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The conformational and thermodynamic characteristics of molecular organization in mixed
amphiphilic aggregates of different compositions and geometries are analyzed theoretically.
Our mean-field theory of chain conformational statistics in micelles and bilayer membranes is
extended from pure to mixed aggregates, without invoking any additional assumptions or
adjustable parameters. We consider specifically binary aggregates comprised of long-chain and
short-chain surfactants, packed in spherical micelles, cylindrical rods, and planar bilayers.
Numerical results are presented for mixtures of 11- and 5-carbon chain amphiphiles. The
probability distribution functions (pdfs) of the (different types of) chains are determined by
minimizing the conformational free energy, subject to packing constraints which reflect the
segment density distribution within the hydrophobic core. In order to analyze the relative
thermodynamic stabilities of mixed aggregates of different compositions (long/short chain
ratios) and different geometries, the aggregate’s free energy is expressed as a sum of
conformational, surface, and mixing contributions. The conformational free energy is
determined by the pdfs of the chains and the surface term is modeled in terms of the “opposing
forces” operative at the hydrocarbon-water interface. An interesting coupling between these
terms arises from the special geometric (surface/volume) limitations associated with packing
short and long chains in a given ratio within a given aggregate. In particular, it is found that
the minimal area per surfactant head group in a mixed spherical micelle is significantly lower
than that in a pure micelle (similarly, though less drastically so, for cylindrical micelles). The
most important qualitative conclusion of our thermodynamic analysis is that the preferred
aggregation geometry may vary with composition. For example, we find that under certain
conditions (areas per head group, chain lengths) the preferred micellar geometry of pure long
or short-chain aggregates is that of a planar bilayer, whereas at intermediate compositions
spherical micelles are more stable. Our analysis of chain conformational properties provides
quantitative information on the extent of long (or short) chain distortion attendant upon chain
mixing. For example, the results for bond order parameter profiles and segment density
distributions reveal enhanced stretching of the long chain towards the central regions of the
hydrophophic core as the fraction of short chains is increased.

|. INTRODUCTION

Most amphiphilic aggregates of interest comprise more
than one component. Biological membranes containing sev-
eral lipids, as well as other molecules (e.g., cholesterol), are
perhaps the best known examples. Other familiar systems
are mixed micelles of various kinds, and surfactant—cosur-
factant (alcohol) films in microemulsions.!~ Similarly, all
micelles and vesicles incorporating solubilized species are
mixed aggregates. In addition, as far as molecular organiza-
tion in amphiphilic aggregates is concerned, some systems
should be treated as mixed aggregates although they only
contain one chemical component. This refers in particular to
lipid bilayers in which the two acyl chains of the constituent
molecules are not entirely equivalent, even if their chain
lengths are the same (of course this holds as well for asym-
metric lipids). Furthermore, the hydrophobic cores of one
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component amphiphilic bilayers, both planar and vesicular,
are packed by two (chemically identical but “topologically”
different) types of chains, namely, those originating from
the two (“inner” and “outer”) hydrocarbon-water inter-
faces.

Thermodynamic characteristics such as phase behavior
and critical micelle concentration have been extensively and
thoroughly studied for numerous and diverse ternary (and
higher order) micellar solutions.>® Also, the global symme-
tries of the aggregates in the various macroscopic phases are
usually well known (e.g., cylindrical rod-like micelles in
hexagonal phases, bilayers in lamellar phases, etc.). On the
other hand, much less information is available about the mi-
croscopic structure and molecular organization of the aggre-
gates, which are intimately related to their thermodynamic
stability and macroscopic (e.g., elastic) properties. For ex-
ample, it is well known that incorporation of bile-salts into
lecithin vesicles leads, at high bile-salt concentration, to the
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formation of mixed lecithin/bile salt micelles.”® Several
models have been suggested for the structure of these mi-
celles, but no direct structural evidence to support them is
available. Similarly, it is known that the addition of alcohols
to concentrated ionic surfactant solutions induces a transi-
tion from an hexagonal to a lamellar phase® but the micro-
scopic organization of the two amphiphilic components in
the aggregates is not well understood. Similarly unclear is
the location of short chain alcohols in small micelles (which
varies with alcohol content).!®

We have recently presented a statistical thermodynamic
(“mean-field” or “single-chain”) theory for chain confor-
mational statistics and thermodynamics in micellar aggre-
gates of different geometries.!'~'* So far the theory has been
applied to pure aggregates, and the results pertaining to mea-
sured quantities (e.g., bond order parameters) show good
agreement with available experimental data'*'S (as well as
with large scale computer simulations'®~'®). In this paper we
extend the theory and apply it to mixed aggregates. More
specifically, we consider binary aggregates comprised of
mixtures of long chain and short chain surfactants in various
proportions. Our major objective is to study the changes in
chain conformational properties and free energies associated
with changes in the aggregate’s composition and packing
geometry (e.g., spherical micelles vs planar bilayers). In
analyzing the thermodynamic stability of the aggregates we
include, in addition to the chain (hydrophobic core) contri-
bution to the free energy, the more familiar terms associated
with “opposing forces” operative at the micelle-water inter-
face.!'®

Wherever possible our calculations will be compared
with the few available experimental results on chain confor-
mational properties (such as bond order parameters) in
mixed aggregates.”>->* But for the most part our conclusions
concern more qualitative considerations. A particular phe-
nomenon which we address is the observation by Charvolin
and Mely that mixtures of C;(K and C,4K (potassium soap)
chains form bilayers (in lamellar phases) in the two narrow
composition regimes corresponding to low concentrations of
one soap in the other.>* At intermediate compositions how-
ever the amphiphiles form a stable isotropic, presumably cu-
bic, phase. Mixtures of molecules whose chains are less dis-
parate, e.g., C,zK and C, K, form stable bilayers at all
compositions.

Mixed aggregates of similar size chains (e.g., C,, and
Cs) have been considered theoretically (and compared with
experiments®) by Gruen.”® As previously pointed out, his
pdf (probability distribution function) of chain conforma-
tions for pure aggregates and the one which we have derived
are basically identical. (The differences between the two ap-
proaches appear mainly in the evaluation of the pdf param-
eters.'?) However, in order to apply his model to mixed ag-
gregates, Gruen has modified his pdf by introducing
adjustable optimization parameters which are determined
by fitting to experimental data.>*® On the other hand, as
will be shown in the next section, the extension of our theory
to mixed aggregates is a simple consequence of modified
chain packing constraints and does not involve any new pa-
rameters.

li. THEORY

The derivation of the pdf of chain conformations pre-
sented below is based on minimizing the conformational
(packing) free energy of the hydrocarbon chains (“tails”)
constituting the hydrophobic cores of amphiphilic aggre-
gates. Using this pdf we can calculate both structural and
thermodynamic properties of the chains. The conforma-
tional free energy of the amphiphiles is one, but not the only,
important contribution to the aggregate’s total free energy.
In this paper we are interested in the conformational statis-
tics of the hydrocarbon chains in mixed aggregates as well as
in the role of chain packing in determining the thermody-
namic stability of these aggregates. Since the stability of mi-
cellar aggregates is governed by the sum of several contribu-
tions to their total free energy we open this section with a
brief discussion of these terms.

The free energy of a micellar solution is naturally divid-
ed into “external” and “internal” parts. The external part
incorporates terms accounting for the translational (“en-
tropy of mixing”) and rotational motions of the aggregates
(regarded as nearly rigid particles) as well as intermicelle
interactions. The internal part includes all contributions to
the free energy (standard chemical potential) of an isolated,
fixed-in-space, aggregate. The internal free energy depends
on interamphiphile interactions and conformational ener-
gies and entropies, as well as kinetic (translational/rota-
tional) contributions associated with the motion of the mol-
ecules within the aggregate.

Micellar solutions can respond to changes in external
variables such as total amphiphile concentration, tempera-
ture, or ionic strength by changes in aggregation geometry,
e.g., sodium dodecyl sulfate (SDS) micelles grow from
spheres to cylindrical rods upon increase in surfactant con-
centration.'?%27 This reflects a decrease in the internal free
energy of the micelles (due to favorable packing of the sur-
factant in cylindrical geometry), which exceeds the increase
in external free energy (“‘entropy of mixing”) loss associated
with surfactant organization in larger, rod-like, micelles.
This unique property of micellar systems implies an intrinsic
coupling between internal and external free energies, corre-
sponding to the fact that micellar aggregates do not maintain
their integrity. Thus, in determining the relative thermody-
namic stability of a given micellar phase one has to consider
both the internal and external free energy contributions. Yet,
each of these may be calculated separately. In this paper we
shall focus attention on the internal free energy of mixed
aggregates and its dependence on micellar geometry and
chemical composition. It should be borne in mind, however,
that conclusions regarding the relative stability of different
macroscopic phases should include the external free energy
as well.

