union of the disjoint sets Y,, ,» = {V0 < j <m, z; = 20, 2» = 2" and z, = 7'}, where
m ranges over the positive integers 1 < m < n and z” ranges over all states z” # z.
Let ¢ > 0 and set n = ns = [t,/5]. Note that PSZ;U(Y,,,,Z//) < ps(Z,z,a) for 7’ = 7' and
ZZ;II ZZ#N#/ P (Y ) < eKdn for § sufficiently small. Therefore, if § > 0 is suffi-
ciently small so that, in addition, ps(z’, z,a)/8 < ¢ and for all z” # z and a € A(z) we have
ps(Z’,z,a) < Ké, then P§_(z, =7') < > P (Y,2)+eKén < (c+ Ke)dn. Therefore,
for t > 0 sufficiently small, we have F7 (1) < ct.

Finally, we prove that if for a pair of distinct states z’ # z and an action profile a € A(z)
we have limsup;_, o, ps(z’,z,a)/8 > c, then, for t > 0 sufficiently small and a stationary
strategy o with o (z) = a, we have FZZ, (t) > ct. Indeed, the set {z, =7/, zo = z} contains
the disjoint sets Y, » = (Y0 < j <m, z; =20, 2m = 2’ = z,}, where m ranges over the
positive integers 1 < m < n. Let ¢ > 0 and set n = ns = [t,/8]. Note that P§_(Y, ) >
(1 — &)?ps(z/, z, a) for & sufficiently small. Therefore, if § > 0 is sufficiently small so that,
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in addition, p;(z’, z,a)/8 > ¢, then P§ _(z, =7') > Z:; | Ps oY) 2 n(1— £)%8c. There-
fore, for # > 0 sufficiently small, we have F7_ (¢) > ct.

We conclude that the limsup;_, o, ps(z/, z a)/8 and the liminfs_.o. ps(z’, z,a)/8 coin-
cide.

We will now prove that the second part of (B) holds. Fix a player i € N and assume
that limsup;_, ||g§ II/§ < oo, where ||g§|| ‘= max; 4 |g§(z,a)|. For t > 0 let y;(z,0) =
%G,(z,o). Then, for § > 0 sufficiently small, gj(z,0(2))/8 — 2¢l|gjll/8 < ¥/ (z,0) + €.
Therefore,

limsup gj(z,0(2))/8 <y (z.0) +&+ 281111151113”85 I/8.
8—0+

and, therefore,

limsup g(z, 0(2))/8 <liminfy, (z, o).
S50+ e—04 ¢

Similarly, for § > 0 sufficiently small, yti (z,0) — ¢ < g(’;(z,cr(z))/S + 28||g§||/8, and
therefore limsup,_, o, ¥ (z,0) < liminf;_ o gé(z,a(z))/&. Given a € A(z) and apply-
ing these inequalities to a stationary strategy o with o (z) = a, we conclude that the
liminfs_, o4 g(’; (z,a)/é and the limsup, gg (z,a)/8 coincide.

It remains to prove that condition (A) implies that limsup;_, llgill/8 < oo. For every
1 >8> 0,letzs € S and a; € A(z) be such that | g} (z5, as)| = [|g5 |- Let e > 0, and let & = o3
be a stationary strategy with o (z5) = as. Set n = ns = [t. /6] and zp = z,; If g(; (z5,as5) >0,
then, for sufficiently small § > 0, we have G’ (Z,s,O') +1t/3>E» Z, 0g(;(zj,aj) > -
28)ng8 (zs, as). Therefore, if ¢ < 1/3, we have g(S (zs,as)/8 < 3|yt‘9 (z,0)|+1 for § > 0 suffi-
ciently small. If g (zs, as) < 0, then for sufficiently small § > 0, we have Gi (z5,0)—t:/3 <

E% Z _Ogs(zj,aj) < (1 — 2¢)ngi(zs, as). Therefore, if ¢ < 1/3, we have g5(zs,a5)/8 >
—3|7/,£(Z o)| — 1. This proves that limsup;_, lgill/8 < 3|y,£(z o)+ 1 < oo.

(B) = (A). Let o be a stationary strategy and let Q be the S x S matrix whose (z, z')-
th entry is Q, = u(z’,z,0(z)). Note that for § > O sufficiently small, / 4+ §Q is a tran-
sition matrix, where I stands for the identity matrix, and ||[7 + 8 Q| :=maxX es ) oo |(I +
v
is an S x S matrix, and (e?92)" = "€, Let Ps be the S x S transition matrix whose
(z,Z)-thentry is (Ps), = I,y + ps(Z, z, 6 (2)). Therefore, if n is a positive integer, then
Py (24 =2') = (P}").,». By the assumption on ps and the definitions of Q and ¢*?, we have
1’2 — Ps|| < 0(8) as § — O+.

For any two § x S matrices (or elements of a norm algebra) A and B we have A" —

=3 i_1 A" (A — B)B*"!, implying that A" — B"| < [|A — B| Z'};(I) AN 1IBI".
Therefore, || P — ™2 < || Ps — €°2|| s (1) 122 )Y < o(8)n as § — O+.

Therefore, || Py —e'|| < | P} — e”‘SQII + '@ —e"?|| - 0as § — O+ and né — r. We
conclude that Py, (z, =2') = F7 (1) = (¢'?). 2 € Ras § — 0+.

By assumption (B), We have gs(z,a) =6g(z, a) +o(8). Therefore, if § — 04 and nsé —
t >0, then |E§ 3" ¢l (z;.a)) — Ef, Y15 88" (zj.a;)| — 0. If § — O+ and ns6 —
t > 0, then, as shown earlier, P§ (z, = z') — F?,(t), and, therefore, Ej , Z”“ 'sgl (zj,a;)

— G(z,0) = fot Y ves F2()g(Z', 0 () ds. Therefore, Ef , Z_’”_Ol gi(zj,a;) > G,(z,0)
asé—>0~|—andn58—>t>0 O

80)..| = 1. In addition, ¢*2 (which equals by definition the convergent sum - =0

Remark 2 The above proof of condition (B) implying condition (A) proves that for every
stationary strategy o, every time ¢ > 0, all states z,z’ € S, and all integers 0 < ns with
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58 —>s04 1. Pi(Zny = 2) —>sm04 FO (1) = ¢!% where Q is the S x S matrix whose

(z,Z)-thentryis Q. v = u(z', z, 0 (2)).

Note that every continuous-time stochastic game I" = (N, S, A, i, g) is a “data limit”
of the family of discrete-time stochastic games I's = (N, S, A, ps, g5), where gs(z,a) =
8g(z,a) and p;s(z', z,a) = 8u(z, z, a) for all pairs of distinct states z’ # z and every action
profile a € A(z).

3.2 Markov Convergence

The next proposition gives a sufficient condition for a family of Markov strategies o5 in
I'; to have a continuous-time limiting dynamics and payoffs as § — 0+. In the formulas
that follow, we view o5(z, j) (j € N) as a measure on A(z); i.e., 05(z, j) € A(A(z)), and
05(j) := (05(z, j));es is an element of x,c.gA(A(z)). Therefore, for any fixed z € S, any
linear combination of o5(z, j) is a measure on A(z). Similarly, if 0 : S x R, — A(A)
is measurable with o(z,7) € A(A(z)), then, for any function f € L;(R,), the integral
1o f(H)o(z, 1) dt is well defined.

We say that the Markov strategies o; in I's converge w* if for every continuous function
f 1R,y — R with bounded support, the limit of Z?io f(jé§)dos(z, j) as § — O+ exists. In
that case, there is a measurable function o : S x R, — A(A) (witho(z,t) € A(A(z))) such
that for every f € L(R,) the limit of fooo f(t)os(z,[t/8]) dt as § — 0+ exists and equals
f0°° f(@)o(z,t)dt, and we say that the discrete-time Markov strategies o5 converge w* to
(the continuous-time Markov correlated strategy) o : S x Ry € A(A).

Whenever the conditional probability P;f; (E, | E,) is independent of the initial state z,
we suppress the superscript of the initial state z,.

Proposition 2 [f the (correlated) Markov strategies os in I's converge w* too : S x R, —
A(A) and the family of discrete-time stochastic games (I's)s~o converges in data, then, for
every O <s < 't, there are S x S transition matrices F° (s, t) such that

Po(za=7lzx=2) > FJ.(s,1) as8— 0+,k8 — s, andnd — t,

and

ga(Zm,am)—>/ ZF (0,0)g(z,o(2',1))dt ass— 0+ andnd — 1.

0<m <n

Proof As the family of discrete-time stochastic games (Is)s-o converges in data, there is
a positive constant K > 0 such that for every (z,a) € A we have |p;s(z,z,a)] > 1 — K3.
Therefore, if 0 <k <n, |Ps o (zn =7 |za =2) — L] <1 —(1— K8§"* — 0asnd — ks
— 0+. Therefore, it suffices to prove that for every s < ¢ there are sequences ks < ns such
that k6 — s and nsé — t such that

Psoy(2n =2 12k, =2) = FZ(s.1) as§— 0+.

We will prove it for ns = [t /8] and ks = [s/6].

Assume that the Markov strategies o5 in I's converge w* to o : S x R, — A(A). Let
M be the space of all § x S matrices Q, let M, be the subset of all its matrices Q with
Y es Q-7 =0 for every z € S and Q.+ > 0 for all z # 7/, and let M, be the subset of
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M of all transition matrices. The space M is a (noncommutative) Banach algebra with the
norm || Q| = max,cs ZZ/E s10: |, and M, is closed under multiplication. For an ordered
list Fy, ..., F; € M, we denote by ]_[{':l F; the matrix (ordered) product Fy F; ... F;.

Let Q : [0, 00) — M be defined by Q. (1) = u(z’,z,0(z,u)), and let 0% :10,00) —
M be defined by Q) (u) = ps(z,z,05(z, [u/8]))/8. As (I3)s-o converges in data,
Q) () = u(z', 2,05z, [u/8])) + o(1) as 8 — 0+. Therefore, [’ Q% ,(u)du = pu(7,z,
f; 0s5(z, [u/8]))du + o(1) as § — 0+, where for a measure o on A(z) we define
w7, z,a) = ZaeA@ a(a)u(z, z, a). Therefore, as the Markov strategies o5 converge w*
to o, for every s < t, we have

/Qﬁ(u)duaj:/ O(u)du.

Let G? be the transition matrix (Gi‘)u’ =ps(Z,z,05(z,j)) + I, ,and given 0 < s <t
we define G’ (s, t) to be the transition matrix ]_[518[];781] Gi , where a product over an empty set
of indices is defined as the identity. It suffices to prove that G°(s, t) converges as § — 0+.

Let C =2max,, |u(z,z,a)| < C'. It follows that for every t > 0 we have | Q)| < C,
and for sufficiently small § > 0 we have ||Q%(t)|| < C’. Let Ls(s,t) = [t/8] — [s/8], and
note that §Ls(s, 1) <t —s + 6.

