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The time evolution of the pulsed Cl + HBr chemical laser is obtained by numerical solution of the coupled master equations 
that describe the kinetic development of the v&rotational species and the photon densities in that system. Special attention 
is given to the time evolution of the distrrbutions of rotational populations and to its effect on the system. The main conclu- 
sions reached are: 

(1) The rotational distribution function is non-Boltzmann throughout the laser pulse (except at high inert gas pressuresj 
and has either a broad single maximum or a doubIe hump structure. 

(2) The photon densities at low J values exhibit extended oscillations following lasing threshold. At high I’s the threshold 
oscillations are fewer and the pulse shape is typical of a nearly steady state situation. 

(3) The behaviour of the laser pulse at threshoId is determined largely by the pumping and radiation processes Relaxation 
effects become significant onIy beyond threshold time. 

These results can be useful for the development of approximation methods for solving the laser master equations. 

1. Introduction 

The intensive experimental activity in the field of 
molecular gas lasers has triggered off also considerable 
interest in theoretical investigations of such systems 
[l] with the aims of interpreting availabIe experiments 
or of predicting and anticipating observable features in. 
new systems. Theoretical studies in this subject are also 
potentially useful to investigations of chemical reac- 
tion and energy transfer mechanisms and of behavioui 
of systems far from equilibrium. The main device for 
such studies are the coupled kinetic equations that in- 
clude all the variables and describe the various proces- 
ses that play a role in laser operation. In a laser working 
on vib-rotational transitions the population of each vib- 
rotational level must be known as a function of time. 
Collisional energy exchange leads to significant popula- 
tion of vib-rotational levels which.do not participate 
directly in pumping or lasing. In the kinetic master 
equations of the laser the populations of the various 
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&-rotational levels are coupled with the densities of 
radiations from all possible tr&itions, thus the total 
number of independent variables that must be included 
is very large and may easily exceed the limits of com- 
putational feasibility. 

Thus, methods for reducing very drastically the di- 
mensionality of the system must be introduced. The 
critical factor in the dimensionality problem is the large 
manifold of rotational levels. To cope with the diffictd- 
ty, the rotational equilibrium assumption [ 1,2] has 
been adopted in the literature, and almost universalIy 
applied in numerical work on molecular laser systems. 
In this approach it is assumed that rotational relaxation 
is instantaneous on the time scale of the other proces- 
ses in the system. The rotational levels are thus taken 

,to be Boltzmanndistributed at each instant. 
A further approximation is frequently introduced, 

the single lime model [2] : One supposes that at any in- 
stant radiation occurs only from a single transition, the 
one with the highest gain. Extensive numerical’studies 
on several chemical lasers were carried out in the frame- 
work of the above approximations [2-61. However, 
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doubt. Indeed, there is experimentd evidence that they 
-are incorrect in a substantial cumber of cases, especial- 
ly for some low-pressure lasers 17-l I]. 

Theoretical estimates also cast doubts on the validity 
of this assumption by suggesting that rotational relaxa- 
tion may not be fast enough to dominate over the in- 
fluence of pumping and of radiation. Thus both non- 
equilibrium effects due to the radiation [12,13] and 
to the distribution produced by the pumping 1121 
should be expected to persist for long time intervals. 
The need arises to replace the rutational equilibrium 
assumption by a valid physical model for dealing with 
thedistribution of rotational levels and, consequently, 
to develop approximation methods for solving the mas- 
fer equations of the chemical laser system. 

ne purpose of the present article is to help in bring- 
ing in such a development by carrying out an extensive 
computer simulation of the Cl c IfBr chemical Iaser 
system. Such a “computer experiment” must, of course, 
correctly reproduce the available experimental obser- 
vations on the system, but it provides much more de- 
taiIed information than any real experiment can be ex- 
pected to give. In the numerical simulation, all variables 
of interest can be folIowed as a function of time. It is 
reasonable to assume that an analysis of the results so 
obtained may shed light on simplifying features that 
exist in the system, and on the possibilities of develop 
ing approximation schemes accordingly. The advantage 
of the Cl + HBr system for this approach is that owing 
to the relatively low exothermicity of the reaction and 
to the large rotational spacings of the HC! molecule, 
the number of Mb-rotational species that are involved 
in the kinetics of the laser is managable from a compu- 
tational point of view. Also, for this system there is a 
great deal of experimental and theoretical information 
on many qf the rate constants involved_ Unavailability 
of rate constants (especially for individual vib-rotation- 
al states) for the var:lous energy transfer and reaction 
processes severely limits the possibility of carrying out 
laser simuiatiow even for favourable cases from that 
point af view such 8s Cl t HBr. One mtist supplement 
the missing data by very simple theoretical models, It 
is reasonable, however, to assume that if’with these 
model rates the simulation is capable of reproducing 
the results or ‘“real” kxperiments on the system, then 
the modelling should be fairly realistic. 

There have b&n very few studies of the above type 
in the literature so far [9,10,12,14,15], These investi- 

gations clearly demonstrate the inadequacies of the ro- 
fational equilibrium assumption and of the single line 
modeI. The preseflt article differs in emphasis from the 
above mentioned ones, as the main effort here is an at- 
tempt to search for simplifying Features in the numerical 
solutions obtained, especially in the distribution of the 
rotational populations. 

The outline of the article is as follows: Section 2 
describes the kinetic equations involved and the rate 
constants employed. Section 3 gives a brief account of 
the numerical method that was used in this work to 
cope efficiently with the large system OF stiff differen- 
tial equation. Section 4 surveys the “numerical experi- 
ments” we made O~I the laser system, describes the re- 
sults obtained, analyzes the behaviour of some varia- 
bles of interest and points out, when possible, to the 
existences of simplifying features. Finally, section 5 
comments on some future directions suggested by this 
work. 

2. The rate equations 

in order to describe the temporal evolution of the 
lasei system we empIoy the rate equations approach. 
Since we do not assume rotational equilibrium the rate 
equations involve: (i) The populations (number densi- 
ties), Nvs = [HCI( V,J)] of all relevant vib-rotational 
levels of the lasing molecules, (ii) the photon densities 
,o, at all the relevant vib-rotational frequencies v, (iii) 
the translational (heat bath) temperature T, (iv) the 
concentrations of the non.lastig molecular species, i.e., 
HBr, Cf,, Cl and Br. It is assumed that the system is 
spatialIy uniform so that only the time dependence of 
these variables has to be considered. The coupled kine- 
tic equations are solved simultaneously subject to the 
appropriate initial conditions. 