The internal free energy (standard chemical potential)
of an amphiphilic aggregate involves both kinetic (momen-
tum) and configurational (coordinate) contributions. It has
been argued elsewhere that the momentum contributions to
the total free energy are independent of the aggregates’ size
and shape distributions, and, therefore, play no role in deter-
mining the relative stability of different aggregates.’?®
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Based on this notion the following discussion is limited to the
configurational part of the internal (Helmholtz) free ener-
gy. We shall denote this quantity by 4.

The aggregate’s free energy 4 is commonly separated
into “surface” and *“core” terms Ag and A.."'"'31° This
separation is largely based on the standard picture of micel-
lar aggregates which depicts them as particles with a liquid-
like hydrophobic core (comprised by the amphiphiles’ hy-
drocarbon tails) surrounded by an interfacial
(hydrocarbon—water) region containiuy the hydrophilic
heads."%'?® The separation 4 = A5 + 4. implies that the
interactions at the interfacial regions are independent of
those (between the tails) responsible for the cohesiveness of
the hydrophic core. We have discussed this separation from
a statistical-thermodynamic point of view and concluded
that it is a most reasonable approximation and, hence, adopt
it in the forthcoming discussion.''"!* Since we are dealing
with mixed aggregates we add to A5 and A a term A4,,,
accounting for the “mixing” free energy of the different am-
phiphilic components, i.e., we write

A=Ac +Ag + Ay (1)

Most of the discussion below will be devoted to the core
term A which depends on the conformational properties of
the hydrocarbon tails in mixed aggregates. As noted in Sec.
I, these have not been satisfactorily studied to date. Our
treatment of the surface term will be on a phenomenological
level, in terms of “opposing forces.”’"'* The inclusion of 4
is mainly important for assessing the relative stabilities of
different aggregation geometries as a function of amphiphile
composition. In the derivation below we shall consider bina-
ry aggregates comprised of two single-chain amphiphiles of
the type Ax—(CH,),,, _ ,—CH;(K = 4,B). Here hy denotes
the hydrophilic head group of amphiphile X and n, is its tail
length. Application of the theory to more than two compo-
nents or different types of amphiphiles, e.g., double chain
lipids or partly unsaturated chains is (at least in principle)
straightforward. The calculations presented in Sec. III apply
to three basic micellar geometries: spherical micelles, cylin-
drical (rod-like) aggregates, and planar bilayers. Again, the
treatment of other structures (e.g., vesicles) is analogous.

A. Core free energy and chain pdf

Following the separation of tail and head contributions
in Eq. (1), the hydrophobic core may be treated as a system
of densely packed hydrocarbon chains, all originating from
the narrow interfacial region. The head groups of the 4 and
B amphiphiles are assumed to be randomly distributed over
the interface. Let a; denote the chain conformation of am-
phiphile j of type A,j = 1,2,...,N,. Similarly, b, denotes the
conformation of the / th chain of type B,/ = 1,2,...,Np. Asin
previous papers the term conformation is used to specify
both the bond (trans/gauche) sequence of the chain and its
overall orientation relative to the hydrocarbon-water inter-
face. -3

Using P(a,b) =P(al,...,aNA,b,,...,bNB) to denote the
many-chain pdf in the hydrophobic core, the conforma-
tional free energy (“per chain™) is given by
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Ac = %{ SP(ab)E(ab) + kT P(ab)ln P(a,b)]
ab ab

(2a)
(2b)
with the first and second terms representing the energetic
and entropic contributions to 4, respectively. E(a,b) is the
energy of the many-chain configurationand N =N, + Np.

Most of the currently measurable chain conformational
properties, e.g., bond order parameter profiles or segment
spatial distributions, are single chain properties, i.e., they are
determined by the singlet distribution functions, P, (a) and
Py (b)(a=a;j=1,.,N,,etc.). These pdf’s are rigorously

=EC —_ TSC

defined by

PA (a) = Z 2 P((l =al,az,...,aNA,bl,n.bNB) (3)

with an analogous definition for Py (). We assume that all
A chains are subject to the same boundary conditions, so that
P, (a;) isindependent of}. Similarly, all B chains are equiva-
lent. In other words, we consider aggregates, or portions
thereof, with a uniform and well defined geometry, e.g.,
spherical micelles, portions of planar bilayers, etc.

In previous papers we have shown that the singlet pdf
(for pure aggregates) can be derived by two alternative ap-
proaches.!! One derivation begins with Eq. (3) and consists
of appropriate expansion of the many-chain configurational
partition function. A shorter, though less informative deri-
vation (in terms of treating the interchain potential), is
based on a “mean-field” decomposition of 4. correspond-
ing to a factorization of the many-chain pdf into a product of
singlet distribution functions. We shall follow here this sec-
ond derivation, emphasizing the modifications in packing
criteria implied by the presence of two types of chains. It
should be emphasized that the singlet pdf’s and single chain
properties derived by the mean-field approach are in excel-
lent agreement with those obtained from many-chain molec-
ular dynamics simulations.'*>?¢ The theoretical reasoning
underlying this fact is discussed in more detail else-
where.'"™2

Our theory requires specification of the chain segment
(monomer) density distribution within the hydrophobic
core. We usually assume, in accord with most experimental
observations that the monomer density is uniform and lig-
uid-like throughout the core.’®** [We do allow, however,
for lower densities in the interfacial region, thereby (indir-
ectly) accounting for surface roughness, ' see Sec. I11.] For
aggregates with high symmetry, e.g., spheres, bilayers, and
cylinders, the local monomer density p(r) depends only on
the distance r from the hydrocarbon-water interface, or
equivalently from the aggregate’s center (or midplane in bi-
layers, etc.). We shall refer to p(r) as the “density profile.”
The density profile and the aggregation geometry G impose
packing constraints on the pdf of chain conformations. To
formulate these constraints we first need a more quantitative
characterization of the micellar geometry G. This is conve-
niently achieved (mainly for computational purposes) by
dividing the hydrophobic core into, say L imaginary layers
concentric (parallel) to the interface,’'~!* see Fig. 1. Al-

J. Chem. Phys., Vol. 86, No. 12, 15 June 1987
Downloaded 05 Dec 2003 to 132.64.1.37. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpol/jcpcr.jsp



Szleifer, Ben-Shaul, and Gelbart: Thermodynamics of micelles and bilayers 7097

FIG. 1. Schematic representation of a mixed planar bilayer (left) and
spherical or cylindrical micelle (right). The hydrophobic core is divided
into L imaginary layers (2L in the case of a bilayer). Note that the inner
regions of the aggregate can be reached only by the long chains.

though other choices are possible we simply take all layers to
have the same width, d. The layers are denoted by i = 1,...,L
starting from the interface towards the center of the core. In
planar bilayers we divide the core into 2L layers, i.e.,i=1
and 2L are the layers at the two interfaces.

The micellar geometry Gis specified by {M, }, where M,
is the volume of layer 7. Thus, for example,
M c(L—i+1)?—(L—-?~(L—iP " '"withD=1,2
and 3 for planar, cylindrical and spherical aggregates, re-
spectively. (Of course, in the calculations the M;s are evalu-
ated exactly.) We also define m, =M, /N which may be re-
ferred to as the average volume available per chain in layer i
where, as before, N = N, + Nj. (In bilayers & is the num-
ber of chains anchored to one of the interfaces.) With p;
denoting the monomer density in layer /, p, M, is the total
number of monomers in this layer,and p;m; is the average
number of monomers per chain (of either 4 or B chains) in
this layer. Now let ¢, (a;) denote the number of monomers
of the jth 4 chain which are in layer / when the chain has
conformation g;. ¢, (b;) is the corresponding quantity for
the / th B chain. Clearly,

N, Ny
EEP(a’b){ z ¢A,i (dj) + 2¢B,i(b1)} =piMi' 4)
a b J=1 =1

Using Eq. (3) and noting the equivalence of all the 4 chains
and all the B chains it is easily verified that

XAZPA (a)p,,(a) + XBZPB (8)5,(b) =p;m; (5a)
a b

or, in slightly different notation
() =X, (¢A,t> + Xp <¢B,i) =piMmy;, (5b)

where X, =N,/N and X, =Np,/N=1—-X,, are the
mole fractions of 4 and B chains in the aggregate.
A few “technical” remarks:

(i) The monomers in our problem are the CH, segments
of the hydrocarbon tails. The volume (in bulk liquid hydro-
carbon) taken up by a terminal CH, group is approximately
twice (~54 A?) that of a CH, group (~27 A%).! Thus, in
-our calculations a CH, group counts as two monomers.