As M is a Banach algebra, for every finite sequence Q1, ..., Q,, of elements in M, we
have

[Jau+on-1->"0;

Jj=1 Jj=1

e SO (U] (1)
j=1

Inequality (1) follows from the inequality e* > 14 x, the triangle inequality, and the Banach
algebra inequality |QQ'|| < [ QlIIQ"ll. Indeed, if 6; = || Q; |, then || [T}, (/ + Q;) — I —
27:1 0l = I—[jej(l +6;)—1— 2’7:1 b < R Z};‘l:l 0;.

As Gi =1+ Lﬁ“ 0% () du, j{f“ |0 (u)||du < 8C’, and ¢* — 1 — x is monotonic
increasing on x > 0, for all 0 < s < 7, we have

8[t/8]
< G‘S(s,t)—l—/ O w)du| +28C’
5[s/51

HGa(s,t) -1 —/ 0% () du

< LG | _[o(s5,1)C'8 +28C’
< = | (4 — 54 8)C +25C

< (t—s)2C"?

for (t —s)C’ <1 and § > 0 sufficiently small.

For every sequence s =1ty <1 < --- <ty =1, set A; = G*(tj_1,1;), B? =1+
ft;f;] Q°(u)du, and B; = I + f[;f;l Qw)du, j =1,....k. Note that G*(t, 1) = ]_[1;:1 A;j
and [T5_ A; — TS, By = X0 TTZ) Aj(Ai — BY T, By For 1 < j <k, Al =1,
and for sufficiently small maxle(t,- — ti—1), ||Bill =1 for every 1 <i < k. Therefore,
TSz A —TT5= Bl < X5, 1A — Bl < X5, IIA; — B2+ X25_, [ B2 — By|. There-
fore, for a sufficiently large k, by setting ; = s + j(t —s)/k and F(t;j_,t;)) =1 +

Birkhauser



Dyn Games Appl (2013) 3:236-278 253

fé’;l Q(u) du, there is a (sufficiently small) §(k) > O such that for 0 < § < é(k), we have

k
G'(s.t) = [ [ Ftjmr )| <20t —$)°C”/k.

j=1

Therefore, supy_s 5 _su 1G°(s, 1) — GY(s,0)|| < 4t — $)*C"*/k, implying that
1My o0 SUPg s g 51 I1G° (5, 1) — G% (s, 1)|| = 0. Therefore, G°(s, t) converges to a limit
as § — O+. O

Remark 3 The result applies in particular to profiles o5 = (ag) ien of (uncorrelated) Markov
strategies in Iy that converge w* to (a continuous-time correlated Markov strategy) o :
S xRy — A(A). In this case the w* limit o need not represent a profile of continuous-time
Markov strategies.

For example, if o) and o play (T, L) at even stages and (B, R) at odd stages, then
the Markov strategy profiles o5 = (04, 07) converge w* to (the continuous-time stationary
correlated strategy) o with o (x)(7T, L) = 1/2 = o (x)(B, R). Therefore, asymptotic results
that involve referral to Markov strategies need special attention. They are not obtained by
simply “taking limits.” However, if o : § x R, — A(A) is a continuous-time correlated
Markov strategy, there are profiles of pure (and thus uncorrelated) Markov strategies o5 =
(Ug )ien such that o5 converge w* to o.

Remark 4 Proposition 2 holds also in the model of variable stage duration games. The con-
ditions § — 0+, k6 — s, and n§ — ¢, are replaced with d(§) — 0+, dy — s, and d,, — ¢,
respectively, and the term g5(z,,, a,,) is replaced with g, (2, am)-

The proof of Remark 4 is obtained by the following (additional) notational modifi-
cations in the proof of Proposition 2. The inequality ps(z,z,a) > 1 — K§ is replaced
with p,(z,z,a) > 1 — K§,, for every m > 0, the term (1 — K8)"* is replaced with
[Li<pmen(l — K8,,), and a term of the form [r/8] is replaced with the largest integer m
such that d,, < . The definition (in the proof of Proposition 2) of the S x § matrix sz, (u)
is modified to Q‘;Z, () = pu (@, z, 05(z, [u/81)) /8151 The inequality 0 < § < §(k) is in-
terpreted as 0 < d(8) < 8(k).

4 Two-Person Zero-Sum Stochastic Games with Short-Stage Duration
4.1 The Discounted Case

Fix the sets of player N = {1, 2}, states S, and actions A, and let [ = (N, S, A, gs, ps), or
I's = (gs, ps) for short, be a stochastic game whose stage payoff function gs and transitions
ps depend on the parameter § that represents the single-stage duration. Recall that I ,
denotes the (unnormalized) discounted game I5 with discount factor 1 — pé8, Vs , denotes
its value, and V,, € RS is the asymptotic p-discounted value of (I'y)s-q if Vs.p = s—0+ V.
Given a family (/5)s-0 that has an asymptotic p-discounted value V,, we say that the
stationary strategy o, respectively t, is asymptotic p-discounted optimal if for every ¢ > 0,
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there is 6o > 0, such that for every 0 < § < &, strategy o * of player 1 (in Iy), strategy 7* of
player 2 (in I), and state z,

oo oo

EFEf, Y (1= p8)"gsGmXm) 2V, (D) = =&+ Ef o . > (1= p8)" 85(Zm. Xn).

m=0 m=0

Given a converging family (Is)s-o, we denote by g and p the limits, as § — 0+, of g5/8
and ps /8, respectively.

We denote by X' (z), respectively X (z), all probability distributions over A’(z), respec-
tively over A(z) (= A'(z) x A%(z)). For z € S and x' € X'(z), we denote by x' ® x?
the product distribution x € X (z) that is given by x(a) = x'(a")x?(a?) for a = (a',a?) €
A'(z) x A%(2). For any function & : a — h(a), that is defined over A(z), e.g., A(z) > ar>
g(z,a) or A(z) > a+ u(Z,z,a), we denote also by # its linear extension to X (z), i.e.,

h(x) = ZaeA(Z) x(a)h(a).

Theorem 1 Every converging family (I's)s-o has an asymptotic p-discounted value, which
equals the unique solution V € RS of the system of S equations, 7 € S,

pv(z) = max min (g(z,)c1 ®x%) + ZM(Z/,Z,)CI ®x2)v(z/)>, 2)

rlex!(z) x2eX2(2) s
and each player has an asymptotic p-discounted optimal stationary strategy.

Proof By the theory of discrete-time stochastic games, V; , exists and is the unique solution
of the system of equations

: 1 2 ’ 1 2 /
v(z) = max min Z,x ®x°)+ 1—p8)Ps(z |z, x ®x7)v(Z') ). 3
@ xlexwzgxz(z)(g&( ) 2;( POPs(2 | )o( )) 3)
Since Ps(z' | z,a) = ps(Z’, z,a) for 7' # z, and Ps(z' | z,a) = 1 + ps(z/, z, a) for 7/ =z, we
can deduce, by subtracting (1 — pé)v(z) from both sides of the z equation that Vj , exists
and is the unique solution of the system of equations

pdv(z) = max min (g(;(z,xl ®x2) + Z(l - p8)p5(z/,z,xl ®x2)v(z/)>. %)

xlex!(2)x2ex2(2) es

For g; = 6g and ps; = 1_5? W, v solves (4) if and only if it solves (2). For § > O sufficiently

small, ps = 1—6W'“ indeed represents transition probabilities. Therefore, the system (2) of
equations has a unique solution.

Let V be the unique solution of (2). Let o be a stationary strategy of player 1 with o (z)
maximizing (over all x! € X'(z))

min g(z.x' ®x%) + > u(Z.z.x' @x)V(2). Q)

x2eX2(z) Tes
Therefore, for every z € S and x% € X*(z), we have

2(z.0@®x7)+ Y u(d. 2.0 @x)V ()= pV(2). (6)

Zes
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Fix ¢ > 0. We claim that there is §, > 0, such that for every 0 < § < Jy, strategy t of
player 2, and state z,

E§ o+ Z(l — 08)"85(Zm, am) = V(z) —e. )
m=0
Fix an initial history h,, = (20, @0, - - -, Zm), and let x2 = t(h,,) and x,, = 0 (z,,) ® x2. Let

Ym = Ea,r(gS(Zm’ am) + (1 - pfS)V(Zm+l) | hm)

Ym = gé(zms xm) + (1 - pa) Z PS (Z/ | Zms xm)V(Z/)

Z’eS

> 88 Xm) + D 81(2 2 Xm) V(') = 08V (2m) + V (zm) — 0(8)

7eS

= V(zm) —0(d).

Therefore, for every m > 0, Ej , (1 — 08)"gs(zm, @) = (1 — p8)"E5 ; V(zm) — (1 —
p8)’"+1E§YU,rV(zm+1) —0(8)(1 — pd)™. Summing over m =0, 1, ..., we deduce that

E o0 > (1= p8)"85(zm. am) = V(2) —0(8) Y (1= p8)" =504 V(2).

m=0 m=0

By duality, if 7 is a stationary strategy of player 2 with 7(z) minimizing (over all x> €
X*(2))

max g(z.x' ®@x%) + ) u(.z.x' @x*)V(2), ®)

lexl(z
¥ eX@ 7eS

then for every strategy o of player 1 we have

Eg,rr,‘r Z(l - ,O(S)mg(;(zm, am) =< V(Z) + 0(8) Z(l — ,O(S)m —> 50+ V(Z)
m=0 m=0

Denote by V, (g, i) the asymptotic p-discounted value of the family (I's = (g5, ts))s=0
that converges (as § goes to zero) to (g, u), and by Vs ,(g, p) the value of the discounted
discrete-time stochastic game (g, p) with a discount factor 1 — p§.

Remark 5 The above proof of Theorem 1 shows that

8 1
V,(g, ) = Vs, ((Sg, —M) whenever § < ——, )
? AU 1= ps Il + o

where |||l = max, , |u(z, z, @)l
Remark 6 The proof shows in addition that a stationary strategy o of player 1, respectively
7 of player 2, is asymptotic p-discounted optimal if and only if, for every state z € S, o (z)

maximizes (5), respectively, 7(z) minimizes (8).

Remark 7 1t is worth recalling that a stationary strategy is a (behavioral) strategy whose
mixed action at every stage is independent of the stage, past states, and past actions of the
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players. Therefore, the result holds also in a model where some of the players do not observe
past actions, and even in a model where some of the players are unable to recall the current
stage and past states.

Remark 8 The proof that (2) has a solution was based on the corresponding result from the
theory of discounted discrete-time stochastic games. In what follows, we prove it directly.