In a symbolic notatian the rate equations are of the 
form 

~~,,,jldt=PiV,J)-D(V,J)-R(V,J), IO 

dpJdr = G(v) -L(u), (2) 

whereP(V,J) is the rate of chemical pumping, D(V,J) 
is the net cofiisional deactivation rate of NCI(V,J) mo- 
lecules, R(V,J) is the net rate of radiative transitions 
from VJ, G(u) is the net gain of photons with frequen- 
cy u due to radiative processes and L(V) is the net Ioss 



a. HCI(V,J) + HCl(m,L))=UCI[Y + 1,J’) * HClOn 7 1,L’) (R-3) 
b. HCI(V, J) + HBr(O, L) ;?IKl(V - l,J’) + HBr(t,L’) (R-4) 

2. V-R,T 
a. tiCl(~,J)+Cl~~HCl(V- l,J,+Cl, 
b. tiCl(V,.Q + Br ZHCW- l,.f) * Rr 
c. W(V, I) f c1 ZHCI(y’,J’) +Cl 

3. R-R,T 
HClW,J)+ M ;+,HClW,J’I Jr M 
hl = Cl2, Cl, HBr, HCI, Br (buffer gas) 

(R-5) 
(R-6) 
(R-7) 

(R-8) 

of these photons due to output coupling and dissipative 
processes (e.g., diffraction). The explicit expressions 
for the various terms in eqs. (1,Z) and the equations 
for the translational temperature and the non-lasing 
species are described below. A total of 70 vib-rotational 
levels are included in the simulation. The levels con- 
sideredareJ=O_25inthhe IrsOmanifold,J=O- 
20inV=l,J=O-16inV~2andJ=O-9inV~3. 
V= 0,1,2 are pumped by the chemical reaction Cl + 
HBr + HCI f Br while Y = 3 may be populated by en- 
ergy transfer processes. Radiative transitions (primarily 
P-branch) are considered only for the V= 2 4 1 and 
V= 1 -Z 0 bands. 

2.I. Radiation 

The radiative terms R( V, J) and G(u) in eqs. (I ,2) 
involve contributions from stimulated and spontaneous 
emission. Far the pressure and temperalute range con- 
sidered in this work (P = 1 - 10 torr, T = 300 - 600 
K) the spectral lines are mainly Doppler broadened [21. 

A-VD = 1 O-2 CIII’~ is about an order of magnitude larger 
than the homogeneous line width. For a laser cavity L 
= 60 cm long [Z] the separatiofl between the longitudi- 

nal modes Au = l/Z = 10e2 cm-l = hv,, , i.e., there 
is (about) one cavity made For each spectral line. We 
assume tlsat one mode corresponds to the line center 
of the Dappler profde and that translational relaxation 
restores immediately the gaussin lineshape so that hole 
burning effects can be ignored. 

There are four transitions associated with each Y,J 
level; two P-branch transitions Y + 1, J - 1 -f V, I and 
V,J--+ P- l,J+ 1 and two R-branch transitions V+ 1, 
S-C I + V,Iand V,J-+ V- 1,1- 1. As in the case of 
rotational equilibrium [8,16] we found !hat the IX- 
branch transitions are weak and could be ignored. 

Using p v J to denote the photon density in the 
PY-Iv_l (J>’ transition V, J - 1 + V - 1, d the gailI 
term G(v) E G(V, J) in eq. (2) reads 

,4bJ is proportional to the Einstein coefficient AV,, 
(AGI <A,,) and represents the effective number of 
spo&ane&ly emitted photons with frequency corre- 
sponding to the oscillating mode. The gain coefficient 
at the line center of the Doppler line avJ is given in 
table 2. 
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Table 2 
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Spectrosco.pic data, rate constants and initial conditions a*b) 

(I) Radiation (P-branch. hvv,J= EV,J_l - EV_l,J): 

QV,J = Cqr,JI+r,J__I - [W - u/w+ wV-~,J~=cqr,J~V,J 

Av,J=AV,J_~_V_I,J=A~_~I~V,JI~~~)3JFJ~(2f- 1) [17] 

FJ = I+ 8 (Ee/weU= If 0.03J [IS], A; = 34.6 s’. A: = 59.4 s‘ [19] 

P~,J= 2.62 x IO-’ aV 7J-1 ( J )FJ(Fj”’ NV-J, aI = 1, u2 = 1.88 

a%(300 K) ;-z 7 x 1O-3 cm-‘, p. = 10’ photon/cm3. 5p = 4 x lo-’ s, a/vth = (cor,fprl = 10” mokc/crI? 

(II) fnifiution: 

Cl 2 “lash+ x1 (R-l) 
-d [Cl* 1 Idr = F(r) !CIz J 
F(r) = KU2 * olf)esp(-yf) (fii. 2) 

K=2sx 10’353, 7=4x 10”~‘, ar=sx 10-6s 

P2Jo = 2 x IO” molec/cm3, [HBr] o = 5.8 X lOI molec/cm’ 

([It) pumping: Cl * HBr z HCl(V,J) + Br 

-dIHBrl/dr = d[HCl]/dt = k[Cl] [HBr] 

k=V~W,JI; k(-V,J)=kp(V)p(JlV); 

k = 7.; x lo-I2 cn?/molec s [22]. 

-+‘) = 5;pcJ, V) = I 

p(V= O):p(l):p(Z) = 0.3: 1.0:0.4 [ZO] 

P(JI V) - fig. I 

(R-2) 

(iv) Energ?p transfer: 

1. v-v 

a_ HCNV, J) + HWm,L) 2 HCI( V f 1.J’) + HCl(m i: 1,L ‘) 

AE=IEV,J,m,L -Ey~l,~,mrl,J,~‘I 4 30&‘, lJ-J’i,I~-L’I 6 2 

Given V,m, alI transitions consistent with AL$ AJ, AC equally probable 

(R-3) 

L(Y,V’ - m,m’) = c P(J)p(L) 
J.r. 

z k(V,J,m,t - V’, J’,m’,L’) 
J’,L’ 

P(J), P(L) = Boltzmann rotationrd distributions 

k(2,0k)=5X IO-l2 [25--271; k(3,0-+2,1)= 1.28k(2,0-1,1)=6,4x lo-“[27]; 

k(3.1- 2,2) = 15 X I 612[z 3k(2,0 4 I, I), ‘harmonic oscillator behavior’] 

b. HC1W.J) + HBr(0,L) 2 HCl(V - 1.J’) + HBr(l,L’) (R-4) 
AE 4 30 co--‘, AL,AJc2 

R(V+ v- I) = Yk(l -c 0) = v. 1.1 x lo-l2 [31] 
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Table 2 (cont+ed) 

2. V - R, T transfer 

3. HCI(Y,J) + Cl2 z! HCI(V - 1,s) + Cl2 

k(l/-c v - 1) = Wc(l -t 0) = v- 5 x lo-t5 [331 

b. HCI(V,J) f Br = HCI(V-1,J) + Br 

x-(1 - 0) = 3 x lOP, k(2-4 1) = 1.5 x lb” [34J 

c. HC1( VJ) + Cl= HCKV’, J’) f Cl 

For V’ C V.J’ given by EJt = EJ + fl.7AEy 

k(V,J~V’,J’)=X-(V-V’)*a(~-b); az1.4~ 16’*, b=3.0 
.k(l+ 0) = 7.5 X 16t2, k(2- 1) = 9 x lo-‘*, k(2- 0) = 3.5 X 10-t’ 

x-(3 - 2) = 9.7 x 16’2, k(3-1)=5X lP, &3+0)=2.2X lo-l2 

3.R-R,Ttransfer 
HCI(V,J) + M : HCI(V,J’) + hl 

k(J~J’<J)=1421’+I)e.up[-C(EJ-EJl)], AJ92 
k(J’-tJ>I’)= 1U((21+I)e.up[-(Ctl/kT)(EJ-E~‘)] 
Reference, (QfEykQ-J’) = 10, T= 300 K), Wz4.5 X 1~‘2,C=0.007 ca 

(R-5) 

(R-Q 

(R-7) 

(R-8) 

a) All rnte constants in units of cm3/molec s. 
b, All reversed rate constants Cal&dated by detailed balance at the appropriate (time dependent) tempernture. 