(ii) In planar bilayers the central regions of the hydro-
phobic core (near the midplane) can be reached by chains
originating in either one of the two interfaces. Thus, even in
one component aggregates the core volume is filled up by

two types of chains. Accordingly, for binary aggregates (4, )
is actually a sum of four rather than two terms. For symmet-
ric bilayers (i.e., with the X, identical for both interfaces)
the modification of Eq. (5) is straightforward; namely, in-
stead of (¢, ) we should write {¢,,) + (4,,) where (¢ ;)
and (¢, ) represent the contributions to the monomer den-
sity from chains anchored to opposite interfaces. Clearly
$.4:(@) =421 ;41 (a), by symmetry, and similarly for B
chains. We shall keep using the simple form (5) but it should
be stressed that in our calculations for bilayers the existence
of two interfaces is explicitly taken into account.

(iii) Uniform segment density in the core corresponds
top; = constant for all layers /. In some cases (see Sec. III),
we allow for lower monomer density near the water-hydro-
carbon interface (i.e., in layers with small 7). For instance, in
spherical micelles we take p, <p, <p; = p; = ..o , etc.'?

(iv) If the monomer density is liquid-like, p, = p; = 1/
v where v(~27 A?) is the “specific volume” of a CH, seg-
ment. Note however that only relative densities, p;/p,’ are
important in our model, due to the existence of a conserva-
tion condition on the total number of monomers. Namely,
since =, {(dx,;) = ng + 1(n, — 1is the number of CH, seg-
ments, and CH, segments count as two monomers), it fol-
lows from Eq. (5) that

L

XA(”4+1)+X3(713+1)= zpimu (6)

i=1
i.e., the p, are linearly dependent.

(v) m;’s are proportional to the areas available per
chain in layer i. In particular m,, the volume per chain in the
outermost (surface) layer, is proportional to a, the average
area per chain, or head group, at the aggregate’s surface; this
quantity plays a central role in all theories of micelle struc-
ture.-1°

The mean-field approach to the derivation of the singlet
pdfs consists of two (related) approximations. First, the
many-chain pdf is expressed as a product of singlet pdfs

Ny Ng

P(ab) = [[Pu(a) [[Ps(b)). M
I=1

Jj=1

Second, the total energy of a many-chain configuration is
written as a sum of single-chain energies

N4 Ng
E(ab) = Y e,(a) + ¥ €5 (b)) (8)

i=1 =1

From Eqgs. (2), (7), and (8), and noting the equivalence of
the N, 4 chains and of the N B chains, we find

Ac =X, [ZPA (a)e (a) + kT Y P,(a)n P, (a)]

+ X; [EPB (b)eg(b) + kT > Pp(b)In Py (b)]
b b

%

or,
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AC =XAAC,A +XBAC,B (10)
with
A,y = YP,(a)e,(a) + kT Y Py(a)In P, (a)
=Ec4 —TSca» (1

where E., = (€, ) and S, are the (“partial molar”) ener-
gy and entropy of 4 chains. Similar definitions apply for B
chains. Note that 4., depends on composition X, .

The configurational energy, cf. Eq. (8), is the sum of
internal (frans/gauche) chain energies and interchain po-
tentials. The interaction energy may be separated (to a good
approximation) into repulsive and attractive contributions
U= U, + U, representing the corresponding separation of
the pairwise interchain potentials. The attractive (van der
Waals) interactions are responsible for the cohesiveness of
the aggregate, but as in liquids,>® play a minor role in deter-
mining the molecular organization (packing) of chains.
Since the density of the core is essentially uniform, the at-
tractive potential energy is nearly independent of chain con-
figuration [a,b], and may be regarded (as in the familiar van
der Waals picture) as a constant attractive background de-
pending only on the monomer density. This contribution to
Ecanbeexpressedas U, = (N n, + Ngng)g wheregisthe
average (“mean-field”’) attractive potential per monomer in
the core: taking the bulk liquid hydrocarbon as the reference
for measuring g we clearly have g=0.

The repulsive potentials between chain segments domi-
nate chain organization in the core. Expressed as sums of
hard core repulsive potentials it follows that U, (a,b) is ei-
ther infinity or zero, depending on whether any two mon-
omers do, or do not, “overlap” in space: U, = « for all
forbidden (overlapping) configurations for which
P(a,b) =0, and U, =0 for all allowed configurations. In
our theory the discrimination between allowed and forbid-
den configuration is taken care of (approximately, of
course) by the packing constraints (4) or (5). The formal
implication of this procedure is that we impose Eq. (4) on
P(ab) and set U,=0. Now, since both U, =0 and U,

= const = 0, the configurational energy in Eq. (8) is simply
a sum of internal chain energies. Thus, €, (@) is determined
only by the bond sequence characterizing a. In our calcula-
tions the chains are treated in the rotational-isomeric-state
(RIS) model scheme®, so that €,(a) = k, (a)e, where
k, (a) is the number of gauche bonds along the chain and
e, (~500 cal mol) is the gauche energy. Self-crossing chain
conformations and those involvingg*g™ or/and g~ g™ bond
pairs (“pentane effect”) are excluded [e¢(a) == ].

There are many pdfs which satisfy the packing con-
straints (4). Similarly, there are many (actually an infinity
of) pdfs of the type (7) which satisfy Eq. (5). The “best”
(mean-field) distribution is determined by requiring that it
should not only satisfy the packing constraints (5) but also
minimize the free energy functional (9). The variational
(minimization) procedure is standard (using the Lagrange
multipliers method). In the present case we obtain the fol-
lowing explicit expressions for both P, (a) and Py (b):

Szleifer, Ben-Shaul, and Gelbart: Thermodynamics of micelles and bilayers

L
P,(a) =‘zl‘eXP[ — Be, (a) ’ﬂzﬂi¢i(a)]
3 )

i=1

L

=L o, @ [[at, (12)
ZA i=1
1 L

Py(b) = = eXp[BGB (b) —BY m¢, (b)]

B i=1

_ 1 2 %, 5(5)

——a)B(b)Hai s (13)
Zp i=1

where z, and z; are the (single-chain) partition functions
(normalization constants) for 4 and B, respectively.
w,(a)=exp[ — Pe,(a)], etc. A,=Pm;= —Inaq; are the
Lagrange multipliers conjugate to the packing constraints
(5). They are determined (formally and numerically) by
substituting P, (a) and Py (b) from Egs. (12) and (13) into
Eq. (5) and solving the resulting set of nonlinear equations
for the 7;s (or a;s). Because of the conservation condition
(6) only L — 1 of the L equations are independent; as has
been shown elsewhere, this implies that one of the 7;s can be
chosen arbitrarily.!! We usually set 7, =0, but other
choices are possible.

It has been shown previously’! that the 7;s are, dimen-
sionally, and physically, the lateral pressures in the imagi-
nary layers /. In other words, they are related to the free
energy changes (derivatives) associated with squeezing a
chain (constrained only by impenetrability of the interface)
into the volume available to it in layer /. It should be noted
that the 7;’s (a,’s) appearing in both P, (a) and Py (b) are
the same. Clearly, as is obvious from the packing constraints
(5), with the aid of which the #;s are determined, the ;s
depend both on the geometry of the aggregate (i.e., on
{p:m;}) and on its composition (X, Xz =1—X,).

With the aid of P, (a) and P, (b) we can calculate any
desired conformational property of chains 4 or B, (e.g.,
bond order profiles). Of course, since the 7;’s and hence the
singlet pdfs are dependent on the geometry and the composi-
tion of the aggregate, so also are the conformational proper-
ties.

Substituting Eqs. (12) and (13) back into Eq. (9) we
calculate the aggregates free energy, A- and similarly,
Ac 4 ScaEcqsSe, etc. Note, for example,that the confor-
mational free energy can be expressed as

Ac= —X, [lenzA +Zﬂ‘<¢”‘>]
— X, [lenzB + Zm (¢,~,B>]

= —X,kTlnz, — XpkTInz, — Y'mp,m,, (14)
where in the second line of Eq. (14) we have used Eq. (5b).
It has been remarked earlier that one of the 7;s may be cho-
sen arbitrarily. Equivalently, the ;s are defined up to an
arbitrary additive constant. This constant could also be cho-
sen such that the last term (the sum) in Eq. (14) is zero,
thereby simplifying the expression of 4. (Of course, this is
equivalent to absorbing the sum into In z, and In z;.!?)
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B. The mixing free energy

We assume the the distribution of 4 and B molecules in
the aggregate (or any uniform, single-phase, portion ther-
eof) is random. More specifically, it is assumed that the hy-
drophilic heads of 4 and B are randomly distributed over the
(nearly) two-dimensional hydrocarbon-water interface.
Because of electrostatic (or excluded volume) repulsions it
is reasonable to assume that the head groups are organized in
a lattice-like structure, executing only small fluctuations
around their equilibrium positions, which occasionally lead
to exchange of positions. According to this picture of ideal
A,B mixing the 4,, term in Eq. (1) is given by

Ay=—TSy= —kT[X,InX, + X, InX,].