For a vector v € RS we denote by ||v] its maximum norm ||v|| := max.cs |v(z)|. For
everyz€ S,a € A(z), ve RS, and x € X (z), G*[v](a) is defined by

z —_ 1 / /
G*[vl(a) = e <g(z,a) + ZM(Z zoa)v(Z) + I|pL||v(Z)>,

Z’eS

and (thus) G*[v](x) is defined by

G'vIx) = Y x(@)G[vi(a)

acA(z)

(g(z,x) +) u(d zx)u(d) + ||M||U(Z))-

Z’eS§

TR

Define the operator Q from R to RS by

QOv(z) = max min Gz[v](x1®x2).

xeX!(z) x2eX2(2)

By the minmax theorem, we have

Qv(z) = min max Gz[v](x1®x2)

x2eX2(z)xeXxl(z)

and, therefore, v is a solution of Qv = v if and only if it is a solution of (2). Therefore, it
suffices to prove that Q has a fixed point. Note that G*[v + clg](x) = G*[v](x) + ”;””’1”/)
and, therefore,

B clipll
Qw+cls)@)=0v+ ——.
el + 0
In addition, Q is monotonic; i.e., u > v implies that Qu > Qv and, therefore, for v, u € RS

we have

[l
vV—Qu|| < ——|lv—uj.
Qv — Qull < ||M||+/OII l

Therefore, Q is a strict contraction and, therefore, Q has a unique fixed point. |

Remark 9 The following (alternative) proof of Theorem 1 is based on results from the the-
ory of continuous-time stochastic games in conjunction with stationary convergence of the
family of games 5.

We apply notations and inequalities from [8]. First, one recalls that a pair of stationary

strategies, o of player 1 and t of player 2, where o (z) maximizes (5), and 7(z) minimizes
(8), is a pair of optimal strategies in the continuous-time p-discounted game I = (g, i), and
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V is its value. In particular, for every stationary strategy t* of player 2 and every stationary
strategy o * of player 1, we have

oo

oo
Eé,r* / eiptg(zt, 0(z) ® T*(Zz)) dt>V(z) > Eé*r / eiptg(zt, 0" (z) ® T(Zt)) dr.
0 0

Next, stationary convergence implies that for stationary strategies ¢’ of player 1 and t’ of
player 2 we have

0 00
Ej oY (1= p8)"gs(zm: am) —s0s Eo / e "' g(z0.0' () ® T'(2)) dt.
0

m=0

Therefore, given € > 0, for § > 0 sufficiently small, for every pure stationary strategy 7* of
player 2 and pure stationary strategy o * of player 1, we have

o0 o0
E+Ef, Y (1= p8)"8s@mam) = V(2) = =&+ E yu . > (1= p8)" 85(zm» ).

m=0 m=0

In a discrete-time discounted game (with finitely many states and actions), there is always a
pure stationary strategy that is a best reply to a given stationary strategy. Therefore, V is an
asymptotic p-discounted value and o and t are asymptotic p-discounted optimal strategies
of the converging family (Is)s-o.

The Algebraic Approach Fix the finite state space S and the finite action sets A’(z)
(i=1,2 and z € §), and recall that A = {(z,a) : z € S,a € A(z)}. The set of all
(g, 1, v, p, x', x%), where g € R4, € RS*A (with u(z,z,a) > 0for S5z #z€ S and
a€A®@),and Yy, ou(@, z,a) =0 for (z,a) € A), ve R’ 0 <p <1, x' € X(z), that
satisfies the following finite’ lists of inequalities:

pv(z) < Zmigl( )(g(z,xl ®y)+ Y u@.zx'® yz)v(z’)), (10)
yiextt 7es

pv(z) > max )(g(z,yl ®x%)+ Y u(@.z.y ®x2)v(z/)>, (11)
yexit 7'eS

is semialgebraic. Therefore, for each fixed (g, 1), the graph of the correspondence assigning
to each p the asymptotic p-discounted optimal stationary strategies of each player and the
asymptotic p-discounted value function V,, is semialgebraic. Therefore (see, e.g., [1, 6]),
there is a semialgebraic map p — (V,,0”, t”), where V, is the p-discounted asymptotic
value and o” and 7 are stationary asymptotic p-discounted optimal strategies. In particular,
the map has a convergent expansion in fractional powers of p in a right neighborhood of 0
(and a convergent expansion in fractional powers of p in any one-sided neighborhood of a
point 0 < pg < 1). As V, is the pd-discounted value of the discrete-time stochastic game
with payoff function §g and transitions ps; = 1—6W'“ it is bounded by |/ g||/p. Therefore,
p v, :=pV, is a bounded semialgebraic function. In particular, there is (1) a positive

SThe finiteness follows from the fact that the minimum and the maximum of a linear function over a simplex
is attained in one of the finitely many extreme points of the simplex.
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integer M, (2) real coefficients c,(z), and (3) a positive discount rate p > 0, such that for

0 < p < p the series Y ;- & (z)p*'M converges and
o0
V() =Y ex()p M.
k=0

If the game is one of perfect information, then each player has for each 1 > p > 0 a pure
stationary strategy that is an asymptotic p-discounted optimal strategy. Therefore (following
the classical argument from discrete-time stochastic games), the value function p — v,(z)
is a rational function in p in a right neighborhood of 0 (and in any one-sided neighborhood
of a point 1 > pg > 0). It follows that there are p > 0 and real coefficients c;(z), and pure
stationary strategies o/, i = 1, 2, such that for p < p the series Z/Cio cx(z) p* converges,

v,(2) =Y @)k,

k=0
and o' is asymptotic p-discounted optimal in the family (I')s-0.

Covariance Properties Fix the sets of states S and actions A. Let V,(g, u) be the unique
solution of the system (2) of S equations. Recall that it equals the asymptotic p-discounted
value of any family (gs, ps) that converges in data to (g, u). (It is also the value of the
continuous-time stochastic game (N, S, A, g, u), e.g., [8].) Consider the function V,(g, i)
as a function of p, g, and u. Obviously, the p-discounted asymptotic value V,(g, ) is
monotonic in g and covariant with respect to multiplication of the payoff function g by a
positive scalar. Namely, if g’ > g and « is a nonnegative real number, V,(g’, n) > V,(g, n)
and V,(ag, u) =aV,(g, ). For o > 0, a vector V satisfies Eq. (2) if and only if it satis-
fies the same equation when p is replaced by «p, g is replaced by ag, and w is replaced
by au. Therefore, V,,(ag, au) = V,(g, n). (In the continuous-time game interpretation,
this equality is interpreted as, and can be derived by, a simple rescaling of time: ¢ > «t.)

Now we turn to the expression of the p-discounted asymptotic value as a value of a
discrete-time discounted stochastic game.

If ||u|l <1, we assign to (the continuous-time game) I" = (N, S, A, g, u) the discrete-
time game I" = (N, S, A, g, p = ). By Remark 5, the value Vp (g, ) of the discrete-time
p-discounted (with discount factor 1 — p) stochastic game I' = ({1,2}, S, A, g, p = u)
equals V,(g, (1 — p)u) whenever 0 < p <1 — ||u]|.

Summarizing,
V,(g. 1) = V,(g', ) whenever g > g, (12)
V,(ag, Bu) = % »/p(g, ) whenevera >0and 8 >0, (13)
Vo(g. 1) = Vp(g,ﬁu) whenever 0 < p <1 — ||l|; (14)
equivalently,
Vp(g, n) = Vp(g, (11— ,o),u) whenever 0 < p < 1 and ||u| < 1. (15)

Note that for a constant payoff function g = ¢, we have pV,(c, u) = c. The normalization
v, := pV, of the function V,, is a function of (g, u): v,(g, u) = pV,(g, n). Given two
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transition rates w and u/,

nw(@', z,a) p'(Z,z,a)
W@, z,a) n(@,z, a)

d(p, 1) ::max{ aeA(z),z,z’eS}—l,
where by convention x /0 = oo for x > 0, and 0/0 = 1.

Lemma 1 For every pair of payoff functions g and g’ and every pair of transition rates |
and W' the following inequality holds:

lvp (8" 1) = vo(g. ), <4ISId (e, ') min{ligl. |&'|[} + | g — &']- (16)

Proof The proof applies [10, Theorem 6] in conjunction with the covariance properties (13)
and (14). Fix p,g,¢’,u, /. Let B > 0, and note that d(u, u') =d(u/B, 1u'/B). As u =
Bu/pB, equality (13) implies that v,(g, u) = %Vg (g, u/B) = v%(g, w/B), and similarly,

v,(g, 1) = vs (g', u'/B). We choose B > 0 sufficiently large, e.g., 8 > p + %’L’)”“/”), )

that p/B < 1 — = and p/B < 1 — (1"5;‘)‘ 5 This will enable us to apply equality (14) in

the third equality below. Therefore,

va(g/, P‘/) — (8, 1) ||oo = ””p/ﬁ(g/v “//5) — V(8 M//S)||oo

_r
B

- ;W > 2z
(74 = )Ly T
Hﬂ ”“(g (l—p)ﬂ> B ”/’5<g (l—p)ﬂ)Hoo

< 4S|d(p, 1) min{|igll, [&'|} + [|g — &

= H %Vp/ﬁ (¢'.1/B) 08(8s M/ﬂ)”

’

where the first and second equalities follow from (13), the third equality follows from (14),
and the last inequality follows from [10, Theorem 6]. ]

Recall that the family of discrete-time stochastic games I's = (N, S, A, gs, ps) converges
strongly to I' = (N, S, A, g, u) if for all (z/,z,a) € S x A, g5(z,a) =38g(z,a) + o(8) and
ps(2.z,a) =82, z,a)(1 4 0(1)) as § — 0+.

Theorem 2 If I's = (g5, ps) converges strongly to I' = (g, i) then pVs , —s_0+ pV, (1, &)
uniformly in( < p < 1.

Proof By Remark 5, Vs, = V,(gs/8, (1 — pd)ps/8). Therefore, vs, = pVs, = v,(g;,
Ws.p) = PV, (85, s,p), Where g5 = g5/8 and s ,(z', z,a) = (1 — pd) ps/8. Therefore, as
g’ — gll = 0as § » 0+ and d(u, ts,5) —s—0+ O uniformly in p, inequality (16) implies
that pVs , = v, (g5, s, p) =50+ V,(g, 1) uniformly in p. |

4.2 The Asymptotic Nonstationary Discounted Value

We start with a few simple and useful properties of nonstationary discounting measures.
First, if w is a nonstationary discounting measure on [0, oc] then w has no atoms in
(0, 00), w is absolutely continuous on (0, c0), and %(r) is nonincreasing in 0 < ¢ < oo.
Given a nonstationary discounting measure w on [0, oc] and a finite sequence ¢ = (ty =
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O0<t < - <ty <00), we define the nonstationary discounting measure w;, or w for
short, on [0, oo] by w([t;,tj+1)) = w([tj,tj+1)), o »(¢) being a constant (thus, %Fz) =
w([t;,tj4+1))/(tj+1 — t;)) on each interval [¢;,7;1) (0 < j < £), and w coincides with w

on subsets of [z, 00]. Set d(f) := maxo<j<¢(tjt1 — ;).