The ratio between the induced and spontaneous emis 
sion terms in eq. (3) is of the order of the photon num- 
ber density. Thus, during the lasing the second term in 
eq. (3) is negligibly smah: yet, a finite amount, however 
smalf, of spontaneously emitted photons is essential for 
starting the arnpliflcation process. For reasons of nu- 
merical convenience we ignore the spontaneous emis- 
sion term in eq. (3) and instead let the photon density 
deve!op from some low (noise) level of photons on 
(table 2) when threshold is attained. Due to the very 
steep rise in the photon density after threshold the 
choice of the noise level hardly affects the laser output 
pattern. 

The photon density p v,J in Py_, v-l(J) is thus given 
bY 

(4) 

The term L(v) = L(Y, .I) incorporates all output 
and other losses of photons from the laser cavity. As- 
suming that rp, the average lifetime of photons in the 
cavity, is independent of the frequency we have L(V, J) 
= pv,,/rp. In a fust approximation the output coupling 
of laser radiation can be taken as a constant fraction k, 
of the total loss L, = ICI. (Airey’s estimate is k = 0.2 
[2]). The value ofk determines the magnitude of the 
pulse eriergy but does not influence the spectral distri- 
bution of the laser output- All calculations were car- 
ried out using TV = 4 X IO-* s corresponding to a total 

The radiation term R(V,J) representihg the influence 
of stimulated emission on fVv,J, eq. (I), is given by 

R(~J)=o,,,+,pv,J+, --%+1,J~v+l.J~ (5) 

In fact, eq. (6) applies only to I/ = 1; for V = 0 the first 
term is missing while for V= 2, since there is no Iasing 
from V = 3, the second term is practically zero. When 
R-branch transitions were taken into account the cor- 
responding terms were added to eq. (6). Spontaneous 
emission terms, being of negligible importance, have not 
been included in eq. (I). 

2.2. Pumping 

Neglecting the reversed processes of (R-2) (see belaw) 
the pumping term in eq. (1) is 

W,J) = Ic(-, V.J)[Cf] [HBr], (6) 

where k(+ v,I,J) is the rate constant from thermal re- 
actants to HCl(~,/,J) products, fig. 1. The Cl atoms are 

loss of about 10% per roundtrip. produced by flash photolysis, tables I,2 and tig..2, with 
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Fig. 1. Rotational distrtiution functions of HCl( VI (in 76 of 
population) far pre-threshold times obtained from s*hnulatian 
with Zrat = 0.2 (high R - T). 

Solid tine: nascent product distribution of the reaction 
(t = 0); (----): after 130 collisions(r = 0.05 ~s);.(-*-*-): after 
520 collisions (t = 0.2 ps); ( . . . . .): after 2500 collisions (f = 
1 PSI. 

a flash profile F(t), fitted to that in ref. [2]. The ‘hot’ 
Cl airnos produced in (R-l) are assumed to cool down 
instantaneously. The initial vib-rotational distribution 
p( V, J> is based on chemiluminescence data (Xl,21 ] , 
the absolute values were scaled from CJk(V,J), ref. 
[22]. The reported values of P(V = O)Ip(Y= 1) is 0 - 
0.6; the value 0.3 fits best the experimental pulse dura- 
tion [2]. The nascent rotational distributions shown 
in fig. 1 are based on the maxima reported in 1211 and 
the assumption that their shape is similar to rotational 

= c 
mL,V’J’,m’L’ 

[k(Y,J,m,L-+ Y’,J’,m’, L’) 
(7) 

- k(V’, J’, m', L’ + V, J, m, L)N(V’, J’)fV(m’, L’)] 

Since multi-vibrational quanta exchange is improbable 
distributions in other halogen-hydrogen halide reactions [24] we only consider V’ = V f 1, m’ = m 5 1. Themd 
1211. Because of the exothermicity of (R-2) the rever- (averaged over J, L) rate constants were measured 
sed reaction is negligibly slow, except for high V, J [25-Z&] but there is no information on theirJ depen- 
levels 123). Therefore only transitions from V= 3 were dence. Based on the dipole-multipole theory of Sharma 
taken into account. and Brau (SB) [29] it was assumed that all transitions 

with AE G 30 cm-l occur with the same rate. Transi- 
tions corresponding to higher energy mismatch are dis- 
regarded. The A! Q 2 rule follows from the first order 

JO@ L IO 20 30 

Fig. 2. Time-variation of the concentrations X of the molecuk 
species (independent of Zr,,). 

23. Energy transfer processes 

2.3.3.1. V- V transfer 
(a]HCl - X7 - As a typical example for the contribu- 
tion of relaxation processes to D(V,J) in eq. (1) con. 
sider the influence of Y - V exchange in HCI-HCI col- 
Iisions, (R-3). Using obvious notations this contribution 
is 
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perturbation approximation [29]. (See however [30].) 
After counting all the allowed J, L, J’, L’ combinations 
the rate constants are normalized to yield the experi- 
mental thermal values. Resonant transitions, V, Y f 1 
+ V + 1, V, are efficient [26] and may cause small 
local irregularities in the nonequilibrium rotational PO- 
pulations. Nevertheless, we ignore them since the fast 
R-T processes will smooth over these effects. AU V-V 
rate constants are assumed to vary according to r’ 
[28,29]. 

(b] HGHBr - Reaction (R-4) is near resonant with 
AE = 100 - 300 cm-’ and therefore not significantly 
slower than (R-3). The HBr molcules are assumed to 
be in thermal equilibrium. Hence, due to the large ex- 
cess of HBr(0) molecules (R-4) provides the main vi- 
brational relaxation route. For further details see table 
2. 

2.3.2. V - R, T energy transfer 
Vibrational relaxation accompanied by V-R trans- 

fer may lead to changes in the rotational distributions 
of the lasing molecules. The fine details of the rota 
tional structures arising from V-R transfer are largerly 
erased by the generally much faster R-R,T and V-V 
processes. In view of this fact the lack of detailed in- 
formation about the initial and final J dependence of 
the V-R,T rate constants is not a serious limitation 
since only their gross features are expected to be re- 
flected in the spectral distribution of the laser output. 

V-+ R transfer seem to be the main deactivation 
mechanism in HCl-HCl and HCI-HBr collisions 13 1, 
321. The rates of V-R,T transfer in these collisions 
are, however, negligible compared to the correspond- 
ing V-V rates and we do not include therm in the ki- 
netic model. (Note that (R-3) is effectively a V-T pro- 
cess so neglecting HCI-HBr V-R,T transfer is com- 
pletely justified. HCL-HCl collisions are anyhow quite 
rare.) 

(a)HCf-C72 - (RS) is a slow process 1331 but may 
be effective because of the large Cl2 concentration. A 
pure V-T, (J’ =J’), and harmonic V-dependence of 
the rate constanti were assumed. 

(b) HCl-Br - In view of the low value of [Br] , fig. 2, 
and the moderate rate constants of (R-6) [33,34] 
HCL-Br collisions cannot significantly affect the 

HCl(V,J) populations. Thus, although V-R transfer 
is probably the main mechanism here [35,36] we as- 
sumedJ’=J. 