A few remarks should now be added:

(1) In liquid mixtures of molecules of different sizes,
e.g., hydrocarbons of different chain lengths, the entropy of
mixing is given by an expression analogous to Eq. (15) but
with ¢, the volume fractions, replacing X, the mole frac-
tions. As in Flory-Huggins theory, this reflects proper
counting of the possible configurations of two (or more)
components with different molecular volumes.>? Note, how-
ever, that our problem is different. The random mixing of the
head groups is accounted for by Eq. (15), the configuration-
al degeneracy associated with the various compatible organi-
zations of the chains within the hydrophobic core already
being taken care of by 4.

(ii) If the actual sizes of the head groups are small com-
pared to the average area per molecule at the interface, and
the lateral diffusion of the amphiphiles is nearly free, the
organization of the 4,B heads is more appropriately repre-
sented as a (“semidilute”) two-dimensional gas mixture,
Then, a term accounting for the translational motion should
be added to the right-hand side of Eq. (15). [ This term is of
the form ~In 4 where A4 is the interfacial area, or ~In(4 /
N) ifatwo-dimensional cell model is adopted. ] The assump-
tion that the head groups are nearly clamped at their equilib-
rium positions, as is appropriate to the small areas-per-mole-
cule situations considered here, allows us to neglect this
correction.

(iii) Clearly, Eq. (15) is most reasonable if the 4 and B
head groups are similar. Otherwise, nonideal mixing be-
comes important, with corrections entering in lowest order
via, say, a mean-field (Bragg-Williams)-type approxima-
tion.3 This would require, however, some information on
the nature of A4, BB, and 4B interactions, and to keep the
discussion general we ignore this complication.

(15)

C. The surface free energy

In the standard treatments of amphiphile aggregation
and micellar growth the dependence of the aggregate free
energy on its geometry is attributed solely to the surface
term, A, in Eq. (1)."'° On the other hand, the hydrophobic
cores of all aggregates are assumed to behave like bulk hy-
drocarbon droplets. Based on this picture one ignores the
effects of geometry on chain conformational properties or, in
other words, ignores the geometry dependence of 4. One of
our objectives here is to compare the relative influence of
aggregation geometry on Ag and 4 for mixed (and as spe-
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cial cases, also for pure) aggregates. The surface interactions
which determine A depend rather sensitively on the specific
head groups involved. Yet, much insight has been gained
into the role of the surface free energy from a general pheno-
menological picture of the “opposing forces.” We shall
adopt this simple but useful approach here for modeling 4.
The opposing forces are: (i) The repulsion between
head groups which tends to maximize the average area per
molecule at the hydrocarbon—water interface, a. The leading
term in the free energy associated with this effect is conve-
niently taken to be of the form C /a where Cis a phenomeno-
logical constant'® (which may be estimated independently
insome cases). (ii) The hydrophobic effect or, more precise-
ly, the surface tension between the hydrocarbon tails consti-
tuting the hydrophobic core and the aqueous solution, which
tends to minimize hydrocarbon—water contact, hence a.
This contribution to A is usually modeled as ya or y(a — @)
where @ is the bare head-group area, since 7d is just an addi-
tive constant it is irrelevant for calculating free energy
changes and will, therefore, be ignored. y is another pheno-
menological parameter, the micellar hydrocarbon-water
surface tension. Combining the opposing forces one finds

Ag =ya+ C/a=2yay+ ya(l —ay/a)?, (16)

where a, = (C /7)'/? is the value of @ which minimizes 4.
Note that if we assume, as in the standard treatments, that
A is independent of geometry,'® and thus also independent
of a, the a, minimizes as well the rotal free energy
A = Ag + A.. Consequently, one often refers to g, as “the
optimal area per head group.”'® However, we shall reserve
this term for the value of @ which minimizes A rather than
only Ag.

Equation (16) applies to pure aggregates. If the head
groups of A and B are identical or similar (e.g., both negati-
vely charged), it may also be used for binary aggregates with
N = N, + Nj.Inother cases, e.g., mixed aggregates of ionic
surfactants and alcohol cosurfactants, Eq. (16) should be
modified.?” Here, however, we shall only consider binary
aggregates for which Eq. (16) is appropriate.

A common hypothesis in the standard treatments of mi-
cellar structure stability is that the amphiphiles are always
packed such that a = q,, thereby minimizing their surface
free energy. Simple geometric packing considerations reveal
that in many cases the condition a = g, can be satisfied by
more than one aggregation geometry. In such cases the pre-
ferred geometry is the one with highest surface curvature;
because the corresponding aggregates are the smallest possi-
ble, hence, their number is maximal and so also the (transla-
tional or “mixing”) entropy of the system. (For example, if
both spherical and long cylindrical micelles satisfy a = a,,
spherical micelles will prevail. ) Because the geometric pack-
ing criteria are nontrivially modified in the passage from
pure to mixed aggregates, we examine them in some more
detail.

D. Geometric packing constraints for mixed aggregates

Consider first pure aggregates. If, as assumed, the hy-
drophobic core is uniformly packed with chain segments, the
“radius” R of the core cannot be larger than /, the length of
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the fully extended (all-trans] hydrocarbon chain length:
Rl In a spherical or cylindrical micelle R is simply the
radius, while in a bilayer it is its half-thickness. Let v denote
the volume taken up by the hydrocarbon tail (as measured in
the bulk liquid, say). Well-known volume-area relations
then yield for our three “basic geometries™:

a= k%)k%zka, (17)
with £ =3, 2, and 1 for spheres, cylinders, and planar bi-
layers, respectively. a, =v/! is the (average) cross-sectional
area of an all-frans chain, which is also the minimal possible
area per head group. (Of course @ = a, is only possible in
planar bilayers, for which k£ = 1.) Commonly used relations
between v and / and the number of segments n in
-(CH,), _ , —CH, chains have been proposed by Tanford.'
These are v~ (n + 1)v with v~27 A? and I~né with
8~127 A. Thus, according to this identification
a, ~(v/8) (1 + 1/n) depends weakly on n.

Equation (17) sets simple but important lower limits on
a for spheres a>>3a, and cylindersa>2a,. We shall now show
that these lower limits can be significantly lower in mixed
aggregates, depending on composition, a fact of relevance in
calculating Ag via Eq. (16). Suppose n, > ng, i.c., the 4
chains are longer than the B chains. The volume of a hydro-
phobic core packed with N, A4 chains and N B chains is
V=N,v, + Nyvg, anditssurfaceareais4 = (N, + Ny )a
(recall, we assume similar head groups). It is easily verified
that for spheres (k = 3), cylinders (k = 2), and bilayers
(k =1), kV = AR where R is the “radius” of the aggregate
as defined above. Clearly, R</, where /, is the length of the
fully extended (longer) A chain. Thus, instead of Eq. (17)
we now have
(X V4 +XpVp)

a-——'(XAVA +XBVB)>I (18)

A

with v, denoting the volume of an A4 chain, etc. Using for
simplicity vi = ngv, Iy =nyb,a, =v/6=vy/lx =a,x [in
actual calculations we use vg (n, + 1)v], we can also write

1
=ka,—| X, X——
a = ka2 (x, + )

i (2]

This relation reveals that for a given R the average area
per head group a decreases as the fraction of short chains B
(ny <n,) increases. Conversely, for a given composition, a
decreases as R increases. In particular, for R = [, we find
that a = ka,(X, + Xgng/n,)<ka, where the equality
holds for X, = 1 only, i.e., for pure 4 aggregates. Thus, for
example, the last inequality implies that in mixed spherical
micelles it is possible that @ < 3a,, as opposed to a>3a, for
single component micelles. Note, however, that the condi-
tion a<ka, by itself also implies the absurd conclusion that
for bilayers (k = 1) it is possible that a < a,. The source of
this error lies not in Eq. (19), which holds for all &k, R and
X, but in the fact that for mixed aggregates R</, is not the
only constraint on R. More explicitly, in mixed aggregates
the largest possible value of R depends also on composition

(19)
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(X, ) and geometry (k). To clarify this point, consider an
aggregate with /; < R<l,. Clearly, the “inner region” of the
core, of radius R — [, can only be reached by 4 chains (be-
cause B chains, even when fully extended, do not stretch that
far). Thus, when R > I the aggregate must contain enough
A chains to fill up the inner region. This condition sets a
lower limit on N, for each R > I, or alternatively, an upper
limit R for a given X, . The restrictions on R ( or X, ) are
most stringent for bilayers, and least for spheres, as ex-
plained next.