Lemma 2 Let w be a nonstationary measure on [0,00] andt = (ty =0 <t; <--- <ty <
00) a finite sequence. Then

[
i

and if the nonstationary discounting measures ws on [0, 00] converge to the measure w on
[0, o0] then

dw 1 +d (1)
—(t)——(t) dt<2/ E(I)dt, a7)

3|

fe dU_)5 dw
—(t) - —(t) dt =504 0. (18)
n
Proof As “(t) is nonincreasing in 1, f;_j“ Loy — d“’(t)ldt ft”] Loy —
J
v (¢ + d(f))dt. Therefore, f"| L(1) — L@|dt =Y, f’f“ |22(1) — 42 @1)|dt <

2o j’f“ oy — 4ot 4 d(7))dr <2 f 14D dw (1 gy which proves (17).

In order to prove (18) it suffices to prove that for every ¢ > 0 there is §y > O such that
for 0 < § < &y, f” |dw5(t) — dw(z)|dt <4¢e.Fix e > 0.

For every d > 0 and a nonstationary discounting measure v on [0, oo], we define the
nonstationary discounting measures v? on [0, oo] by v?([a, b)) = (; fod v(la+t,b+ t]) dt.
Note that d"’ ) and & (t) are continuous at each ¢ < oo and —‘S(t) —> 5504 dl (t)
Therefore, ftl |dw5 () — (t)|dt —5-0+ 0. As £2(¢) is nonincreasing in 7, f |42 (1) —
dw ()| dt = j;fll dw (1) — dw (t)dt < f:]+d dw (1) dt _/‘12[+d dw ()dt <w([t, 1 +d]). Sim-
ilarly, ftt‘ | d[“ (t) — dw5 ®|dt < ws([t1, 11 + d]). Let d > 0 be sufficiently small so that
w([t;,H +d]) <e,and §y > 0 be sufﬁ01ently small so that for all 0 < § < Jy, f" | (t) —

4w ()| dt < &. Therefore, as 22 (1) — 92(1)] < 22 (1) — 2L (1)) 4 |22 ) — 4 ] 4

|%(f)—§(t)|,

Theorem 3 Let w be a nonstationary discounting measure on [0, 00),t > 0,andv : A — R.
Then a family (Is)s-q that converges in data has an asymptotic (w,t,v) value, and if ws,
8 > 0, are nonstationary discounting measures on N that converge to w, and ms > 0 and

: A — R are such that (ms, vs) converges to (t,v) (as 8 — 0+), then for every ¢ > 0
there are g-optimal Markov strategies in I'y. m“ ”3 that converge to a continuous-time Markov
strategy.

dwa

de

—(r)——(z) dt < de. 0

Before turning to the proof of the theorem, we introduce a useful auxiliary lemma.
Fix a payoff function g : A — R and a transition rate function px : § x A — R with
w@.z.a) = 0if £ #z and Y g u(z,z.a) = 0. Let |||l := maxc.qea |1(z. 2, @)|. For
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everyze S,a, >0,V eRS, and x € A(A(z)), F(z,x,a, B, V) is defined by

F(z.x.0.B.V)=0g@.x)+ V(@ + Y pu(d.2.x)V(2).

7’eS
and T (a, B, V) € RS is defined by

T(x,B,V)(z)= max min F(z,x1 ®x%, a, B, V).
xlexl(z) x2eX2(z)

Let V; € RS, a, 8 > 0, and define V, € RS by Vy, = T(«, B, Vi). Given a sequence
y=0=yp<-<yn=1),define Uy, 0<j <m (recursively in j) by Uy =U,,, = V1,
and for 0 < j <m and z € S, Uy, = T((vj+1 — v, (Vjis1 — ¥DB Uy ). If d(y) :=
maxo<;<m Yj+1 — ¥, is sufficiently small so that d(y)B|ull <1, I'(y) denotes the m-
stage game with set of plays S x A", the payoff of a play zo,a0,...,2m is Vi(zn) +
Zosj<m(yj+l — yj)ag(zj,a;), and past play is observed by the players, and the “states
transitions” are such that the conditional probability of z;;; = z, given zg, ao, ..., a;j, is

Lo+ (i — v Bu(z, zj, a)).

Lemma 3 Assume that B|\i|| < 1/2. Then (1) the game I'(y) is well defined and its value
equals Uy, (2) the stationary strategy o of player 1 (respectively, T of player 2) that for
every state 7 € S, 0(z) maximizes min,2cx2 ;) F(z,0(2) ® X2, a, B, V1), (respectively, t(z)
minimizes max,icx1 ) F(z, ' ®@1@), o B, V) is 4Bl (gl + 48wl Vil)-optimal in
I'(y),and 3) |Uy — Vol =4Blinli(allgll + 481wl VilD-

Proof For every (z;,a;) € A, the condition d(y)B|u|l <1 implies that I+ (Vi —
vi)Bu(z,zj,a;) > 0, and in addition ZZES(IZj«Z +Vj+1—vj)Bu(z,2j,a;)) = 1. Therefore,
I (y) is well defined. The recursive formula for the value of the m-stage game I"(y) shows
that the value of I"(y) equals Uj.

For every strategy profile o in I"(y) and state z, PZ(zo =21 =--- =Zm) = H0§j<m(1 —
Vj+1 —yp)Bllull) = 1 — Bllull. Therefore, for every Markov strategy profile o in I"(y) and
state z,

E: Y (i —ypagzy,a) = ag(z.6() — 2Bl ullelgll,

0<j<m

where 5 (2) = > o, (Vit1 — ¥))o (2, J).

Let 0! be a stationary strategy of player 1 in I"(y) such that for every state z € S, o' (z)
maximizes min,2cx2..) F(z,0(z) ® x*, &, B, V7). Then for every Markov strategy o2 of
player 2 in I"(y), inequality (1) implies that Y, ¢ |PZ(zw =2) — I,y — B1u(2', 2,6 (2))| <
2Pl — 1 — 28|\ ull < 4B2||14]|?, where o is the strategy profile (o', %) and the last in-
equality uses the assumption 28| || < 1. Therefore,

Ef,(Vl (zm) + Z (Vi1 — Vj)ag(zj,aj)> > Vo(2) = 2Bl ull(llgl +4B1ullVil).

0<j<m

Let 2 be a stationary strategy of player 2 in I"(y) such that for every state z € S, 72(2)
minimizes max,icx1 ;) F(z,0(2) ®x2,a, 8, V). Then, by duality, for every Markov strategy
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! of player 1 in I'(y),

Eﬁ(Vl(zm) + Z Vj+1 — Vj)ag(zj,aj)) < Vo@) +2Blluli(«llgl +4B1ullIVil),

0<j<m

where 7 = (7', 72).
Therefore, [|Up— VoIl <4Bwll(eligll+4B1wllVi]) and o' and 72 are (48| || ([l gl +
4Bl Vi D)) -optimal. 4

Proof of Theorem 3 The first stage of the proof is obtained by associating an extensive form
¢-stage game I"(7) with a finite sequence f = (1p =0 <t < --- <t =t <tfp < -+ <1t;)
of times (and the triple (w, ¢, v)) as follows.

The game I"(f) is an £-stage “stochastic game” with (1) the same sets of states, actions,
and players as in [, (2) stage-dependent payoffs (that also incorporate an extra payment in
stage k), and (3) stage-dependent transitions. Let A; :=t;, — ¢; and let f be such that d ()
is sufficiently small so that d(7)|||| < 1/2. A play of I'(f) is a sequence (Zo, o, - . . , Z¢)
with @; € A(Z;) and the payoff of the play (Zo. do. ... Z¢) is v, @) + Y j—ow;8(Z;. @)),
where w; = w([¢;, tj41)).

Past play is observed by the players. Therefore, a strategy of a player chooses his action
atstage j =0, ...,£ — 1 as a function of (Zo, dy, . .., Z;). The conditional probability, given
20,40, ..., 2j,a;,0f Zjp1 =z 1s Aju(z, Zj,a;) + Igj'z. It is helpful to view the states transi-
tions in I" () as those of an “exact” stochastic game whose jth stage duration, 0 < j < £, is
A ;. The game I'(f) has a value V and the players have Markovian optimal strategies.

The value V equals V,, where \7j € RS are defined recursively for 0 < j < £. For every
z€S, Vi(z) =0, and for 0 < j < £ we define V;(z) by

Vi(z)= max min (1;5v(z,x)+ F(z,x,w;, A, ‘7_;'+1)),

xlexl(z) x2eX2(z)

where x = x! @ x2.

Note that for every j < £, Vil < Lj—|vll + wjllgll + [IVj1ill, where [v]| =
max; qe |V(z,a)|. Therefore, by induction on 0 < ¢ — j < £, ||‘7j|| < Li«xlvll +
i willglh < vl + w0, 00)) ligll-

The Markov strategy & of player 1 in I'(f) with & (z, j) maximizing (over all x' € X'(z))

min (1j:kv(z,x1 ®x2) + F(z,x1 ® x2, wj, Aj, \7]»+1))

x2eX2(z)

is an optimal strategy of player 1 in I'(7). Indeed, for every strategy t of player 2 in I"(f)
and stage 0 < j < ¢,

E: (1jmvGioap) +wigG.a) = EL (ViGE) — Vi Gin)).
Therefore, by summing these inequalities over 0 < j < £, we have
Eé,t<v(2k,&k)+ > w,~g<z,~,a,)) > Vo (2).
0<j<t

The second stage of the proof is to associate with 7, &, and § > 0, a sequence s =
(mso=0<ms; <--- <mgs,), a Markov strategy o, in I'5, and a nonstationary discounting
measure W, as follows.
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For ms ; <m < ms jy1, 05(z,m) =6(z, j), for m > ms,, o5(z, m) coincides with an
arbitrary stationary strategy, m; y = ms, ms ; = [t; /8] for j # k (thus ms j —;s_.04 t; for all
0= j <), is(m) = ws(m) for m > ms.,, and s (m) = ;——— zmmmm”“ ws (m)
for ms; =m <msjy] andj <d.

Note that ws is a nonstationary discounting measure that converges, as 6 — 0+, to w.

Consider the family of games F m5 " with gs = 8g and ps = Su. By Lemma 3, for
every ¢ > 0, there is a sufficiently small d > 0 such that if 7 is such that d(f) < d
and w([#,, 00)) < d, then for sufficiently small § > 0, the Markov strategy o5 guarantees
in "% a payoff that is at least V — . Therefore, for sufficiently small § > 0, the Markov

8, Wg
strategy o5 guarantees in Fm3 " 3 payoff that is at least V — 2¢.