(c) HCl-Cl - The thermal rate constant of the Ir= 
1 + 0 transition in (R-7) is reported in refs. 122,371 
(see also [40]). Classical trajectory studies [36,38,39] 
indicate that: (1) The rates increase with J. (2) V + R 
is the major deactivation mechanism. (3) AV> 1 jumps 
are probable. (4) k(V+ V - 1) # IJ7c(l +- 0). (5) Re- 
active collisions. (The exact J dependence and the re- 
lative efficiency of V + R and V-T were not reported.) 
Based on this partial information it was assumed that 
2/3AE, is released as HCl rotational energy (V-t RI 
V + T = 2). Furthermore, it was assumed, mainly for 
computational convenience, that the gain in rotational 
energy is concentrated in one final J’ level. Small ir- 
regularities which could arise from this ‘selection rule’ 
are largely masked by the fast R-R,T and V-V proces- 
ses. A 1inearJ dependence, similar to that found for 
Br + HBr (351, was adopted. Further details are pro- 
vided in tabie 2. 

2.3.3. R-l&T transfer 
The rotational transition probabilities corresponding 

to (R-8) are based on Ding and PoIanyi’s modification 
1411 to the Polanyi and Woodall model’[21]. In view 
of the high sensitivity of the,laser output to the rate 
of rotational relaxation and the lack of accurate infor- 
mation on absolute R-R,T rates we have treated Iv, 
table 2, as a free parameter measuring the efficiency of 
R-T transfer. The reference value of W corresponds, 
for k(J + J’), to one transition every ten collisions for 
J = 8 [where k(J + J = 1) reaches its maximum] . The 
common estimate for the rotational collision number 
is: 2 ret = Q/Zyk(J -+ J’) = 10 [42] where Q is the hard 
sphere collision frequency. The temperature dependence 
of k(J +J’) was taken orJy through the collision fre- 
quency, Q =*Tli2. 

Finally, if the absolute value of the rotational tran-. 
sition probabilities were known, increasing Iir is approxi- 
mately equivalent to adding a buffer gas to the laser 
system to selectively enhance rotational relaxation. We 
have exploited this analogy and studied the effect of 
rotational relaxation rate on the laser performance by 
varying W over a wide range corresponding formally, 

to Lt = 0.2-33. The analogy should not be taken as 
fully quantitative since other pressure dependent fac- 
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tars such as the line broadening mechanism and the 
equation governing the translational temperature rise 
were not changed (but kept as for the reference choice 
of W). (Only at the highest value of W corresponding 

to&t = 0.2 pressure broadening becomes comparable 
to AvD. See also section 4.) 

2.4. Translationl temperature 

The translational temperature enters the rate equa- 
tions as a parameter icfluencing the various rate con- 
stants (including those for stimulating emission via 
bt,, eqs. (4), (5)). The main contributions to the rise 
in the heat bath temperature comes from the residual 
flash energy (the excess flash energy over the dissocia- 
tion energy of Cl,) and the translational exothermicity 
of the pumping reaction [2]. We ignore the contribu- 
tion of V + T transfer and add the R-+ T contribution 
to the translational exothermicity (this approximation 
becomes exact in the limit of very fast rotational re- 
laxation). Thus, following Airey [Z] the temperature 
equation is 

(8) 

where m = 8 X lo-t5 cm3 deg/molec corresponds to the 
fraction (213) of the pumping reaction energy going 
into translational + rotational degrees of freedom. II = 
i.1 X IO-l4 cm3 deglmolec corresponds to the frac- 
tion (14.3 k&/mole) of the flash energy. 

dTldt =n F(f) [Cl,] f mk[HBr] [Cl]. 

3. Numerical method 

The coupIed non-linear rate equations involve fastly 
changing variables. They present severe stability prob- 
lems and can be classified as stiff equations [43]. The 
fundamental numerical tool employed in the calcula- 
lions is a modification (allowing for variable dimension- 
dity) to Brumer’s version [45] of Gear’s hybrid (pre- 
dictor-corrector integrator) method [44]. All calcula- 
Cons were carried out on the IBM 370/165 of the 
Weizmann Institute of Science. 

4. Results and analysis of the simulations 

In describing the calculations we carried out and the 
conchrsions we drew, it is profitable to use as a conve- 

nient frame of reference Airey’s [2] picture of the 
Cl t HBr laser. While this important pioneering model 
is (as we shall see) in many respects rather remote from 
the real physical situation, it is nevertheless advanta- 
geous to outline our results as a series ofquantitative 
tests of the deviations from a computationally and con- 
ceptually simple framework. Three basic assumptions 
can be said to define Airey’s model: 

(i) Steady-state operafion: It is supposed that the 
photon density satisfies a steady-state condition, this 
being in fact the Iasing threshold equation. Given that 
the populations of the states involved in radiation are 
determined at any time from the rate equations, the 
photon density can then be obtained from the (alge- 
braic) threshold condition. 

While all the above assumptions will be quantita- 
tively examined below, the “rotational equilibrium pos- 
tulate” is clearly the most important and essential of 
these, so the investigation of this aspect wiIl be at the 
center of the present article. 

(ii) Single line operarion: Lasing is assumed to take 
place on a single rotational lime only at any given in- 
stant, the line with the highest gain. 

(iii)Rotationd equilibrium: The rotational states 
are taken to be in equilibrium, at any given time, their 
temperature being the translational one. After any 
pumping or radiation event the rotational distribution 
function is, supposedly, instantly restored to equilibri- 
um by R-T processes. 

4.1. Test of the steady-state, on-threshold operation 
assumption 

To test this approximation, the kinetic equations of 
the laser were solved in the framework of the single line 
model and the rotational equilibrium assumption, but 
the steady-state treatment of the photon density was 
removed. Instead the photon density was evaluated 
from the appropriate differential rate equation, coupled 
with the equations for the populations of the states in- 
volved in the radiative process. The results of the cal- 
culation, together with those obtained from Airey’s 
model [2] and from the experimental work of this au- 
thor [2] are shown in fig. 3. in comparing the calcula- 
tions with the experimental result one must keep in 
mind the relatively poor time-resolving power of the 
apparatus 121. In particular, narrow threshold peaks 
were not observable in this experiment. The pulse-shape 
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Fig. 3. Time-dependence of the laser pulse. (-----): Airey’s experiment [2]. Jigsaw solid Line: Airey’s steady-state, (on-threshold) 
approximation. Smoothsolid lime: single line, rotational equilibrium model (rate equation used to calculate the photon density p). 
Numbers indicate the ndiatingJleve1. 

given by calculations should perhaps be “coarse grained” 
somewhat to correspond to the experimental result. In 
these terms it is.clear that the results of our calculation, 
based on assumptions (ii) and [iii) only, fits the expeti- 
ment better than Airey’s. The steady-state approxi- 
mation is seen (fig. 3) to give a tO0 high total Out- 
put intensity. Also, elimination of the steady-state ap- 
proximation led to disappearance of the unphysical 
jigsaw-structure of ref. [Z] . The jigsaw pattern is an 
artifact of the way in which the photon density is com- 
puted in the framework of assumption (i) above, by 
keeping the inversion density at the threshold value. 
This gives an algebraic equation for pV,,(= ptot) that 
varies contifi.uously with time so long as radiation is 
supposed to take place from the same transition. When 
the maximum gain condition predicts a new J-transi- 

tion the entire photon density is attributed to the latter, 
and the algebraic expression will yield in general a jump 
in the value of the photon density pbt as one goes 
from py , to py J,_ The differential equation approach 
enables &e to r&intain continuity. Another impor- 
tant, although obvious, point to note in fig. 3 is that 
deletion of the steady-state approximation produces 
the threshold relaxation oscillations. 

