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A molecular model is used to calculate the free energy of mixed vesicles and cylindrical micelles, composed 
of lipid molecules and short chain surfactants. The free energy of both aggregates (modeled as an infinite 
planar bilayer and an infinite cylindrical aggregate) is represented as a sum of internal free energy and 
mixing entropy contributions. The internal free energy is treated as a sum of chain (conformational), head 
group, and surface tension terms. Calculating the free energy of each aggregation geometry as a function 
of lipidhurfactant composition and using common tangent construction we obtain the compositions of the 
bilayer and the micelle at the phase transition. By varying certain molecular parameters (such as the 
“hard core” area of the surfactant head group or the length of the surfactant tail) we study the role of 
molecular packing characteristics in determining the compositions at phase coexistence. We find, as 
expected, that upon increasing the preference of the surfactant for the micellar geometry (larger spontaneous 
curvature) the bilayer is solubilized at lower surfactanfflipid concentration ratios. For some typical values 
of the parameters used, reasonable agreement with experimental results for mixtures of egg phospha- 
tidylcholine and octylglucoside is obtained. 

1. Introduction 

The structure, thermodynamics, and dynamic properties 
of aggregates or films of amphiphilic molecules are of prime 
importance in a great variety of systems.l For instance, 
the phase behavior of microemulsions depends in a 
sensitive way on the molecular composition and hence on 
the elastic properties of the surfactant-cosurfactant films 
separating the oil and water d0mains.l Similarly, the 
shapes, elastic properties, and phase transitions in 
biological membranes depend critically on their lipid 
composition and the presence of solutes such as proteins 
and cholesterol.2 Another well-studied example is the 
vesicle-micelle transition attendant upon the incorpora- 
tion of certain surfactants (detergents) into phospholipid 
vesicles, a process of importance, for example, in mem- 
brane recons t i tu t i~n .~-~~ 
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The vesicle-micelle transition which, in recent years, 
has been studied by various experimental techniques is 
also the subject matter of the theoretical model presented 
in this paper. More specifically, our objective is to 
demonstrate, on the basis of molecular considerations, 
the role of packing constraints and intermolecular inter- 
actions in determining the equilibrium geometry (cur- 
vature) of mixed self-assembling aggregates, and their 
possible influence on first-order phase transitions from 
one aggregation geometry to another. 

Light scattering and other experiments have revealed, 
some time ago, that the addition of bile salts to phos- 
pholipid bilayers results, above a certain surfactant to 
lipid ratio, in the destablilization of the vesicular struc- 
tures and the formation of relatively small  micelle^.^-^ It 
has been suggested that the micelles are disklike objects 
with the surfactant preferably situated at  their edges, 
but also within their disklike bodye5 Recent cryotrans- 
mission electron microscopy  experiment^,^ on phospha- 
tidylcholine-octyl glucoside (PC-OG) mixtures, demon- 
strate clearly that in these systems, above a certain 
(saturation) OG to PC ratio, the lipid bilayer is solubilized 
into wormlike (cylindrical) micelles. After the solubili- 
zation is completed, and the system is composed entirely 
of cylindrical micelles, further addition of OG results in 
“fragmentation” of the wormlike micelles. At even higher 
surfactant mole fractions, the micelles become ~pheroidal.~ 
This trend is consistent with the observation that pure 
octyl glucoside molecules in water form, above the critical 
micelle concentration (cmc), small spheroidal micelles.13J4 
Qualitatively similar behavior has been observed in other 
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systems, e.g. in mixtures of lecithins and the nonionic 
surfactant CIZE~ (octaethylene glycol n-dodecyl mono- 
ther).15 

A theoretical model of the vesicle-micelle transition 
for lipidsurfactant mixtures has recently been proposed16 
based on concepts from continuum theory of curvature 
elasticity of thin films.17 The key idea in this approach 
is that the spontaneous curvature of an amphiphilic 
aggregate varies (linearly) with its lipid-surfactant 
composition, ranging from that of a (nearly) planar bilayer 
for a pure lipid system to that of a cylindrical micelle in 
the limit of a pure surfactant system. By adding the 
mixing entropy contribution to the aggregate free energy 
it has been shown that a first-order phase transition from 
a vesicle to a cylindrical micelle can indeed take place. 
The compositions of the two coexisting phases (an infinite 
bilayer and an infinite cylindrical micelle) can be deter- 
mined by a common tangent construction. A limitation 
ofthis model is the use of the quadratic elastic free energy, 
valid for small curvature deformations, to describe the 
internal (packing) free energy in both the planar bilayer 
and the highly curved cylindrical geometry. 