Note that for sufﬁmently small § > 0, Pi(z,, =2z Ym <ms;) > 1 —d|u| for every
strategy profile o and state z. Therefore, if d||u| || Vi < &/4, for sufficiently small § > 0,

for every strategy t of player 2, we have E(‘;(S,T(‘N/l (Zms ) + me“ ws(m)gs(Zm, am)) >

Vo(@) = 2d ||l Vil —&/2 > Vo(z) —e.
By Lemma?2, )" |ws(m) —ws(m)| — 0as § — 0+.If § > 0 is sufficiently small so
ms,vs

that Zm>m5 : |ws(m) —ws(m)| < &, then o5 guarantees in Iy,

m=ms |
a payoff that is at least V —

3¢ — ¢||g||. By the construction of o3, 05 converges to a contlnuous—time Markov strategy.
Similarly, we associate with the Markov strategy 7 (and § > 0) a Markov strategy 75 that

for § > O sufficiently small guarantees in I“Smlf} " a payoff that is at most V+3e+e| gll

while t; converges to a continuous-time strategy 7. ]

4.3 The Asymptotic Limiting-Average Value

Recall that the family (I5)s-0 has an asymptotic limiting-average value v if for every ¢ > 0
there are 8, > O sufficiently small and strategies o; and 5 in [, such that for every strategy
pair (o*, T*), every initial state z, and every 0 < § < §j, we have

£+ Efzfsﬁf*ga

>v(@) = —e+E 8. (19)
Theorem 4 A family (I)s-o that converges strongly has an asymptotic limiting-average
value.

Proof Let g =1lims_,04 gs5/8 and u = lims_, o4 ps/8. As the function p — v,(g, 1) is semi-
algebraic and bounded, it converges to a limit v as p — 0+. Fix ¢ > 0. As every discrete-
time stochastic game with finitely many states and actions has a limiting-average value [5],
which is the limit of its p-discounted values as p goes to 0+, there are strategies o; of
player 1 and 75 of player 2, such that for every strategy pair (c*, t*) and every initial state
z€esS,

e/2+ E: > hm ng(Z)>—8/2+Ea 286 (20)

as, r*g3

As vs,, = v,(g, u) uniformly in p, there is 8o > 0 such that for every 0 < § < §y and every
state z € S, |vs,,(2) — v,(g, 1) (2)| < /2. Therefore, for 0 < § < 8o, [lim,_, 04 vs,,(2) —
v(z)| < /2, which together with (20) implies (19). |

Remark 10 A family (I)s-o that converges in data need not have an asymptotic limiting-
average value.
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For example, consider a game with two states and a single action for each player in each
state. The payoff in state one is 1 and in state 2 it is 0. State 2 is absorbing, i.e., Ps(1|2) =0,
and the probability of transition from state 1 to state 2, P5(2 | 1), equals 82 if 8 is rational,
and it equals O if § is irrational. Then vs o = 0 if § is rational, and vso = 1 if § is irrational.
Therefore, vs,o does not converge as § goes to 0.

4.4 The Asymptotic Mixed Discounting and Limiting-Average Value

For every positive measure ws on N U {0}, I ., is the game I'; where the valuation of a
play (2o, ag, z1, ...) of I's is given by > " ws(m)gs (2, am) + ws(00) lim,_, « g5 (s), if the
limit exists. Obviously, the limit need not exist.

We say that the two-person zero-sum game I ,,; has a value Vj ,,, if for every ¢ > 0O there
are strategies o; of player 1 and t5 of player 2, such that for every strategy t of player 2,
strategy o of player 1, and initial state z, we have

Eg{;,r (wa(OO)&; + Z wﬁ(m)gé (va am)) = V&wa (Z) —¢

m=0

and

E; <w5(00)§5 + Z w5 (m)gs(Zm, dm)) < Vsus(2) + &

m=0

Theorem 5 If I's converges strongly and the nonstationary discounting measure ws con-
verges to a positive measure w on [0, oo], and ws(00) converges to w(oo), then Vs ., con-
verges.

Proof The proof is obtained by collating the result of Theorem 3 with the result of Theo-
rem 4. Let 0 <& < 1. Let 0 <t < oo be sufficiently large so that 2w ([z, 00))| g|l < &, and
let w, be the restriction of w to the interval [0, 7). Let v be the asymptotic limiting-average
value of the family ([3)s-0, and define v : A — R by v(z,a) = w(oco)v(z). The family
(I's)s>0 has an asymptotic (w;, t, v) value V.

Assume that the nonstationary discounting measure ws converges to w and ws(00) con-

verges to w(oo). Let ms = [t /8] and let w;, be the restriction of w; to {0, 1, ..., ms}.
The value V""" of the game ", converges to V. Recall that as I'; converges strongly,

the limiting-average value of the game Iy, which is denoted by V5.0, converges as § goes
to zero to v. Let §y be sufficiently small so that for 0 < § < &, (1) |[Vs"" — V| < e,

3w, ¢

(2) llvso = vll < &, (3) lws(00) —w(o0)|| <&, and (4) llgll 3,0, ws(m)| <e.
Let 05 follow an optimal strategy in I'y" up to stage m;, and thereafter it “restarts” with
an ¢-optimal strategy in the limiting-average game [. It follows that for every 0 < 6 < dy

and strategy t of player 2,

m=0

E . (wa (00)8s + Y ws(m)gs (Zm, am)> > V(z) —ew(o0) — 3e.

Similarly, if 75 follows an optimal strategy in F;ﬁf}(‘;”, up to stage ms, and thereafter it

“restarts” with an e-optimal strategy in the limiting-average game [, then for every 0 <
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8 < 8y and strategy o of player 1,

E; (ws(oo)és + Z ws (M) gs(Zm s am)> < V(z) + ew(oo) + 3e.

m=0
4.5 The Asymptotic Uniform and w-Robust Value

Theorem 6 An exact family of two-person zero-sum games I's has an asymptotic uniform
value.

Proof Let v =lim;_, o4 vs 0. It is sufficient to prove that for every ¢ > 0 there are (1) a du-
ration 8y > 0, (2) strategies o5 of player 1 and t; of player 2, and (3) a positive real number
se, such that for every strategy t of player 2, strategy o of player 1,0 <8 < &y, and s > s,
we have

E; . g5(s) > v(2) —¢, 2n
and
E;  8(s) <v(z) +e. 22)

By duality, it suffices to prove (21).

Let A =max{|g(z,a)|: (z,a) € A}, and g5 = Jg.

The first step is to show that for an exact family I's the following property holds. There
is an integrable function ¥ : [0, 1] — R, and &y > O sufficiently small such that for 0 < p <
o' <1landO0 < § < &y, we have

o'
lvs.p — ve.pl E/ Y(x)dx. (23)
P

The second step is to show that if the family I of two-person zero-sum games satisfies
the above-mentioned property, then it has an asymptotic uniform value.

We start with the first step. Fix the payoff function g and the transition rates u. By the
covariance properties, Vs , = V,5(8g, 811) = V,5(8g, (1 — p8)du) = mV (g, 1) =

(1=5p)8

ﬁ V(prﬁ) (g, n). Therefore,

Vs, = v“%(g,u)-

The function p — v, :=v,(g, 1) (is semialgebraic and thus) has a convergent expansion,
v,(2) = Z,fio cx(z) p*'X (where K is a positive integer), in a right neighborhood of 0. There-
fore, there is 1/2 > py > 0 such that its derivative, v;) (2) := %vp (2), exists in the interval
(0, 2], and its absolute value is bounded by a positive constant C, times p!/¥~!. Therefore,

for § < 1/4, the derivative div »__ of the function (0, pp] 3 pt—=>v_»_:=v_» (g, 1)
P (T=pd) T—pd) T=pd)

equals mv’ o, thus, it is bounded (in the interval (0, pg]) by a positive constant C,

T=p®)
times p'/X~1. (E.g., C, = 2C}.) The function p +> vs,, is (2A/p)-Lipschitz in p in the
interval (oo, 1] (llvs,, — vsgll < 2A]p — 0]/p, e.g., by [5, Lemma 4.2]). The function
that is defined by ¥ (x) =2C,x"/X~! for 0 < x < py and ¥ (x) =2A/p, for 1 > x > p; is
integrable and satisfies (23).

We turn now to the second step. Let I'5 be a converging family, v : [0, 1] — R, be an
integrable function, and §y > 0, such that for 0 < p < p’ <1 and 0 < § < &y, inequality (23)
holds.
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Fix ¢ > 0 and w.l.o.g. we assume that 0 < ¢ < A. Fix §p > 0 and A¢ > O sufficiently small
sothatfor0 <8 <8pand 0 < p < Ao, |lvs,, — V|l <.

Fix 0 < § < 8p. We apply the proof of the existence of a value of the discrete-time
stochastic game (8g, 6u), [5, Sect. 2]. In what follows, we define a strategy o of player 1
in I's. We will define a sequence (ox)5,_, so that p; is a function of the past history up to
stage k[1/4], i.e., measurable with respect to the o -algebra Fy := Hy1/5) where [*] stands
for the largest integer that is < *. The (p¢)¢2, strategy o5 of player 1 is to play a stationary
optimal strategy in I's ,, at stage k[1/6] <m < (k + 1)[1/5]. Let

Ve = > =800 Mgz, an),
k[1/81<m<(k+1)[1/8]
X = > 88(zm,an), and

k[1/81<m<(k+1)[1/8]

Zk = Zkq1/8)-
For every strategy t of player 2, we have

Eoso(oxyx + (1 — 8o s e Gr) | Fi) = 5., (Z0)-

Note that for every ¢ > 0 there is Ao > 0 and &y such that for 0 < p, < Ao and 0 < § < §p we
have

3 |(1 = 800" — 1|80 + |(1 — 800" — (1 — po)| < epe/A.
k[1/81<m<(k+1)[1/5]

It follows that for 0 < § < 8g and 0 < p; < A9 we have

Eoy 2 (V.5 Git1) — V8,00 () + or (X — 5.0, Gas1)) | Fi) = —px 24)

for every strategy t of player 2. Now one follows the proof of [5, Sect. 2] by replacing
inequality [5, (2.1)] with inequality (24). The index i in [5, Sect. 2] is replaced by our stage
index k (A; by px, vy by vs ,, and z; by Zi).

With these substitutions, inequality [5, (2.15)] becomes

Yo=Y Vs Gar) H s —s0 =24 ) (s = M) —dns. (25)

k<n k<n k<n

Note that the term —egp; in inequality (24) does not appear in [5, (2.1)]. It impacts in-
equality [5, (2.9)] as —ep; needs to be added to its right side. Therefore, we have to replace
[5, (2.9)] with E(Yx41 — Yi | Fx) > epr (where E stands for E,; ;) and, therefore, E#{k :
o =1} < g (rather than < % in [5, (2.12)]). Therefore, EY ", _, I (s41 = M) < ﬁ and,
therefore, for n sufficiently large E ) ", _, I (sip1 = M) <en/(2A).