Let f denote the fraction of A chain segments which
can reach the inner region of the core:
fe=(ny —ng)/n, = (v, —vgz)/v,. Then clearly we must
require that

C. (R —lB)k<NAfVA (20)

with C; = 47/3, C, = 7L where L is the length of the cylin-
drical aggregate, and C; = 4 where A is the surface area (of
one face) of the bilayer. Also, since

CiR*=N,v, + Npvp (21)
it follows that
] \k
(R lB) <f X, v, . (22)
R X,v, +Xpvg

This inequality sets a lower limit on X, forany R > I, oran
upper limit on R for a given X ;. (No restrictions apply to
R<ly.) Ifthelimit on R implied by Eq. (22)—callitR *—is
larger than /,, then of course R</, is the relevant con-
straint. Otherwise, i.e., when R<R * </,, the R<l, condi-
tion becomes superceded by the requirement that the inner
core be filled with 4. After determining the allowed regimes
R and X, the average area per head group can be calculated
from Eq. (19). From Eq. (22) we see that for larger £, i.e.,
higher curvature, lower values of X, are allowed, hence ac-
cording to Eq. (19) lower values of a/ka, . Note in particular
that for bilayers, kK = 1, R =/, is only possible for X, =1
[because f~ (I, — I3)/1,], whereas for X, < 1 the bilayers’
half-thickness R is necessarily smaller than /,. The combi-
nation of Egs. (22) and (19) reveals that for k = 1, a>a, for
all compositions, as expected. On the other hand, for spheri-
cal micelles k = 3, the lowest limiton X, for R = /,, is signif-
icantly lower than 1, indicating via Eq. (22) that ¢ may be
significantly smaller than the 3a, limit for pure spherical
micelles. The main consequence of this result is that mixed
curve aggregates can be packed with relatively low areas per
head group. Thus if, say, a, in Eq. (16) is smaller than 3a,,
then pure aggregates are relatively unstable as spherical mi-
celles, whereas this need no longer hold in the mixed case.
In Fig. 2 we show the minimal area per head-groupa (or
maximal radius R) for mixed spherical and cylindrical mi-
celles, as a function of composition. The calculation was
done here for a mixture of —~(CH,),,~CH,( =4) and
—(CH,),~CH;( =B) chains, using [y =ngd and
Vg = (ng + 1)v with v =27 A3 § = 1.27 A. The area per
head group is expressed in units of @, = 22 A2 (This value of
a, is slightly higher than v/8=21.2 A2 because
a,x = v/l =~v/8. Clearly the choice of a, does not affect
any of our conclusions.) The minimal values of a in the
two limits X, = 1 and Xz = 1 are not exactly the same, cf.
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FIG. 2. Minimal area per head group a (solid line, left scale) and maximal
radius R (dashed line, right scale) in mixed spherical (a) and cylindrical
(b) micelles composed of 11-carbon and 5-carbon chains, as a function of
the fraction of long chains (X, ), calculated from Egs. (19) and (22). Note
the substantial decrease of the minimal g at intermediate compositions,
compared to those of the pure aggregate; see the text.

Eq. (17), because v, //, depends weakly on K( = A4,B).
Note the significant decrease in (the minimally allowed) a
for intermediate X, values e.g., for X, = 0.2 a~2a, com-
pared to a>>3a, for the pure case. Similar effects, though less
pronounced, characterize cylindrical micelles.

In Fig. 3 we show the surface free energy 45 as a func-
tion of the average area per head group (in units of a, ),
calculated from Eq. (16) for several values of a,. (a,/a,
= 1.2, 1.6, 2.0, and 2.4.) The value of 7 used in these calcu-
lations, ¥ = 0.1kT /A? (corresponding to =40 dyn/cm at
300 K) is of the order of the oil/water interfacial tension
(~50dyn/cm). The figure also contrasts the regimes (low-
er limits) of a values allowed for different aggregation geo-
metries for pure and mixed aggregates, as determined by Eq.
(17) and by Eqgs. (18) and (22), respectively. It is seen
clearly that the overlap between the regimes of allowed a

mixed

-

C pure

15 k

T T T T
I 2 3 4

a/a;

FIG. 3. The surface free energy as a function of the area per head group,
calculated frogn Eq. (16) withy = 0.1kT/;\2, foray/a, = 1.2,1.6,2.0,and
2.4. (a, ~22 A% is the cross sectional area of an all-frans chain.) The hori-
zontal lines at the top of the figure indicate the regimes of allowed @ values
for pure and mixed planar bilayers (B), cylinders (C), and sphere (S).

values for different geometries is substantially larger for
mixed aggregates. Note in particular that as g, increases
(i.e., already for a,>2a,) all geometries are allowed with
a~ay,.

lli. RESULTS AND DISCUSSION

In this section we present a series of calculations
of chain conformational properties and thermodynamic
functions for mixed spherical, cylindrical, and planar
bilayer aggregates. All calculations are for mixtures of elev-
en-carbon  h,—~(CH,);(~CH;(n, =11), and five-
carbon hz—(CH,) ,~CH;(nz = 5) amphiphiles. The head-
groups h,,hg are assumed identical. The chains are modeled
using the rotational-isomeric-state model,>' with e, = 500
K and T = 300 K. The parameters a; (lateral pressures ;)
are evaluated by solving the constraint equations (5) [using
Eqgs. (12) and (13)] for the appropriate composition X4
and geometry {p, m, }. For each geometric boundary condi-
tion, i.e., an interface of a given curvature, all the allowed
bond sequences of 4 and B molecules are generated by ma-
trix multiplication. For each bond sequence we randomly
sample 3 head-group positions within a range Az (typically
Az~1.4 A) perpendicular to the interface, and 12 head ori-
entations (i.e., 36 configurations) and keep only those for
which no chain segment protudes beyond the micellar inter-
face. Further details are given elsewhere.'?

In a previous paper we studied the role of surface rough-
ness fluctuations by allowing the segment density near the
interface to be lower than its bulk liquid value.'?> More spe-
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cifically, the hydrophobic core was divided into L layers of
width ~1-2 A. (L ~5-7 and 10-14 for curved and planar
aggregates, respectively. ) Surface roughness, over a range of
about ~2-4 A has been introduced by choosing
P1<p2<p3< =py - =p; = 1 and it was concluded that bi-
layers are appropriately described by an essentially sharp
interface, i.e., p, =p, = **- =p,. On the other hand, for
spherical micelles comparison between theory and experi-
ment suggests a higher (though limited) extent of surface
roughness, e.g., we found that a density profile with
p1=035 p,=0.70, p; ="' =p;, =1 provides good
agreement with available data. Recent molecular dynamics
simulations support this conclusion.'”-'® We have thus used
this density profile in all the calculations for spherical mi-
celles presented below. It should be noted however that re-
sults are not very sensitive to small variations in p,; even
“compact ” spherical micelles (p;, =p, = =p; =1)
show similar qualitative behavior. For cylindrical micelles
an intermediate interface profile is appropriate: we have tak-
enp, =0.12,p,=090,p;=""=p, = 1.

The results will be presented in two parts. The first de-
scribes the conformational statistics of the long (A4) and short
(B) chains, and their dependence on micellar composition
and geometry. The second part deals with the thermodynam-
ic implications of geometry, composition, and surface vs
core contributions to the free energy of the aggregate.