It is of special interest, however, that the stationary- 
state treatment does seem able to predict adequately 
some nontrivial effects. This may suggest its use in a 
limited way in future approximation schemes. We note 
from fig. 3 that Airey ‘s model predicts the shift to 
higher J-transitions in the pulse itz good qztarztitative 
agreemerzt with the more complicated calculatiorz. 

Since the subject will prove of significance also in 
further developments, we shall briefly discuss it below. 
We assume first only the postulate of rotational equi- 
librium, but not the approximations (i) or (ii). A neces- 
sary condition for radiation on a P-branch is [16,17] : 

N,J_, - w - ww f 01 N,_,,J> 0, (3 

where IV, J is the population of the (I’, J)th vib-rota- 
tional speiies. Using the rotational equilibrium postulate 
we have: 

- (xv_l/Q,_,)expt-By_lJ(J + OlKl > 0. (10) 
Qv andBy denote respectively the rotational partition 
function and the rotational constant at the vibrational 
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level I/ Assuming now the rigid rotor approximation, 
in which frar&work B, and Qv are v-independent, 
we get from (10) that radiation can take place only 
fromJ-values such that: 

J> J* 2 (icT/2B) In(X,IX,_,), (11) 

where J* is the smuliest integer for which inequality 
(11) holds. With the exception of the few lowest J’s, 
J* corresponds to the highest gain transition. To con- 
fm this write aKJ 
(cf. table 2). As u 

= C[+,/(U- 1)3 KU- l)N$,] , 
v J 0: J the main J dependence of 

(yvJ is in the expoxiential terms in (U - I)&v,,,. me 
m&mum gain condition becomes 

d++J=d(2J- l)Ah$)J=o, (12) 

or, explicitly 

J (max. gain) * $ln _ ( 
x, u-1 - 1 - 

X,_, 2J+1 
_&J* 

. (13) 

Expression (13) predicts a shift to higher-J transitions 
with increasing time as a result of two factors: 

(1) An increase in the translational temperature as 
a result of heating. 

(2) A decrease in the “vibrational temperature”, i.e., 
in the ratio X&iv_, with time. As a consequence 
lasing will be due to progressively larger J. Quantita- 
tively, our calculation based on postulates (ii) and (iii) 
indicated that, in the present system, (2) is the domi- 
nant effect in causing funneling, and the effect of 
translational heating is small except towards the end 
of the pulse. We shall see that a substantial part of the 
above conclusions can be retained also for the results 
of the “full” simulation. Similar conclusions were 
reached in the.simulation of ref. 1141 on the HF laser. 

So far we discussed the funneling effect in the frame- 
work based on assumptions (ii) and (iii) only. In the 
steady-state model, the photon-density is computed by 
imposing the laser-threshold condition on the highest 
gain transition [2]. 

orvJ = Cuy,AiV,, = 1,~~ = consi. . (14) 

To’sum up,‘from ;he calculations we carried out and 
the simple theoretical considerations above, one can 
draw the following conclusion: The Airey model, based 
on assumptions (i)-(iii) yields the correct time-depen- 
dence of the lasing frequency and the rough envelope 
of the laser pulse-shape. However, the steady-state ap- 
proximation, even when (ii) and (iii) are valid, leads to 

an incorrect detailed structure of the pulse (nonphysi- 
cal jumps, absence of threshold osctiations) and to 
too large magnitudes of the output intensity. 

4.2. The single line assumption 

The validity of this assumption was examined first 
when the more fundamental rotational equilibrium 
postulate was taken to hold. Thus the laser kinetic 
equations were solved in the framework of postulate 
(iii), but multiline laser operation was allowed for by 
including the rate equations for all the possible active 
photon densities, suitably coupled with the equations 
for the popuIations. The results are presented in fig. 4. 
The main conclusion is that when rotational equilibri- 
um holds, the assumption of single line operation con- 
stitutes ~12 extremely good descriptiozz of the actual 
situation. Unlike in the calculation of section 4.1 above, 
each line obviously begins from the noise level rather 
than from the value of the radiation density of the 
previous line at the instant of changeover. This leads 
to some overlap of lines at the tails of individual J- 
pulses, but the effect is very small indeed and the peaks 
are basically well-resolved. The same conclusion has 
been reached also in refs. [13,14j, and is intuitively 
not surprising: The instantaneous rotational relaxation 
prevents any hole-burning in the rotational distribu- 
tions pertaining to both the upper and the lower vibra- 
tional states. Radiation begins on some J-transition, 
add the mechanism described in section 4.1 explains 
the shift to higher J’s with time. But given that no 
holes are burnt in the rotational distribution functions 
and that these retain the Boltzmann shape, there seems 
no reason to expect that a high gain situation will de- 
velop simultaneously for some additional, further J. In 
fact the numerical results we obtained show more pre- 
cisely that the negligible extent of the overlap is caused 
by the instantaneous draining of inversion density to- 
wards the highest gain line as a consequence of the in- 
finitely fast R-T relaxation. As evident from the dis- 
cussion in section 4.1 a new Ievel Jcannot begin to lase 
before J* (defmed in (11)) is greater than J- 1. When 
this happens the gain from the previous J - 1 line be- 
comes negative and the latter decays quickly. Our cal- 
culations show also that instantaneous R-T leads to 
pronounced relaxation oscillations at the beginning of 
every J-pulse. The first peak is the highest since it oc- 
curs when the inversion is greatest, in fact when the 
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Fii. 4. Radiation densities of individual&n&es, instantaneous R-T, multiline operation. Right-hand scale is in units of photon 
density, left-hand scaIe in units of rdiatidn density. 

system is totally itwerred. As it turns out, all the sub- 
sequent peaks correspond to partially inverted transi- 
tions. 

We found that single line operation follows almost 
dire&y as a consequence of rotational equilibrium. In 
the forthcoming part of the study we shall see that in 
the absence of this condition the single line model 
breaks down completely. 