For § and p sufficiently small, ||vs , — v|| < &, where v = lim,_,( vs 0. Therefore, inequal-

ity (25) implies that

Egyx Y xi 2 nv(z0) — 3en — 5o — en — 4ne. (26)

k<n

O
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Remark 11 Note that the inequality E Y, _, I (si41 = M) < ﬁM) (in the above proof) im-
plies that 3", _ I (sx+1 = M) is finite a.s. Therefore,

L1 1
Eg + <hﬂn_1)ggf; Zg(zm, am)> =E; . <11nn_1)1£f; Zxk> > v(zo) — Te.

m<n k<n

This shows that the above-constructed strategy o of player 1 is approximate optimal in both
the uniform game and the limiting-average game. Therefore, an exact family of two-person
zero-sum games /3 has an asymptotic 1.,-robust value.

Theorem 7 For every nonstationary discounting measure w on [0, 0o], an exact family of
two-person zero-sum games I's has an asymptotic w-robust value.

Proof If w(oco) = 0, then an asymptotic w value is a w-robust value. Therefore, it suffices to
prove the result for w with w(oo) > 0. For every 8 > 0, the family (I's)s-o has an asymptotic
w-robust value if and only if it has an asymptotic fw-robust value. Therefore, we may
assume that w(oo) = 1.

Let v be the asymptotic 1.,-robust value of the exact family (Is)s~¢. Fix € > 0 and let 5
be a family of strategy profiles that are ¢-optimal in the 1.,-robust game. Let t =7, < oo be
sufficiently large so that w([t, 00)) < &/||g||. The family (I5)s-0 has an asymptotic (wy, , v)
value v., where w; is the restriction of w to the interval [0, ¢). Let ms = [¢/5] and let 75 be
a profile of strategies that is optimal in I}mli”t, where ws, is the nonstationary discounting
measure that satisfies ws ,(m) = w([md, (m + 1)8)) if m < ms and w;,(m) = 0 otherwise.

The strategy profile o5 follows the strategy profile 75, in stages 0 < m < m; and
in stage m; starts following the strategy profile 75 (explicitly, os(zo,ao, ..., Zms+k) =
tﬁ(zm5 s Zm(ﬁ»k))' )

Then for every player i, all strategies 7; (§ > 0) of player i, and all nonstationary dis-
counting measures ws on N U {oo} that converge (as § — 0+) to w, we have

P B P
2e + lygéng%l,fgga(ws) > 0.(2) > —2e + hérgéngf;,ag,gs(ws).

A limit point (as € — 0+) of v, is an asymptotic w-robust value of the family (I7s)s-o. U

5 Non-zero-Sum Stochastic Games with Short-Stage Duration: The Discounted
Games

5.1 The Asymptotic Discounted Equilibrium

Fix the sets of players N, states S, and actions A, andlet I's = (N, S, A, gs, ps) be a stochas-
tic game whose stage payoff function gs and transition function ps depend on the parameter
6 > 0 that represents the single-stage duration. Let I's , be the (unnormalized) discounted
game I3 with discount factor 1 — p8. We say that pair (V, o), where V € R¥*5 is a payoff
vector and o is a strategy profile, is an asymptotic p-discounted e-equilibrium of (I')s~¢ if
for every § > O sufficiently small, every player i € N, every strategy t' of player i in IF,
and every state z,

[o¢] o0
—e+E Y (1=80)"g@mam) VIR S E5, > (1= 8p)" 85 (am. an) + .

8,0~ Tl
m=0 m=0
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The pair (V,o) is an asymptotic p-discounted equilibrium if it is an asymptotic p-
discounted e-equilibrium for every € > 0. It is called an asymptotic p-discounted stationary
g-equilibrium, respectively an asymptotic p-discounted stationary equilibrium, if, in addi-
tion, o is stationary.

Theorem 8 Every converging family (I's)s~o has an asymptotic p-discounted stationary
equilibrium.

Proof Let o be a stationary strategy and V, € R¥*S such that for every z € S, i € N, and
a' € A'(z), we have

PV@) =¢(z.0)+ Y u(Z.z.0)V(Z).
Z'es
and

PViR) =g (207 d) + ) u@ z,0@ 7, a) V(D).

Z’es

The existence of such a pair (V, o) follows (as in the proof of Theorem 1) from the ex-
istence of stationary equilibria in discounted discrete-time stochastic games; alternatively,
see, e.g., [8].

Let 7/ be a strategy of player i. Fix an initial history h,, = (29, o, - . ., Zu), and let y,, =
0 (zZm), X! =1 (hy), and x,, = 07 (z,,) ® x'. Let

Y, = ES,U (g(lS (Znn am) + (1 - pa) V/; (Zm+l) | hm)

= &G y) + (1= p8) Y Ps(2 | 2, y) Vi (),

Zes

and
Up = Ej g-i i (8§ @m- am) + (1 = p&V} (Zps1) | him)

= 85> Xn) + (L= p8) D~ Ps(2 | 2y ) Vi ()

Zes

It follows that

Yo = 88" @y ym) + Y 014(2' 2. 3m) V' (2) = 08V @) + V' (zm) — 0(6)

Z’eS§
> Vi(zm) — 0(3).
Therefore,
[e o) o0
E;, Y (1= p8)" gi(zm, an) = V(z) = 0(8) Y (1= p&)" =50+ V' (z0).
m=0 m=0

Similarly,

Un <88 @mram) + Y 81(2. 2. xn) V(') = 08V (2) + V' (2m) + 0(8)

ZeS

<V'(zn) +0(8).
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Therefore,

o0 o0
EX i3 (1= p8)"gh(am. ) < V') +0(8) Y (1= p8)" =404 V' (2).
=0

m=0

We conclude that for sufficiently small § > O we have

o0 o0
—e+EX_ Y (1= p8)"gi(@m am) < V(2) S Ef, Y (1= p8)" g5 (zm. am) + & .
m=0

S,07t 1t
m=0

Remark 12 The conclusion of Theorem 8 (as well as its proof) holds also for the model with
individual discount rates p = (0;)ien .-

Covariance Properties Fix a,f > 0. A point (x,V) € X.cs.ien(X'(2) x [—llgll/p>
llgfll/p]) is a stationary equilibrium (strategies and payoffs) of the continuous-time p-
discounted game I" = (N, S, A, g, u) if and only if (x, V) is a stationary equilibrium of
the continuous-time ap-discounted game I" = (N, S, A, ag,an), and given 0 < p < 1
and ||u]l <1 — p, if and only if it is a stationary equilibrium of the discrete-time p-
discounted game ' =(N,S, A, g, p), where p is the transition probability that is given
by p(z,z,a) = 7 (7 z,a) forall 2/ # z.

5.2 The Asymptotic Discounted Minmax

Fix the sets of players N, states S, and actions A, andlet I's = (N, S, A, gs, ps) be a stochas-
tic game whose stage payoff function g5 and transition function ps depend on the parameter
& > 0 that represents the single-stage duration. The (unnormalized) p-discounted minmax
of the discrete-time game [ is defined as the (uncorrelated) minmax of the discrete-time
stochastic game I's with discount factor 1 — §p. It exists and is denoted by V; ,. We say that
V, € RN*S is the (unnormalized) asymptotic p-discounted minmax of the family (I's)s-q if
Vso—> V,as 8 — 0+.

Using arguments analogous to those used in earlier sections, it follows that (1) Vs, =
(V;, »(Z))i.enxs 18 the unique solution of the following system of [N x S| equalities,

spVi(z)= min  max gi(z,x' ®x')+ (1—8p) ZPzS(Z” zx @)V,

x~leX~i(z) xieX! () €S

where X7 (2) := X ;4 X'(2), (2) a family (I's)s-o (I's = (gs, ps) for short) that converges
to (g, u) has an asymptotic p-discounted minmax V,, and (3) V, = (Vpi (2))i,)enxs 1s the
unique solution of the system of |N x §| equalities,

pVi) = min max gz.x7 @x )+ u( z.x @x)VI(2).

x~leX—i xieXi(z) Vs

The normalized p-discounted minmax values are v, = pV, and vs , = pV;s ,. The semi-
algebraic and covariance properties of the value of zero-sum games hold for the minmax
value of non-zero-sum games as well.

In particular, for fixed gs, ps, g, and u, the maps p — v, and p > vs , are bounded
semialgebraic functions, and thus have a limit as p — 04, the maps p — V, and p — Vs,
are semialgebraic, vs ,(gs, ps) = v,(g5/8, (1 — pd) ps/§), inequality (16) holds, and if I =
(gs, ps) converges strongly to I = (g, i), then vs , converges, as 6 — 0+, uniformly in p.
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5.3 The Asymptotic Equilibrium of Nonstationary Discounting Games

The following theorem is a generalization of Theorem 3 to the non-zero-sum case. Its proof
is analogous to the proof of Theorem 3.

Theorem 9 If (1) (I's)s~ is a family that converges in data, (2) W is a nonstationary dis-
counting N -vector measure on [0,00), 3) t € R, and (4) v : A — RY, then the family
(Is)s=0 has an asymptotic (W, t, v) equilibrium payoff v. If (1) ws is a nonstationary dis-
counting N -vector measure on N that converges to W, and (2) 0 < ms € Nand vs : A — RY
are such that (ms, vs) —s_o0+ (t, V), then for every ¢ > 0, there are Markov strategy profiles
o5 and 8y > 0 such that (1) for every 0 < § < &, 05 is an e-equilibrium of I"mb Y8 with an
equilibrium payoff within ¢ of v, and (2) o5 converge w* to a profile of contlnuous-time
Markov strategies.

6 Non-zero-Sum Stochastic Games with Short-Stage Duration: The Limiting-Average
and Uniform Games

Fix the sets of players N, states S, and actions A, andlet I's = (N, S, A, ps, gs) be a stochas-
tic game whose stage payoff function gs and transition function p; depend on the parameter
& > 0 that represents the single-stage duration.

For every strategy profile o in s, we set

7,(z,0)=E;, 8, and yi(z,0)=E;, g
6.1 The Asymptotic Limiting-Average and Uniform Minmax

We say that the vector v € R¥*S is the asymptotic limiting-average minmax of the family
(I5)s=0 if for every > 0 there is 8y > O such that for every player i and 0 < 6§ < &g, (1) there
is a strategy profile o, of players N \ {i} such that for every strategy 7 of player i and every
state z € S,

Vi(z 050, T) V(@) +e,

and (2) for every strategy profile as_i of players N \ {i} there is a strategy =’ of player i such
that for every state z € S,

Zfs(z, o5, ri) >i(z) —e.