A. Conformational properties

Replacing part of the long chains (4) in a pure 4 aggre-
gate by short chains (B), or vice versa, modifies the confor-
mational statistics of the remaining molecules. The changes
attendant upon chain mixing depend on composition and
aggregation geometry and are reflected by various proper-
ties. One of those is the spatial distribution of chain segments
as a function of the distance from the aggregate’s interface.
Figure 4 illustrates how the volume of a bilayer is filled up by
A and B chain segments. The figure shows the fraction of the
ith layer which is filled by K-chain segments: Xy (¢, . )/m,
(K = A4,B and in this case m; = constant and p; = 1, i.e,
sharp interface). For clarity of presentation we have trans-
formed here from the (discrete) layer index i to z—the dis-
tance from one interface. Figures 4(a) and 4(b) correspond
to two different compositions, X, = 2/3 and 1/3, respec-
tively, but the average area per molecule is the same, g = 27
A2 In both cases the bilayer’s half-thickness is larger than
I3, thelength of a (fully extended) B chain, and smaller than
1, . Thus, the central region of the bilayer can only be filled
by A-chain segments, while the short-chain segments occupy
regions closer to the two interfaces as pictoriaily depicted in
Fig. 1). This behavior is reflected by the shift in the maxi-
mum of (¢, ,) towards the bilayer’s midplane as X, de-
creases from 2/3 to 1/3. For comparison, in pure 4 bilayer
with this area per head group, (¢, , ) is constant, except near
the bilayer’s midplane, where it drops rapidly to zero as the
chains cross the midplane (chain “interdigitation”). Figure
4(b) demonstrates clearly both the crowding of A chain seg-
ments near the midplane and the large extent of interdigita-
tion.

Figure 5 shows X (¢, x )/m; for two spherical micelles

(a) Bilayer Xp=2/3
s
=
»
z
w
o
-
z
ul
=
©
w
n
>
L—-
o
z
i
a
—
z
i
=
O
u
7
/
A
I |
0 4 8 12 16
z/R

FIG. 4. Density profiles of long-chain segments (A) and short-chain seg-
ments (B) across a mixed planar bilayer. (a) X, =2/3, (b) X, = 1/3.In
both figures the average area per chain is a = 27 A2. Correspondingly, the
total widths of the bilayer are different; 20 A for X, . =2/3 and 16 A for
X, = 1/3. zis the distance from the “left” bilayers interface, and is propor-
tional to the layer index i. [ The continuous curves are obtained by connect-
ing the data points for the layers / using z = (i — 1/2)d where d is thelayers’
width, cf. Fig. 1.] Specifically, the curves marked A and B show
X,k )/m, [or equivalently X {$x (2))/m(z)], K= A,B. The solid
curves correspond to chains originating from the “left” (z = 0) interface,
while the dashed curves are for those originating from the “right” interface.
Note that the sum of all chain-segment densities corresponding to a given z
adds up to the total segment density, here normalized to 1 and designated by
the dashed line marked “A 4 B”. The vertical (dash-dotted) line indicates
the midplane of the bilayer. The figures clearly demonstrate the confine-
ment of the short chains to the outer regions of the bilayer, and the stretch-
ing of the long ones to the inner volume, which is particularly pronounced at
small values of X, (and small areas per head group).

of the same radius but with different amphiphile composi-
tions (/isreplaced by r). In Fig. 5(a), X, = 0.8,i.e., we have
nearly pure 4 micelle (volume fraction of 4 ~0.9); here the
presence of small amounts of B chains is just a small pertur-
bation. But again, as in bilayers, when most of the chains are

J. Chem. Phys., Vol. 86, No. 12, 15 June 1987
Downloaded 05 Dec 2003 to 132.64.1.37. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



Szleifer, Ben-Shaul, and Gelbart: Thermodynamics of micelles and bilayers 7103

{a) Sphere , X,=0.8

0.8

0.6

SEGMENT DENSITY

0.4

0.2 -

o
O
5
o

r /R

(b) Sphere , X,=0.3

1.0 A8

0.8

06

SEGMENT DENSITY

{
0 3 6
r/a

FIG. 5. Segment density profiles in mixed spherical micelles. (a) X, = 0.8,
average area per head group a = 77 A2, average micellar radius (average
head group distance from center) R = 13.4 A. (b) X, =0.3, a = 53 A2,
R =13 A. ris the distance from the center of the micelle. [The curves are
constructed by connecting the data points for the imaginary layers i, using
r= (R — i+ 1/2)d where d is the layers’ width, cf. Fig. 1.] The curves
marked by A, B, and A + B have the same meaning as in Fig. 4. Note how-
ever that in the present case the total segment density profile (A + B) de-
creases towards the surface of the micelle corresponding to “surface rough-
ness” (Ref. 12). The stretching of the long chains (in order to fill the inner
volume of the micelle) is mainly apparent for small X, values {Fig. 5(b)].
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short, the long ones are pushed into the center of the aggre-
gate: see Fig. 5(b), where X; = 0.3, Similar behavior is ob-
served for cylindrical micelles. (Cylinders always reveal an
intermediate behavior between the spherical and planar ag-
gregates and, therefore, will not be discussed further in this
section. )

The presence of short chains B in an aggregate of radius
Ip <R <1, imposes stretching of the “first” part (of length

comparable to /5 ) of the longer chains 4 and subsequent
“squashing” of the “second” part of these chains (of length
~1, — I ) which must fill up the inner volume of the aggre-
gate. This is consistent with (rather qualitative) analyses
based on *C NMR measurements.?"*> Conformational
changes associated with chain mixing should be reflected not
only in the (4, x )s, but also in more detailed conformational
properties, such as bond parameter profiles and segment ra-
dial distributions. Both are measureable properties but, un-
fortunately, no systematic studies have been reported so far
for mixed aggregates. Partial information is available for
only a few specific systems, as mentioned below.

The orientational (“P,”) order parameter of a C-C or
C-H(C-D) bond, is defined as

S = (P,(cos 0)) =3{cos’0)/2 —1/2,

where 0 is the angle between the bond and the normal to the
micellar interface (the “director”). If the bond in question is
perfectly parallel to the director S = 1, whereas if the bond is
perpendicular S= — 1/2. For a random distribution of
bond-director angles § = 0. As a reference for comparison,
= — 1/2 for all C-D bonds for an all-frans chain oriented
normal to the interface. Thus, in Fig. 6 (and other C-H bond
order profiles) we show — 25, whose maximal valueis 1.
(We denote the bonds as C-D rather than C-H because
experimentally S is usually measured by the quadrupolar
NMR splitting of selectively deuterated C~H bonds.5!*)

Figure 6 shows the (C-D) bond order parameters of 4
and B chains packed in bilayers at different compositions,
with a similar average area per head group for all cases
(a=33 A?). The bond order profiles reveal that the first few
bonds of the longer chains are rather insensitive to the pres-
ence of the short ones [cf. Fig. 6(a) J. The distortion due to
the short chains is apparent in the farther portions of the
chains which are “squashed” in order to fill up the central
region of the bilayer. This requires substantial chain bending
and consequently a decrease in the order parameters, which
becomes more stringent at high X, values. This behavior of
the beginning and end of the long chains, upon “dilution’ by
shorter ones, is observed by Mely and Charvolin®® in their
NMR order parameter studies of C,3/C,, soap mixtures in
lamellar bilayers (see, say, their Fig. 3). Stretching the long
chains involves a higher free energy price than that associat-
ed with stretching the short ones. By stretching themselves a
little the short chains can significantly reduce the free energy
burden on their long neighbors, giving riseto an increasein §
for the short chains as X, decreases [cf. Fig. 6(b)]. This
stretching of the short chains is consistent with the analysis
in Ref. 22.

Figure 7 shows the order parameters of the long chains
when packed, at different compositions, in a spherical mi-
celle of constant radius (R~ 13 A). Since R is constant, an
increase in X corresponds to replacing long chains by
(about twice as many) short ones. This implies a decrease in
the average area per head group and consequent “squeez-
ing” of both the A and B chains reflected by increasing values
of the order parameters. :

Another common characteristic of chain packing in mi-
cellar aggregates is the spatial distribution of the various
chain segments, particularly of the terminal (CH,) groups.
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FIG. 6. Bond order parameter profiles ( — 25 ) of: (a) the long (11-
carbon) chains, and (b) the short (5-carbon) chains packed together in
mixed planar bilayers. Different curves correspond to different composi-
tions but in all cases the average area per head group is (nearly) the same. O:
X, =10,a=324A \: X, =2/3,a=33.75A%0: X, =02,a =324
A%

Figure 8 shows the (unnormalized) probability of finding
the terminal group of the long chain at a distance z from the
bilayer’s interface, for three different compositions but the
same area per head group (@=33 A?). In one-component
bilayers the distribution of chain termini peaks around the
midplane. As the fraction of short chains (Xz =1—X,)
increases the peak of the distribution crosses the midplane,
indicating enhanced interdigitation of chains anchored to
opposite interfaces. This reflects the increasing statistical
weight of those long-chain conformations which reach the
“other half” of the bilayer compared to those which are
confined to the half from which they originate. Note, how-
ever, that the shift is not very pronounced. The shift in the
termini distribution is expected to be even less marked for
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FIG. 7. Bond order parameter profiles of: (a) thelong (11-carbon) chains,
and (b) the short (5-carbon) chains packed together in mixed spherical
micelles. In all cases the average micellar radius is the same R=13.2 A, JAY
X,=100:X,=050:X, =02

curved aggregates (with variable X, and fixed @), because of
the smaller “inner volume” (which cannot be reached by the
short chains ) around the center of the aggregate. Indeed, our
calculations for spherical micelles with constant @ and vary-
ing X, confirm this notion. (Note that to span the entire
range of X, values a must be at least 3@, which is the mini-
mal area per head group for both X, =0and 1.)