4.3. Test of the rotational equilibrium postdate, ad 
the nature of rotational norzequilibriutn effecls 

From sections 4.1 and 4.2 above it is clear that the 
question whether rotational equilibrium holds is of 
critical importance for the direct prediction of many 
aspects of laser action, not to mention its significance 
in reducing the numerical Iabour involved in solving 
the rate equations. Most of the effort of the present 
article is thus directed towards this question. To study 
it in detail a number of computer siiolations of the 
laser system were carried out, each at conditions re- 
presenting different average rotational relaxation (R-T) 
rates. In this way the existence of rotational nonequi- 
lib&m effects could be examined over the entire range 
of rotational relaxation rates consistent with expeti- 

mentally feasible conditions. The set of simulations 
were thus carried out forZmt = 33,20,10,5,2.5,1,0.2, 
whereZrot is the ratio between the gas kinetic cross 
section and the corresponding average rotational relaxa- 
tion cross section for an HCI moIecuIe in the system. 
Given the molecular constitution of the laser in Airey’s 
experiment, the correct value is aroundZ,,= 10. It 
ma;r at first appear nonphysical to consider Zrot < 1 
values since for all molecules the rotational relaxation 
cross section is smaller than the elastic (gas kinetic) 
one. Nevertheless, the consideration of such Zrot values 
is not purely formal but can be given a physical inter- 
pretation: Suppose that we are adding an inert gas to 
the laser system and that the only effect of this gas is 
to cause rotational relaxation of the MCI molecules. 
(This is not an unreasonable assumption, at least as a 
first approximation since the other relaxation effects 
due to the inert gas, such as a V-T, are of much less 
importance in influencing the effects under investiga- 
tion here.) The effect of the inert gas on the laser can 
then be modelled by increasingZrot in the rate equa- 
tions, an increase that is linear in the pressure of the 
added gas. In each s;,?lulation, alI the relevant vib-ro- 
tational popuIations and photon densities were treated 
as independent, unknown functions and obtained by 
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solving the master equations. In the equations all pump 
ing, radiation, relaxation and energy transfer processes 
were included with realistic rate constants. (For the 
details of all this see section 2.) The only exception 
was the V-V process for HCI-HCI collisions: This ef- 
fect was included fully (including the dependence of 
rhis transition on the rot+onal states of the molecules) 
in the run with Z,, = 10. It was found to have negli- 
gible importance on all aspects of interest, so only the 
average (over the J-states) of this process was included 
in the shmulations with otherZrot. Full inclusion of 
the V-V process is numerically time consuming since 
it leads to many terms in the rate equations. 

4.3.1. Strong& overlapping rotational lilies - evidence 
jiw rotational nonequilibrium effects 

We begin our discussion of the results of these “com- 
puter experiments” with fig. 5, showing the pulses for 
all individual Jvalues (J= 1-16) of the P-branch vibra- 
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Fig. 5. Photon_densities of individual J-lies as function of 
time (for 4 values of the R-T rate). J-number is indicated on 
the left side. P.D. scale - 4.5 X 10” photons/cc. Tie scale 
-25pS. 
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Fig. 6. Photon density of P( V = 1, J = 5) line as functions of 
time [for Z,,t = 0.2 (dash-dotted line), 2.5 (dashed line), 3.3 
(solid line)]. 

tional transition in the casesZ,ot = 33,10,2.5,0.2. (En- 
larged drawing of two representative J lines are given 
in figs: $ and 7). The main striking feature of the re- 
sult is thk in al1 these cases, includingZrot = 0.2 (very 
high R-T) is there substantial overlap between differ- 
ent J-lines. We saw already in section 4.2 that rotational 
equilibrium is a sufficient condition for single line op- 
eration. We conclude that eve11 when the R-Trate is 
much higher than in Airey S experiment (due, say, to 
high pressure of an added inert gas) the rotational 
equilibrium assumption is ilot valid for the laser under 
cotrsideration. As the rate of rotational relaxation is 
decreased, the individual J-pulses shown in fig. 5 be- 
come lower, wider and overlap more extensively. As 
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Fig. 7. Photon density of P(V = 1, .I = 10) line as function of 
time (for Z,,;= 0.2; 2.5; 33; other notation as in fe. 6). 
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would be expected, the case Zrot = 0.2 is the nearest 
to the rotational equilibrium picture, but even there 
two lines seem to lase simultaneously at ani given time. 
With the other Z,, values, many lines lase simultane- 
ously over large intervals of the pulse. It is of consider- 
able interest to express quantitatively the extent by 
which the case Z,, = 0.2 differs from the ideal “rota- 
tional equilibrium” situation with regard to prediction 
of the intensity maxima. Fig. 8 compares the theoreti- 
cal prediction of eq. (1 I), based on the rotational equi- 
librium model, with the actual positions of the peaks 
given by the computer simulation. The factors k?“(f)/ 
2B and ln[Xl(t)/X,,(r)] both time-dependent were cal- 
culated from the simulation and plotted in fig. 8 (upper 
and lower curve, respectively). The value ofJ*(t) was 
then obtained by rounding off the product of these two 
factors to the nearest integer. The results, a sequence 
of horizontal lines is shown also on fig. 8 together with 
the correct positions of the peaks (each defined as the 
location ofthe maximum of the strongest J-pulse in the 
relevant time-interval). Good agreement is seen to exist 
between the values given by eq. (11) and ihe true posi- 
_tions of the peaks. We conclude that for high R-K eq. 
(11) offers a good approximation to the position of the 
pulse peaks despite the fact that neither the single line 
assumption nor the rotational equilibrium model hold 
in this case. The result should be of considerable inter- 
est for approximate treatments of gas laser systems at 
high inert gas pressure. The same conclusion is not true 
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Fig. 8. J-shit of the highest peak with time (Zrot = 0.2). Up 
per curve - calculated T(r)/B. Lower curve - calculated val- 
ues of 10 ln(Xe/Xl). Horizo+al lines -J* calculated accord- 
ing to eq. (21). Triangles (A) -J-number of the largest peak 
(from the simulation). 

for lower R-T, including the “normal” value Zrot = 10. 
The predictions of (1 1), the rotational equilibrium re- 
sult, for J> 10 are (fig. 9) in poor agreement with the 
correct positions of the peak. Many lines then lase si- 
multaneously, and there appears to be little correlation 
between the positions of the peaks and the maximum 
gain regions. In fact, many J-lines never reach a state of 
maximum gain: This is specially true for J> 10 (where 
also the J-shift of the peak with time appears to be ne- 
gative). It is interesting to note, however, that the pre- 
dictions of (11) for J < 10 in the normal case (Zmt = 
10, see fig. 9) are in good agreement with the correct 
peaks computed from the simulation. Thtts. evetz fir 
moderate (“‘normal”) R-T rates the rotational equilibri- 
um estimate for the peak position has got predictive 
value, if restriction is made to sufficiently low values 
of J. The reason is that for low J-values rotational re- 
laxation is fast. 

In the context of fig. 8 (forZrot = 0.2) a comment 
should be made on the relative impoitance of the trans- 
lational temperature factor and the vibrational popu- 
lation factor (see eq. (11)) in causing the J-shift. Clearly 
if the translational temperature were constant, .I* in 
fig. 8 would have followed the time-dependence of the . 
lower-solid curve, essentially the “vibrational tempera- 
ture” curve. Similarly if X0/X, were constant, the time- 
dependence of J* would be that of the translational 
temperature. In the initial stages of the laser pulse the 
translational temperature is almost unchanged, and the 
behaviour of J* is governed by Xo(t)/X,(r). After about 
8 PS the curve kT(t = 0)/2B ln [Xo(t)/X,(t)] levels off 
around J = 7 and the translational heating of the system 
becomes responsible for the continuingJ-shift (when 
rotational equilibrium prevails translational heating 
means also an increase in the rotational temperature). 