We say that the vector v € RV*S is the asymptotic uniform minmax of the family (I's)s-0
if for every & > 0 there are § > 0 and 5o > 0 such that for every player i and 0 < § < &,
(1) there is a strategy profile o, , of players N \ {i} such that for every strategy ' ' of player i,
state z € S, and duration s > vo,

E:; g(5) <v'(@)+e,
05.8'

and (2) for every strategy profile a{i of players N \ {i} there is a strategy t' of player i such
that for s > s,

E,-i i8(s) 2v'(x) — &.
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We say that the vector v € RV*S is the asymptotic robust minmax of the family (I's)s-0
if for every ¢ > O there are §p > 0 and sy > O such that for every player i and 0 < § < &,
(1) there is a strategy profile ag; of players N \ {i} such that for every strategy =’ of player i,
state z € S, and duration s > s,

Ejs,i.r[.gf;(s) <vV(@+e and 3(z,05.,7) <V (@) +e,

and (2) for every strategy profile o{i of players N \ {i} there is a strategy t of player i,
such that for every state z € S and duration s > s,

Ef, g()=v'@—¢ and yi(z0;,7')=v'(2) —e.
05 s L

Theorem 10 A family (I's)s-¢ that converges strongly to I' = (., g) has a limiting-average
minmax v : S — RN, which is the limit of pV, as p — O+, where V, is the unique solution
of the following system of equalities:

pV'(2) :minmax(gi(z,x_i, Y)Y u@zx yi)Vi(z)>, VieN, z€S.
X71 yl

Z’es

If the family is exact it has an asymptotic robust minmax (and, therefore, an asymptotic
uniform minmax as well).

Proof The proof that a family that converges strongly has an asymptotic limiting-average
minmax is analogous to the proof of Theorem 4. Let vs = lim,_.o vs, .

As every discrete-time stochastic game with finitely many states and actions has a
limiting-average minmax [5, 7], which is the limit of its p-discounted minmax as p goes
to 0+, it suffices to prove that lims_, o, U5 exists.

As mentioned in the last section, if (gs, ps) converges strongly, then v; , converges to
v,, as § — 0, uniformly in p. Therefore, for every ¢ > 0, there is §; > 0O such that for
0 <48,8 <6 wehave ||lvs, — vy , |l < e and, therefore, [|vs — Uy || < e.

The proof that an exact family has an asymptotic minmax is analogous to the proof of
Theorem 6. |

6.2 The Asymptotic Limiting-Average Equilibrium
We say that u = (u' (2))ien. zes € RV*S is an asymptotic limiting-average ¢-equilibrium pay-
off of (I's)s=o if for every § > 0 sufficiently small there is a strategy profile o3, such that for
every player i € N, strategy t' of player i, and state z,

—s+75(z.05T') <u' (@) < yi(z.op) F e

Note that it is an asymptotic limiting-average equilibrium payoff if it is an asymptotic
limiting-average ¢-equilibrium payoff for every ¢ > 0.

Remark 13 Note that the existence of a limiting-average equilibrium, respectively ¢-
equilibrium, payoff in each one of the games I's does not imply (and is not implied by) the
existence of an asymptotic limiting-average equilibrium, respectively ¢-equilibrium, payoff
of the family (I)s-0-
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Remark 14 If u, € R¥*S is an asymptotic limiting-average ¢-equilibrium payoff of the fam-
ily (I3)s=0 and u € RV*S, then u is an asymptotic limiting-average &’-equilibrium pay-
off of the family (I'5); whenever &’ > ¢ + ||u — u,||. Therefore, a limit point, as § — 0+,
of asymptotic limiting-average e-equilibrium payoffs is an asymptotic limiting-average &'-
equilibrium payoff whenever ¢’ > ¢, and a limit point, as ¢ — 0+, of asymptotic limiting-
average e-equilibrium payoffs is an asymptotic limiting-average equilibrium payoff.

Two related equilibrium concepts are the lim sup and the liminf equilibrium payoffs. We
say that u = (U’ (2))ien.zes € RY*S is an asymptotic limsup e-equilibrium payoff, respec-
tively an asymptotic liminf e-equilibrium payoff, of (Is)s-¢ if for every § > O sufficiently
small there is a strategy profile o3, such that for every player i € N, strategy t’ of player i
in Iy, and state z,

—e+7i(z.05", 7)) <u' (@) < V(2 05) + e,
respectively,
—e+yi(z0, 7)) <u' (@) <yiz.00) e

The corresponding strategies o are 2e-equilibrium strategies of I's with the lim sup, respec-
tively liminf, payoff function.

We say that u = (' (2))ien.zes € RY*S is an asymptotic limsup equilibrium payoff,
respectively an asymptotic liminf equilibrium payoff, if it is an asymptotic limsup e&-
equilibrium payoff, respectively, an asymptotic lim inf e-equilibrium payoff, for every ¢ > 0.

Remark 15 Obviously, an asymptotic limiting-average equilibrium payoff is an asymptotic
limsup and an asymptotic liminf equilibrium payoff. However, there are stochastic games
with countably many states that have both an asymptotic lim sup equilibrium payoff and an
asymptotic liminf equilibrium payoff, such that, moreover, both payoffs coincide, but have
no asymptotic limiting-average equilibrium payoffs.

Remark 16 1t is unknown whether every stochastic game with finitely many states and ac-
tions has a limsup, respectively liminf, equilibrium payoff. In particular, it is unknown
whether every stochastic game with finitely many states and actions has a limiting-average
equilibrium payoff.

Theorem 11 A family (I's = (gs, ps))s>0 that converges strongly to I' = (g, u) has a
limiting-average equilibrium payoff.

Proof Let (I's)s-o be a family that converges strongly to I = (i, g). Then |gi(z,a) —
8g'(z.a)| = 0(8) and, therefore, |55 0 o, 85@mam) = 75 Xocyan 88" @ am)| <
max. , |g5(z,a) — 8g'(z,a)|/8 = o(1) as § — 04. Therefore, it suffices to prove the the-
orem for the special case where gi = 8g’. Note that in this special case

1 ; 1 ; 1 .
— 5 ms Am) = —< 8g' ms m) = — ' ms m)-
nd 0<mZ£n % (Z ) né 0<nXlin ¢ (Z ) n 0<mX£n ¢ (Z )
Therefore, g& and &f;? as a function of the play zo, o, . .., are independent of §. Therefore,

we write g’ and gi for short for gé and gg. Without loss of generality, we may assume that
0<g' <l
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By Remark 14, it suffices to prove that for every & > 0 there is a vector u € R¥*S that is
an asymptotic limiting-average e-equilibrium payoff.

Fix ¢ > 0 and let u and o be, respectively, the uniform (and limiting-average) &/8-
equilibrium payoff and the uniform (and limiting-average) ¢/8-equilibrium strategy of the
continuous-time stochastic game I" = (N, S, A, u, g) that are constructed in [8]. In partic-
ular, for every state z € S, player i € N, and strategy t' of player i, we have

u'(z)+e/8>E.8 > Eig' > u'(2) —¢/8, 27
where g' = limsup,__ % Js &' (z¢, x,)dt and g' =liminf,_ % Jo &' (z¢, x;)dt, and

EZ

o~

EEETHORRN) (28)

These inequalities follow from (u, o) being a limiting-average ¢/8-equilibrium payoff and
strategy profile. (An additional property that follows from the special construction of ¢ in
[8]isthat g =g’ P? ae.)

Letv: S — RY be the limit of pV, as p — 0+, where V, is the asymptotic p-discounted
minmax. Recall that V,, is the unique solution of the following system of equalities:

oViz) = minmax<gi (@x )+ u( T ® yi)Vi(z)), VieN, z€S.
x~b oyt

Z'es

As the strategy profile o (that is constructed in [8]) is a discretimized strategy (namely,

there is a strictly increasing sequence of continuous times tp =0 < #; <, < ---, such that

t; — - 00 00 and the mixed-action profile selected by o at time t, <t < ty4 is a function of

the play up to time 7, and the state at time #), it follows that for every ¢’ > 0 and for every

player i there is a strategy 7/, such that v’ (z) — &’ < E . g (S EI, ;g Therefore, the
e/ el

inequalities u'(z) +&/8 > EX, ; §' > v'(z) — ¢ hold for every &’ > 0. Therefore,

u'(z) = v'(z) — /8. (29)

We will prove that « is an asymptotic limiting-average e-equilibrium payoff of the fam-
ily (Is)s-0- The construction of the corresponding limiting-average ¢-equilibrium strategy
profile o; is analogous to the construction of ¢ in [8]. The continuous-time pure-action
strategy profiles 7 and 7, which are used in [8] in the definition of o, will be adapted to the
discrete-time pure strategies 7; and 15, respectively.

The continuous-time pure-action strategy profile T obeys the following property. There
is a sequence of continuous times 7 : 0 =1, < t; < --- (with #; —;_~ 00) such that for
fx <t <tyy1, T(h, 1) is a function of 7, z,, and the finite sequence of states 7y = (2, - . ., 24, )-
Therefore, for t;, <t < t;41, we can write T(Zy, z, t) for T(h, t).

The corresponding discrete-time pure strategy 7; will be such that there is a sequence

of stages 7°:0 = nso < -+ <ngy <--- such that (1) énsp —s—o+ t, (2) for ng <
m < nsi+1, Ts(20,do, ..., 2m) 1s a function of m, z,, and the finite sequence of states
2= (Zngg» - -+ Zns,)s thus we can write T5(Z8, Zm, m) for 7(zo,ao, ..., zm), and (3) for

fixed Zx = Z8 € SK™1, the map [ns4, nsx41) > m > T5(Z5, 2w, m), which (given Z}) is a
Markov strategy on this interval of stages, converges w* to the (given z;) Markov strategy
(i, tig1) D> T(Zns 21, 1)

Birkhauser



274 Dyn Games Appl (2013) 3:236-278

This relation between the continuous-time strategy T and the discrete-time strategy 7s im-
plies, by inductive application of Proposition 2, that for every state z and every positive M,

Vo (@ Ts) = Ef ——— Z &' @, am) =501 Vi (2, ),
[M/é] 0<m<[M/5]
where
M .
VM(Z T):=Ei{— g' (z;, x,) dt,

M

and [*] stands for the largest integer that is less than or equal to .

Definition of Ts We map the discrete-time sequence of states zo, z1, ... to a continuous-
time (step-function) list of states: for any nonnegative real r > 0 we define z;5, = zj,/5). Next,
we define the profile of strategies T; in I's by T5(20, dm, - -+ » Zm) = T(Z6.1)1<ms)-

Properties of T; Recall the definition and properties of the positive integer Ny, the suffi-
ciently small &; > 0, the disjoint subset of states, S;, S,, and S, and the pure-action strategy
profile T (that were constructed in [8]). One of the properties of 7 is that for every z € §;
andz, € C.:={z € S |v(Z) =v(z)} foralls <1, u(SU(S\ C.), z;, T,) = 0. Therefore, by
the definition of 7,5 we have

Pi(zw€C\S)=1 VzeS;, m=0. (30)
The following inequality® is proved in [8]. For z € S;, for every player i,
Vi@ ) = ' () — /7,
and, therefore, for sufficiently small § > 0,
Ving @0 Ts) = V' (2) — e/6. (€29)

Definition of s We define a stopping time ms = ms(zo, ao, 21, -..) as follows. On zg €
Si, ms = [No/8]; on zo € §, ms = [1/8]; on z9 =z € S5, ms = min({m : m = [j/5],
jeN, and z, ¢ C,\ S}U{[Ny/é1}). Define my s, k > 0 inductively: mo s =0 and my4; 5 =
Mics M5 Ty s Ay s> Zmg 5415 -+ -)-

The strategy profile 5 is defined as follows:

75(20, A0 - -+ > Zim) = T6 Ty 5> Tmp g -+ » Zm) A Mgy Sm <mpyps.