On the other hand, if spherical micelles of different com-
positions could be prepared with the same radius then, the
terminal group distribution would show strong dependence
on X, as shown in Fig. 9. Explicitly, when X, is large most
long chains terminate in the outer regions (near the surface)
of the micelle, simply because the central regions are small
and do not allow chain crowding.""'*?” As X, decreases,
i.e., long chains are replaced by shorter ones (and R is kept
constant), it can only be at the expense of those long chains
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FIG. 8. The (unnormalized) probability of finding the terminal (CH,) seg-
ment of the long chain at distance z from one interface of a mixed planar
bilayer. (Here L is the width of the bilayer.) Diffferent curves correspond to
different compositions but the average area per head group is nearly con-
stant. The full line corresponds to X, = 1.0, @ = 32.4 A?, the dash-dotted
IZJ;e to X, =0.2, a = 32.4 A? and the dashed line to X, = 2/3, ¢ = 33.75
A’

which do not reach the central region of the micelle (simply
because the short chains do not stretch so far). This of course
increases the fraction of “stretched” long chains and conse-
quently shifts the termini distribution towards the center of
the micelle. Note, however, that keeping R constant implies
a change in the average area per head group, cf. Eq. (19).
For a mixture of short and long chain surfactants with the
same (e.g., ionic) head group the optimal a is largely deter-
mined by the surface (“opposing”) forces (i.e., a~a,) and,

0.4+

0.3-
P(N ~\

FIG.9. The (unnormalized ) probability of finding the terminal (CH5) seg-
ment of the long chain at distance 7 from the center of a mixed spherical
micelle, for different compositions. Full line X, = 1.0, dashed line
X, =0.5 and dash-dotted line X, = 0.2. In all cases the micellar radius is
R=1324A.
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hence, preparing mixed micelles of these molecules with the
same radius is probably impractical. On the other hand this
may be relevant for mixed micelles comprised of, say, long
ionic surfactants and short chain nonionic amphiphiles
(e.g., alcohols).

B. Free energies

As noted in Sec. II C, in the standard models of micellar
stability the preferred micellar geometry is determined only
by the surface free energy 45."'® Specifically, A5 is assumed
to depend only on the average area per head group a leading,
e.g., to the “opposing forces” representation, Eq. (16) and
Fig. 3. Furthermore, the chain contribution to the free ener-
gy is assumed independent of @ and the curvature of the
aggregate.'® It has already been noted (for pure aggregate)
that there is no obvious justification for this assumption.'-'?
Figure 10 supports this reservation for both pure and mixed
aggregates. The figure shows 4. the conformational free
energy per chain [see Eqs. (9)-(14)], as a function of the
average area per head group for the three micellar geome-
tries considered in this paper. The curves corresponding to
X, = 1/2 include the contribution of the mixing entropy
Ajyg, cf. Eq. (15). Note that this only adds a constant term to
A, for all geometries.

Comparing Fig. 10 with Fig. 3 we note that the varia-
tions of A with @ are comparable to those of 4. Focusing
for amoment on the A curves for pure aggregates (X, = 1)
we see that the minima in A occur at different g =a* values
for the different aggregation geometries; g* increases from
bilayers to cylinders to spheres. Also, 4. increases sharply
as g falls significantly below a*. The increase in 4 fora > a*

-5
Ac/kT
-6
-7
‘8 T T =T T T T T }
20 40 60 80 100

a/R?

FIG. 10. The conformational free energy A as a function of the average
area per head group for the three basic geometries: planar bilayers
(squares), cylindrical micelles (triangles), and spherical micelles (circles).
The solid symbols are for pure aggregates of long chains (X, = 1.0). The
open symbols are for “equimolar” (X, =X, = 1/2) aggregates of 11-car-
bon and 5-carbon chains. In the latter case the curves show the sum
A + Ay, (note however that A,, is constant). The zero of the free energy
scale corresponds to an all-trans chain.

J. Chem. Phys., Vol. 86, No. 12, 15 June 1987
Downloaded 05 Dec 2003 to 132.64.1.37. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



7106

is more moderate. For planar bilayers this behavior is easily
understood; small @ values correspond to significant chain
stretching which involves a high free energy price. Fora > a*
the chain is “squashed”, hence, distorted, yet even as a goes
to its maximal value, i.e., a very thin bilayer, the chains are
essentially two dimensional and thus have a nonzero confor-
mational entropy. This explains the relatively moderate in-
crease in A¢ for a > a*. The sharp rise of A for a <a* for
spheres and cylinders, is simply due to the existence of a
finite lower limit on a for chain packing at uniform density
for these geometries [cf. Eq. (17)]. In this context it is inter-
esting to recall the basic premise of the picture in which only
surface (opposing forces) effects are considered. The quan-
titative implication of such models would be to approximate
all the 4. curves (for both X, =1 and X, #1) by “L-
shaped” curves such that 4. is infinite for ¢ < a* and con-
stant for a > a*, and moreover that 4. (a>a*) is the same
for all geometries. This is obviously a drastic approximation
and the question is how good is it for determining the relative
stability of different aggregation geometries. We shall con-
sider this point in some more detail shortly.

Some similar qualitative trends in the behavior of 4 are
revealed in Fig. 10 for the mixed aggregates. The important
effect of chain mixing is the shift in the a*, i.e., the value of a
where A is minimal, towards lower values. Thus, in mixed
aggregates not only the range of allowed head-group areas
extends (for the curved geometries, see Fig. 3) to lower a
values, but a* is lower as well. Note however that g,, the
optimal area per head group dictated by 45 only, is indepen-
dent of composition, cf. Eq. (16) (for amphiphiles with sim-
ilar head groups).

Returning to Eq. (1) we note that A attains a mini-
mum at a = @, (which depends on the nature of the head
groups but is independent of chain length, geometry, or com-
position), whereas 4. is minimal at a = a* which depends
on geometry, composition, and of course chain lengths as
well. For a given composition 4,, is constant: Hence, the
minimum in 4 = A, + A, + A5 will occur at some value
a,, which, in general, is different from both 4, and a* and
which varies with micellar geometry. When considering dif-
ferent composition, X, the contribution of 4,, should also
be added; clearly this term is maximal for X, = X, = 1/2
(and vanishes identically for X, = 0 or X; = 0). We now
turn to a more quantitative examination of these notions and
their implications with respect to micellar stability. Of par-
ticular interest is the question of whether the “hierarchy” of
stability of the various geometries may vary with composi-
tion.

The shape (spherical, planar, etc.) of an aggregate and
its composition do not suffice to specify its dimensions, e.g.,
spherical micelles with given X, can have different radii,
hence different areas per head group (and, correspondingly,
different N= N, + Ny ), see Eq. (18). There is of course a
specific value of the area per head group a* (or radius R *)
for which A of a micelle with a given shape obtains a mini-
mum, as was shown in Fig. 10 for two specific compositions.
Figure 11 displays these minima as a function of composi-
tion, X, for the three geometries studied. More precisely,
the figure shows A (a =a* X, ) + A4,,(X,) vs X,. Note
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that 4,, is independent of geometry, hence, the addition of
this term does not alter the stability hierarchy of the different
aggregation geometries for any of the compositions.

Figure 11 reveals that as far as chain packing is con-
cerned the relative stabilities of the different geometries are
independent of composition. In particular chain packing in
planar aggregates is most favorable for all compositions. It
should be noted that the higher stability of spherical micelles
compared to cylindrical ones, is a result of the different
roughness (p;) profiles assumed for these geometries. For
aggregates with (equally) sharp interfaces (samep, ), cylin-
drical micelles are more stable. As noted earlier, and in detail
elsewhere, the detailed nature of surface roughness is a mat-
ter of controversy'>3?%2° and our choice of density profiles
has been guided by somewhat indirect experimental and
theoretical evidence.'? Yet, this question is irrelevant for the
following discussion.