4.3.2. The nonequilibrium rotationaldistribution 
functions 

Using the phenomenon of overlapping lines as an in- 
dicator, we were able to show above that significant 
deviations from rotational equilibrium persist even for 
Z,, as low as 0.2, and concluded that the model of ro- 
tational equilibrium must be a very poor representa- 
tion of reality for the R-T rates of normal conditions 
in the laser system under consideration. We shall now 
examine this question more directly by looking at the 
forms of the rotational distriabution functions. Con- 
sider fast the high R-T case, with Z,, = 0.2. The pre- 
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Fii. 9. .fShift of the highest peak with time (Zrot = 10) (with and without keeping the temperature constant). Solid upper curve - 
T(t)/B. Solid lower curve - 10 In(Xe(t)/X~(t). Horizontal solid lines - J* according to eq. (1 l), time-dependent of Tincluded. 
Triangles -J-number of largest peak (simulation with vwing temperature). Open circles - same as above for simulation with MUI- 
stant temperature. Horizontal broken line-J* acmrding to eq. (11) for run with constant T. 

threshold time development of the distribution func- 
tions is shown in fig. 1. The nascent distribution fu.nc- 
tions are highly non-equilibrium ones, reflecting the 
nature of the pumping by the chemical reaction. R-T 
effects quickly build up, and the distribution function 
for both V= 1 and Y= 0 assume after a few hundred 
collisions the double-hump Polanyi-Woodall form, 
typical of competition between R-T and pumping 
[21,48]. However, well before threshold, sharply peaked 
almost Boltzmann structures of the distribution func- 
tion are obtained dwing to the increasingly dominant 
R-T effects. The post-threshold situation, during laser 
action, is described in fig. 10. It becomes evident how 
the situation changes from total inversion at threshold 
to partial inversion around 2~s. Throughout the entire 
development no holes are burnt in the upper rotational 
distribution s.mcture by the laser action, and the nearly 
Boltzmann forms persist for both N(IJ) and N(O,J). 
This explains quantitatively why in manyrespects laser 
action atZrot = 0.2 can be represented by the rotational 
equilibrium model. However, as we noted in section 4.1, 
significant, if relatively small deviations from the full 
equilibrium limit exist; fhe maximum of the Fotational 
distribution function is shifted towards higher J-values 

(when compared with the equilibrium case) as a conse- 
quence of the effects of pumping. This is the reason why 
the correct values of the maximum peak in fig. 8 are 
higher than the values J” predicted by the rotational 
equilibrium model. A much more drastic and qualita- 
tively different deviation from the rotational equilibrium 
picture occurs in the “normal” R-T case, with ZIot = 
10. The rotational distribution functions at post-thres- 
hold times are shown for this case in fig. 11. For both 
V = I and V = 0 the dism’bu tion functions are strongly 
nonBoltzmann with, essentially, a double-hump strut-. 
ture throughout the laser pulse. At threshold times the- 
rotational distribution function for V = 1 shows a Po- 
lanyi-Woodall structure with two very shallow maxima 
almost merging into a single broad peak. Unlike the 
case with Zmt = 0.2, R-T does not dominate over 
pumping at the threshold time, so the competition be- 
tween these two processes governs the structure of 
Ar(l, J) at this stage. The distribution function for V= 
0 has, at threshold, a single maximum located at J = 17. 
During laser action both N(I, J) and N(O,J) deveIop and 
maintain double-hump structures which are not due to 
the Polanyi-Woodall mechanism of pumping competing 
with rotational relaxation. Rather the double maximum 
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Fig. 10. Rotational distribution functions at post-threshold 
times (Zrot = 0.2). (The triangles give the function for V= 0, 
the circles for Y = 1.) 
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Fig. 11. Rotational distribution functions at post-threshold 
times (Zrot = 10). (The triangles give the function for V = 0, 
the circles the function for V = 1.) 

shape of N( IJ) is due to population depletion at the 
IasingJ’s by the radiation. Similarly, the additional 
peak in the lower J’s of N(O,J) is built by the radiative 
cascades from the level V= 1. (The significance of 
hole burning effects in chemical lasers, in particular HF, 
has already been discussed by several authors [7,13,143 ). 
Both the hole-burning effect in the V= 1 distribution 
function and the second peak building in the I/= 0 dis- 
tribution function are relatively “spiked” in the begin- 
ning of the laser pulse, but are partly smoothed by ro- 
tational relaxation in the later stages of the pulse. For 
low J-values, where rotational spacings are small and 
R-T cross section consequently ,large, the “smoothing” 
is faster than for the high J levels. This indeed, is also 
a major cause for the long persistance in time of the 
high-J maximum in N( 1 ,J). An inspection of fig. 12 
suggests what we believe to be an important hint for 
future development of approximation techniques in 
the calculation of laser kinetics. It should be possible 
to represent Ar( 1 J) by a suitable guess function of 
simple analytic form having a double hump structure. 
A similar statement can be made for N(O,J) except 
that at threshold only one maxima should be present. 
Should this be achieved, the many variables N( VJ) 
could be replaced by simple analytic function ofJ, 
where the entire time dependence is carried by a few 
parameters that determine the double-hump function. 
The saving of computational effort should be very large. 
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Fig. 12. Time-dependence of the total laser pulse intensity [for 
Z rot = 33 (sotid line), 2.5 (dashed), 0.2 (dash-dotted) j - 
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4.3.3. fireshold oscillations and steady-state regions 
We return to fig. 5 to examine the time-dependence 

of the photon densities for individual J-lines. For the 
“usual” R-T rate represented by Z,, = 10 the behav- 
iour is one of several rapid and receding oscillations 
following threshold, continued by a smooth and rela- 
tively slow rise to a (local) maximum at the late stage 
of the pulse, after which stage the intensity falls off 
quite steeply to the noise level as the pulse decays. The 
same pattern’occurs also for almost all the other “R-T 
conditions” represented by the various Z,, values em- 
ployed. The following important fiend can be observed 
in fig. 5: For a given J value rhe higher Z,,, the smaller 
is the oscillation region compared with the ‘~sio~v’~ 
part o[ the pulse and the smoother becomes the later 
component. The sharp oscillation peaks become, how- 
ever, higher and narrower as R-T increases (Le., Zrot 
decreases). An exception to the trend mentioned are 
the hi@ lines at Z,, = 0.2 where no arrow threshold 
oscillations can be seen. The following interpretation 
can be given to the above mentioned trend. Near the 
rotational equilibrium limit (.& = 0.2) the R-T effects 
dominate and lead to a draining of the entire inversion 
density into a single maximum gain line. The latter can 
greatly exceed the threshold density and lases far from 
the threshold steady-state conditions, giving rise to 
steep oscillations [49]. When the R-T rate decreases 
the pumping is no longer directed into a single level 
but distributed over several simultaneously lasing lines. 
The pumping rate for each transition is relatively weak 
to an extent that only near threshold operation is pos- 
sible. Therefore the threshold oscillation will be mod- 
erate and an extended steady-state region will occur. 
Inspection of fig. 5 shows also that .at a given Z,et, an 
increased steady-state behaiiour is obtained for J-levels 
for which the pumping is weak and R-T relaxation is 
slow. The interpretation is similar to that given for the 
previous trend. In general, a steady-state behaviour will 
threfore obtain for sufficiently large J’s. This will be 
exploited in future models of laser kinetics [SO]. 

4.3.4. Influence of R-Ton total pulse and vibrational 
populations 

The pronounced effects of rotati&al non-equilibri- 
um discussed in the previous sub-sections were related 
to the behaviour of individual vib-rotational variables 
such asN(V,J), the population of (v,J)th leve1, and 
p(V,J), the photon density of a single P-branch line. 