Properties of t; We define the sequence of states Zi, k >0, by 22 = Zm, ;- Note that this
definition is analogous to that of the sequence of states Z;, k > 0, in [8]. Let F®, respec-
tively F, be the transition matrix of the homogeneous Markov chain Zg, Z‘f, ... with its Pf5
distribution, respectively, Zo, Z1, . . . With its PT distribution.

By the strong data convergence of (8g, ps) to (g, 1), ps(z’,z,a) > 0 if and only if
w7, z,a) > 0. Therefore, (for § > 0 sufficiently small) F ,=0if and only if F, ; =0,
and thus the ergodic classes of states of the two homogeneous Markov chains, the one with
transition matrix F° and the other with transition matrix F, coincide.

SThe ¢ in [8] is & /8 here, and €1 there is sufficiently small.
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Let £ denote the set of ergodic classes of states, and for E € £ we denote by g~ and ¢©
the F® and F invariant measures that are supported on E, and g; (E) (respectively ¢*(E))
denotes the probability of the F®-Markov chain (respectively F-Markov chain) with initial
state z entering the ergodic class E. Recall that every ergodic class E € £ is a subset of S,
and on zp € §; we have ms = [Ny/§]. Therefore,

Eig' =Ei3' =) qi(E)Y 4 (@)viy, 2 T

Eecg& z€E

Similarly,
Eig =Eig' =) ¢ (E)Y ¢ @vk, G D).
Eeg& zeE

In addition, by Proposition 2 and the w* convergence of 7 to T, F® — F as § — O+.
Therefore, ¢i(E) —>s_04 ¢°(E) and g —5_,0, gF. Since forallze€ S, E€ £, and 7' € E,
we have

(45(E). 45 (2)- vy (22 T5)) = om0t (6°(E). g5 (2). vay, (2 T))

we deduce that
Eig'=E.g —s.0p Eig' = Eig'.
Therefore, for sufficiently small § > 0, we have
u'(x) —e <ELg' =ELg <u'(z) +¢/6. (32)

Recall the definition of 7, &; and 7 in [8], where it is proved that for every z € S, every
player i, and every stopping time T, EZv (zr) > v!(z) — &1/2. Therefore, for every z € S,,
Yoes Forv' (@) = v'(2) —€1/2. Forz € S US, Y s F. ' (') = v'(2). Therefore,

€1
ZF, Z/v >v "(2) — > = Lesuss

Z’eS§

where 1, is the indicator function of . In addition, if we replace the symbols § and ¢ in [8]

with the symbol 7 and &/8, it can be seen that for &; < nd>5 3

> 8
EXY ligs < —
k=0 ﬂd

and, therefore, for ¢ < 1 and &; < nd“—% (<nd*$),

S 2
e~ 1 128
EXY 1: d*—
ey ) lyes <nd’ g o nd2e

Therefore, for sufficiently small &,

[e¢)
ek, Z Iz,¢5, <e€/6.
k=0

2
Assume that & < 1 and &) < nd*% 3.
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Lemma 4 For sufficiently small § > 0, for every stopping time T, we have

ELvi < EZvl +¢/6, (33)

%
where v, = v(z,,) and v = limsup,,_, ., v’ (Which equals lim,,_, o, v}, P: a.e), and
EZ 17 ooV < EX17ooovl, +£/6 < EL 17 o8 +/3. (34)

Proof The strategy t defined in [8] obeys v'(zr) < EZ(v'(z1) | Hr) + &1/2 for all fi-
nite stopping times T < T'. Therefore, for all stopping times T < T’ < Ny, E3v'(z7) <
Eiv'(zp) +€1/2, and EXv' (z7) < EXv'(z77) + 3¢, /4. For z € S; we have, v(z,,) = v(z) for
all m <ms, P a.e. Therefore, for sufficiently small § > 0, for every stopping time 7" < m;
(in the discrete-time game), we have

Z .0 ;7o z . 0i(z8
E'[gvT - EfgvT = E'E(gv (Zl) +8llz¢sl’

Therefore, for § > 0 sufficiently small, for every stopping time 7',

Ei vy < ESvl +e1EL ) igs, < ESL +6/6.
k=0
This completes the proof of inequality (33).
Since 17007 = 17200 Voo Pfa a.e., we deduce that

E lrccovr = Ef 17 00V00 + /6. (35)
By inequality (31), we have v, < &' +¢/6, P} a.e. Therefore,

Eil7 ooV, < Ef 17200 +£/6,
which together with (35) implies (34). O

The Punishing Strategies Recall that v : S — R is the asymptotic limiting-average min-
max of the family ([3)s-0. It follow; that for every ¢ > 0, z € S, i € N, and § sufficiently
small, there is a strategy profile oy, of players N \ {i} such that for every strategy 7l of

player i we have

Vi(z.o5l. 7)== Eg,ag%,rfgi <v'(2) +¢/3.
The Limiting-Average e-Equilibrium Strategy os The strategy profile o5 follows the pure
strategy profile t; as long as the play coincides with a play that is compatible with the
strategy s, and reverts to punishing (in the limsup game I) a deviating player. A formal

definition of o follows.

Let k5 be the first stage m with a,, # 5(z0, ao, - - ., Zm); ks = o0 if a,, = 15(20, a0, - - - Zm)
for every m > 0. Fix an order of the player set N, and on ks < oo let i5 be the minimal player
i with a,’([S # 15 (20, o, . . ., Zxs). For every playeri € N,

—i r(sii(ZOs aO’-naZm) 1fk6 >m,
05 (20,05 -5 Zm) =1 °_; .
b i .
05 o (Zhga1s Arstts - » Zm) L ks <mandi = is.
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To complete the definition of the strategy profile o;, there is a need to define og (zo0, ag, . . .,
Zm) on ks < m and i = is. However, this has no impact on the reasoning that follows. We
therefore define it arbitrarily.

Let v/ be a pure strategy of player i. Note that (o; ", 7') is a pure strategy profile. Let
n; be the stopping time of the first stage m such that t/(zg, do, - - - , Zm) 7 To(20, Q05 - - - » Zm)-
Note that for every state z, with P;,,-Ji-probability 1, ks = ns, and is =i on ks < oco. Let

'H,; be the o-algebra generated by all (z,,)m<n; and (@m)m<ns -

7i(zo5, ) = Er g (36)
=E i E (81 M) (37)
= B (oo L) B (81 H,) (38)
=E: Ly—x@ + L (8" [ Hay) (39)
= Eqln=ood +E L luseoc V' (Gngi) +6/3 (40)
<E:Lly—g + R V' (z0y) + /2 1)
< E;, 8 +5¢/6 (42)
<u'(z) +e. (43)

Equality (36) follows from the definition of y/(z, Uafi, 7). Equality (37) follows from
one of the basic properties of conditional expectation: that the expectation equals the expec-
tation of the conditional expectation. Equality (38) follows from the rewriting of the constant
function 1 as the sum of the two {0, 1}-valued functions 1,;—, and 1,,.. Equality (39)
follows from the facts that (1) the expectation is additive, (2) 1,;=~ is measurable with re-
spect to o -algebra H,,, and therefore E*_, 1, _c g8 =E°_; 1,_oc E*_, (8" |Hy,),and

o5 T o5 T o5 T
(3) the P(;"'5 -distribution and the P(;;_",ri -distribution of 1,,;—« &' coincide. Inequality (40) fol-
lows from the definitions of o and a,;;. Inequality (41) follows from the fact that for
sufficiently small § > 0, for every strategy o and stopping time T, E3l7_ o0 (z741) <
Eélkwvi (z7) + €/6. Inequality (42) follows from Lemma 4, which asserts that for ev-
ery stopping time T, EZ 1700 v (27) < E 17200 §' + &/3. Inequality (43) follows from
inequality (32) which asserts that EZ 8" < u'(z) + &/6.

By (32), EZ, g' = u'(z) — &, which together with the equality y'(z, 05) = EZ, g’ implies
that y'(z, 05) > u' () — &. We conclude that (u, o3) is a limiting-average £-equilibrium pay-
off and strategy and, therefore, u is an asymptotic limiting-average equilibrium payoff. [

Theorem 12 An exact family (I'5)s~o has an asymptotic uniform equilibrium payoff.
Proof First, recall that an exact family has an asymptotic uniform minmax. The uniform
g-equilibrium strategy o; follows the pure strategy profile 75 (defined in the proof of the

previous theorem), and reverts to punishing a deviating player (in the uniform game). ]

Theorem 13 An exact family (I's)s~o has an asymptotic w-robust equilibrium payoff when-
ever W = (w');ey is a vector of nonstationary discounting measures on [0, 00].
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Proof For B = (B)ien € RY we denote by B w the vector (8'w');cy. Note that if g’ > 0
for every i € N, then the family (I)s-o has an asymptotic w-robust equilibrium payoff if
and only if it has an asymptotic B * w-robust equilibrium payoff. Therefore, we may assume
that w!(oco) = 1.

Fix & > 0 and an asymptotic 1,-robust equilibrium payoff v € RV*S of the exact family
(I3)s-0- Let 0 < t < oo be such that wi ([¢, 00)) < &/||g|| forevery i € N, and let ms = [t /8]
and vs = v. Then (m;, vs) converges to (¢, v). Let v € R¥*S be an asymptotic (;, ¢, v) equi-
librium payoff of the family (I's)s-0, Where w; is the restriction of w to the interval [0, 7). If
w; converges (as § goes to zero) to W, then w, s—the restriction of ws to {0, 1,2, ..., ms}—
converges to ;.

If o5 is the strategy profile that follows up to stage ms an g-equilibrium strategy profile
in I—Zsmz%,]; with a payoff within ¢ of v, and thereafter a 1.,-robust e-equilibrium with a payoff

within & of v, then for every player i and all strategies 7/ (§ > 0) of player i in I,
6c + liminf EZ g (w}) > v'(z) > —6¢ + limsup E°__, g§(w}).
s>0+ 08 50+ 9T
Therefore, the exact family (I'3)5-0 has an asymptotic w-robust equilibrium payoff. ]
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