After analyzing the minima in the separate contribu-
tions Ag and A + 4,, to the aggregate’s free energy, we
now turn to the sum 4 = A, + 4,, + A5. As noted above,
the minimum in A for given composition X, , and geometry
(spherical, planar, etc.) will occur at some a = a,, which
differs from both @, and a*. Of course a,, depends not only
on X, and the aggregation geometry but also on a, [or, in
other words, on the strength of the surface forces in Eq.
(16)].

Figures 12(a)-12(c) display the minimal values of the
total free energy 4 (a = a,, ) as a function of composition for
different values of a,; ap/a, = 1.2, 1.8, and 2.4. Consider
first Fig. 12(a), for which a, = 1.2a, ~26 A2 Clearly, only
planar bilayers can be packed such that the average area per
molecule @ ~a, The minimal value of @ for pure spherical
micelles (X, = 10r0) isa ~ 3a, and even for mixed micelles
a>45 A?~2a, [see Fig. 2(a)]. Similarly, cylindrical mi-

-8 T T T T =
0 0.2 0.4 0.6 0.8 1.0

Xa

FIG. 11. The sum of conformational and mixing free energies per molecule
Ac + Ay, for optimally packed mixed aggregates of 11-carbon (A) and 5-
carbon (B) chains as a function of composition: squares: planar bilayers,
triangles: cylindrical micelles, circles: spherical micelles.
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2

U i T T

o 0.2

FIG. 12. Minimal values of the total free energy per molecule 4 = A,

+ Ay + Ag, for mixed aggregates of 11-carbon (A) and 5-carbon (B)
chains, as function of composition X, . The surface free energy depends on
a,and ¥, cf. Eq. (16). In all cases y = 0.1kT /A2 The values of a, used are
ay/a, = 1.2 (a), 1.8 (b), and 2.4 (¢) (a, =22 A?).
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celles can only exist with a>1.4a,. Hence, according to Eq.
(16) (see also Fig. 3) the surface free energy 4 is very high
for all the allowed a values of the two curved geometries,
particularly so for the spheres. The difference
As (sph) — As (cyl) >0 is large enough to offset A (sph)
— A (cyl) (Fig. 11), and thus raise the sphere free energy
above that of the cylinder for all X, . Note also that A (sph)
— A (cyl) is nearly constant for all X, . Thus, the approach
of the A (sph) curve to that of 4 (cyl) near X, ~0.2, is
mainly due to the fact that for this X, there is a significant
decrease in the minimally allowed a,,,, cf. Fig. 2(a). We
may thus conclude that for low values of a, (e.g., 1.2a, ) the
free energy is almost exclusively dominated by geometric
packing constraints and their manifestation in the surface
free energy [Eq. (16)].

Asagincreases and “approaches” the regime of @ values
allowed for the curved geometries, the simple geometric
packing constraints which determine the range of possible
a’s become less stringent. Consequently, we expect still
smaller differences in 45 between the various geometries
and an increasingly important role for the conformational
free energy. Indeed, this trend is clearly exhibited in Figs.
12(b) and 12(c). From Fig. 12(b) we see that for X, ~0.2,
spherical and cylindrical micelles are nearly equally stable.
(Thus, in isotropic solutions one might expect mixed spheri-
cal micelles to prevail, due to their higher “mixing” entropy,
i.e., more particles. ) The X, dependence of the differencesin
A corresponding to different geometries suggests that the
stability hierarchy may vary with composition.

Figure 12(c) displays 4 vs X, for a, = 2.4a, ~53 A2
For pure aggregates such areas per head group are typical for
cylindrical micelles, while spherical micelles are excluded
because they require a > 3a,. This is no longer the case for
mixed systems where, for X, ~0.1-0.4, spheres are allowed
with a ~a, (and of course cylinders and bilayers). In this
range of compositions, then, the relative stability of different
aggregation geometries will be dominated by the conforma-
tional free energy. As Fig. 12(c) reveals, for X, ~0.1-0.5,
spherical micelles are (a little) more stable than cylindrical
ones, and are nearly as stable as planar bilayers. Transla-
tional (“mixing”) entropy will further favor the smaller ag-
gregates.

Charvolin and Mely have studied the phase behavior of
CsK /CyK, N =10,14 (potassium soaps) mixtures, as a
function of composition.>* They found that the C ;K /C,,K
mixtures form stable bilayers at all compositions. On the
other hand, in mixtures of the more dissimilar C,;K /C,K
molecules, stable lamellar phases of bilayers are formed
when the mole fraction of the longer chains X, is either
small (X, <0.2) or large (X, >0.8). At intermediate com-
positions however, a new phase appears. Thse experiments
suggest that this phase is cubic, and the amphiphiles are
packed with an area per head group of ~47 A2, consistent
with micellar interfaces of higher curvature. The areas per
head group in the lamellar phases are ~37 A? for both
X, ~0and X, ~ 1. While no direct quantitative comparison
with our calculations can be conclusive at this point, it is
interesting to note, as shown in Figs. 12(b) and 12(c), that
indeed the curved aggregates are nearly as stable as the bi-
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layer at intermediate X, , but not at the two extremes X, ~0
or 1. Note in particular that in Figs. 12(b) a, = 1.8a, ~39
A2 For bilayers a,, ~a,=239 A?is close to the area per head
group observed experimentally.** Furthermore, the areas
per head group corresponding to the minimal free energies of
the spherical micelles at X, ~0.3 are a,, ~50 A2 Of course
this comparison should not be driven beyond its qualitative
aspects, since the chains that we have modeled are about half
as long as those studied experimentally. Yet it should also be
noted that for doubly long chains, all the conformational free
energies are (roughly) doubled as well, a fact which may
possibly lead to interesting “free energy curve crossing.”
Finally, it is clear that all the effects due to packing of dissi-
milar chains in one aggregate are expected to diminish as
1, — I decreases. Qualitatively, this seems to be the expla-
nation for the fact that lamellar phase instability has been
observed for the C,,K /C,,K but not for the C,;K /C,,K sys-
tem.?* ‘

IV. CONCLUDING REMARKS

In this paper we have extended our mean-field theory of
chain packing in micelles to the important case of mixed
chain lengths. This situation is most commonly encountered
in real microemulsions and membrane systems, but had not
been treated self-consistently by any earlier theories. In or-
der to focus on the effects of conformational free energy, we
have considered the case in which the two surfactants have
identical head groups. The total free energy per molecule is
written as a sum of chain, (“tail”’) and surface (“head”)
contributions, with only the former depending on composi-
tion; a mixing entropy term is also included.

Before carrying out mean-field calculations for the
chain packing, we derived first some simple expressions for
the minimum area per molecule in different micellar geome-
tries. These results follow directly from surface/volume re-
lations for the mixed aggregates and represent a generaliza-
tion of the familiar a,,;,, = kv//, cf. Eq. (17) where v is the
tail volume and / is the fully stretched tail length, and k =1,
2, 3 for bilayers, cylinders, and spheres, respectively. Specifi-
cally we establish that—for certain mole fractions of long
and short chains—ua,,;, for spheres and cylinders can be sig-
nificantly lower than in pure micelles. This suggests a cou-
pling between composition and preferred micellar geometry:
Similar coupling between composition and curvature fluctu-
ations will have important consequences for splay energies
and bending radii at surfactant interfaces.

This idea is confirmed and illustrated by numerical
computations of chain conformation statistics. The picture
which emerges is one of the long chains being “squeezed”
away from the interface in order to fill the inner regime of the
hydrophobic core which the short chains cannot reach. Fig-
ures 4 and 5 show this for the monomer (segment) density,
which is peaked towards the center for the longer molecules.
This disordering of the longer tails by the presence of the
short ones is also evidenced by the decrease in bond orienta-
tional order parameters towards the chain ends (see Figs. 6
and 7) and is confirmed by experiments. Similarly, Figs. 8
and 9 show how the peaks in the terminal group distribution

are shifted “inside” (towards the center) as the longer
chains are replaced by shorter ones.

Minimization (with respect to area per molecule) of the
total free energy, tail plus head plus mixing entropy, shows
more explicitly how higher curvatures can be preferentially
stabilized by composition changes. Specifically, for discre-
pant enough chain lengths, a change in mole fraction is
found to upset the free energy ordering of bilayer, cylinder,
and sphere (see Fig. 12). This result confirms the dominant
role played by conformational entropy and helps explain re-
cent experiments in which it is demonstrated that lamellae in
mixed fatty acid systems become unstable as soon as the
molecules of very different chain lengths reach comparable
numbers. Further theoretical work is clearly desirable to un-
derstand better the surface (head-group) effects and to treat
the case of added alcohol, salt, etc.
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