._ 

It is of inierest to consider also the influence of rota- 
tional non-equilibrium on quantities integrated with. 
respect to the J-states; such as the total radiation den- 
sity and the (total) population of each vibrational level. 
The time-dependence of the total radiation pulse is 
shown in fig. 12 forZ,ot = 33,2.5,0.2. It is evident from 
this graph that the threshold time, the pulse duration, 
and the time-point of maximum output radiation are 
essentially independent ofZ,t, i.e., of the extent of 
rotational relaxation. The pulse shapes are, on the 
whole, very similar in all cases, if we keep in mind the 
very large change in ZrO, from one curve to another. 
The influence ofZrot is considerable mainly in the re- 
laxation oscill,ations at threshold.Fig. 12 is another 
manifestation of the observation made earlier that as 
we approach the rotational equilibrium limit, relaxa- 
tion oscillations become more pronounced and exten- 
ded. We also note from fig. 12 that the intensity maxi- 
ma decrease moderately with Zrot. Comparison of fig. 
12 with the rotational equilibrium treatments, figs. 4, 
3, shows more quantitatively that deviations from the 
total radiation behaviour predicted in this framework 
are significant mainly for t S fti. The variation with 
time of the population of each vibrational level is shown 
in fig. 13 for the case Z,,t = 10 and in fig. 14 for Zrot 
= 0.2. We note that with the exception of narrow re- 
gions around thresholds the population of each vibra- 
tional level changes in a very smooth manner, essetztial- 
@a steady-state behaviour. For instance, the sudden 
drop in the population of V = 2 around 2.5 ps is due 
to the onset of radiation from that level (which is pos-. 

t (p set) 

Fig. 13. Variation with time of the vibrational populations 
(for V= 0, V= 1, P= 2) - thecaseZ,ot= 10. 
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0.0 4.0 8.0 12.0 16.0 
t (psecl 

Fig. 14. Variation with time of the vibrational populations - 
the case Z,, = 0.2. 

sible for Zrot = 10). The case of high R-T, fig. 14, 
shows a more extended transient region around thres- 
hold, and some structure due to relaxation oscillations 
can be seen. This is in agreement with the conclusion 
of previous sub-sections that the oscillatory domain be- 
comes more extended and the amplitudes of the undu- 
lation increase as Z,, decreases. But even for Zmt = 
0.2 for t > tth the behaviour of X, is a steady-state 
one. Also for t S tth the differences between figs. 13 
and 14, become small, i.e., the dependence of X, 
upon Zrot is weak. We conclude that quantities that 
are integrated with respect to rotational states show 
much smaller sensitivity to rotational non-equilibrium 
effects than individual vib-rotational variables. The 
strongest manifestations of rotational non-equilibrium 
in the properties of such integral quantities are in the 
threshold region and the efficiency. 

4.3.5. Rotational no&equilibrium and laser efficiency 
Inspection of figs. 13 and 14 shows that most of the 

laser radiation is extracted from partially inverted 
-P 

opu- 

lations. The total output energy increases with Zrot , as 
reflected by the lower fmal value of X1/X0 in fig. 14 
(2;: = 0.2) in comparison to fig. 13 (Z;\ = IO). This 
trend is confirmed more systematically in fig. 15 which 
displays the efficiency $J (number of output photons 
per HCl molecule) as function of Z;b:_ The more effi- 
cient extraction of laser energy at higher R-T rates 
should be attributed to the increasing influence of the 
funneliig mechanism. As the R-T rate increases neigh- 
bouring P-branch transitions are more effectively cou- 

0.12- 
/ 

Fig. 15. Laser efficiency as function of rotational rekation 
rate, Z$. 0 is the average number of photons extracted from 
one HCl mole&e during the Iaser pulse. 

pled. Thus when a certain transition, say J - 1 -+J; 
ceases to lase because J falls below J” (see section 4) 
the upper vibrational level population can still be fun- 
neled ‘downwards’ due to stimulated emission through 
J+ J t 1 and so on. When R-T transfer is slow adjacent 
transitions do not communicate and lasing terminates 
.independently in every transition. That furmeling allows 

0 
2 4 6 8 IO 12 14 16 

Fig. 16. Spectral distribution of laser output (integrated over 
time). Zrot = 0.2 (m), 2.5 (*)), 10 (a), 33 (*). 10, all vibrational 
relaxation omitted (0) The graph in the upper part gives radia- 
tion from V = 2 (enlarged ten-fold). 
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more radi&on to be extracted from lower values of 
Xl/X0 and consequently higher values of J is illustrated 
also in Eg. 16. This figure shows the’(time) integrated 
spectral dist6bution of the laser output. The appear- 
ance of lasing in tl!e 3 -+ 1 band at low ZGi values is 
due to the slow build-up of the Bolttmann peak in 
Y=l. cf. fig. 1. 

4.4. Contributims of variom rehation processes 

The contributions of the various kinetic processes 
to the rate of change of a representative vib-rotational 

level are shown in fig. 17. In the early stages of the pulse 
re!axation processes are relatively unimportant and the 
vib-rotationa! populations are governed by the pumping 
and the stimulated em,ission. Vibrational relaxation 
(V-V and V-T) becomes influential when the concen- 
tration of lasing molecules reaches appreciable values. 
Vibrational ielaxation causes quenching of the pulse 
when its rate exceeds the pumping rate. The ‘hole fil- 
ling tendency’ of the R-T processes is clearly demon- 
strated in the pulse peak region; molecules from adja- 
cent rotational levels flow into the hole burnt by the 
radiation thus giv&g rise to a positive contribution to 

b,J- 

5. Concluding remarks 

For an overal perspective of the insight gained by 
the computer experiments we repeat below in a con- 
densed form some of the main results described in the 

,~,(-J---_-----, 

_ V:! J=9 
/--- 

-8.0 i .: 
4o 

I 

l2.0 16.0 
\ 1 i 

0.0 8,0 20.0 24.0 28.0 
1 +cl 

Fig. 17. Contriiution of various processes to the rate of change 
of? representative vib-rotational population. 

previous section. We emphasize conclusions that may 
be of relevance to the interpretation of future (‘real’) 
experiments and for the development of models or ap- 
proximate theoreis of laser kinetics. 

(1) At low pressures the rotational distributiori func- 
tions for both V= 1 and V= 0 differs substantially 
from the BoItzmann form during the iaser pulse. 

(2) Single line operation is a nearly correct descrip- 
tion when, and only when, rotational equilibrium holds. 

(3) The influence of rotational non-equilibrium on 
the behaviour of detailed vib-rotational variables (such 
as Ny J and pv J is very large. Integrated quantities 
such a’s the fraciional vibrational populations or the 
total radiation density are affected to a lesser extent. 

(4) The fractional vibrational populations obey, to 
a good approximation, a steady-state behaviour out- 
side the threshold regime. 

(5) For low d’s rotational relaxation at ‘normal’ 
pressures seems fast enough to ensure rotational ther- 
maiization. Positions of peaks calculated on the basis 
of this assumption are almost exact. 

(6) Pulses at higher& show an increased steady- 
state behaviour. The oscillation region is relatively small. 

(7) Threshold oscillations are sensitive to the magni- 
tude of the R-T rates. 

(8) Laser efficiencies increase with R-T rates. Indi- 
cating that funneling is an efficient mechanism for ex- 
traction of radiation from partially inverted (high-J) 
levels. 
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