In this paper we adopt a molecular approach for 
calculating the free energy of mixed, self-assembled, 
amphiphilic aggregates, valid for planar films (bilayers, 
monolayers) as well as for highly curved aggregates such 
as cylindrical or spherical mi~elles.’~J~ As in ref 16 the 
vesicle-micelle transition will be treated as a phase 
transition between two macroscopic phases: a planar 
bilayer (assuming that the vesicle radius is much larger 
than its bilayer thickness) and a long cylindrical aggregate 
(thus ignoring edge effects and polydispersity). The free 
energy differences involved typically in the vesicle-micelle 
transition are on the order of kT per molecule (section 3). 
On the other hand, the curvature free energy of a vesicle 
relative to a planar bilayer is 2 n ~ ,  with K - (10-50)kT 
denoting the bendin elastic modulus. For a vesicle of 

chain is - 35 Az, this implies a bending free energy of less 
than 0.01 kT/molecule. Hence, representing the vesicle 
as a planar bilayer is a minor approximation. 

The vesicle-micelle transition is necessarily of first 
order due to the very different symmetries of the two 
phases. The free energy of the molecules in the bilayer 
and in the cylindrical phase will be calculated as a sum 
of “internal” free energy contributions and an entropy of 
mixing term. The internal free energy will be treated as 
a sum of head group, interfacial, and hydrocarbon tail 
(conformational) free energies, all three depending on the 
lipid-surfactant composition, as detailed in section 2. 
Then, the vesicle and micelle concentrations at  phase 
coexistence will be determined by common tangent 
construction. By varying some of the molecular param- 
eters, such as the surfactant chain length and the size of 
the polar head groups, which tune the preferred packing 
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geometry of the constituent molecules, we shall try to 
examine the role of the spontaneous curvature in the shape 
transformation from a vesicle to a micelle. 

The model described in the next section does not take 
into account certain effects which may play a role in 
determining the exact compositions at  coexistence. 
Namely, we do not include the translational entropy of 
the vesicles or the cylindrical micelles in the aqueous 
solution nor the effects of size polydispersity, composition, 
or shape fluctuations and interaggregate interactions. We 
also ignore the possible (small) variations in the free 
monomer concentrations in the solution. All these con- 
tributions to the free energy, while quantitatively im- 
portant, are secondary to those responsible for the 
transformation (first-order phase transition) from one 
aggregation geometry to another, as compared with the 
internal (packing and mixing) contributions to the free 
energy. More explicitly, the free energies and free energy 
changes corresponding to the terms accounting for trans- 
lational entropy, polydispersity, or interaggregate inter- 
actions are on the order of kTper aggregate. On the other 
hand, as we shall see below, the internal free energies are 
of order kT per molecule. 

2. Model 
The coexisting vesicles and micelles are treated, re- 

spectively, as an infinite planar bilayer (for which the two 
principal radii of curvature are R1= RZ = everywhere) 
and an infinitely long cylinder of radius R, comparable to 
a molecular length. For every lipid-surfactant composi- 
tion, the thickness of the bilayer or the radius of the 
cylindrical micelle are determined by minimizing the 
aggregate free energy. Since the thickness (radius) of the 
aggregate and the average area per molecule are related 
by the uniform density constraint, this minimization also 
determines the average optimal area per head group, a. 
An ideal entropy of mixing is assumed for both geometries. 

2.1. Free Energy. Consider a bilayer or a cylinder 
containing N = NS + NL molecules, with NS and NL 
denoting the number of surfactant and lipid molecules, 
respectively. The hydrophobic core of the aggregate, to 
a good approximation, is liquid-like20-22 (uniformly packed 
with hydrocarbon chain segments). It can thus be 
regarded as an incompressible fluid phase, of volume V 
= NLUL + NSUS, with U L ,  U S  denoting, respectively, the 
volumes of the lipid and surfactant tails. 

The Helmholtz free energy of the system, F, is expressed 
in the form 

where x = XL = NJN and 1 - x = x s  are the mole fractions 
of lipid and surfactant molecules, respectively. The first 
two terms in (1) are the internal free energy contributions 
with f ~ ( x )  ( fs(x))  representing the free energy per lipid 
(surfactant) molecule in an aggregate of composition x .  

The last term represents the (ideal) mixing entropy. It 
should be noted that this term accounts only for the 
(supposedly random) Zateral distribution of the amphiphile 
head groups at  the hydrocarbon-water interfacial region; 
the chain conformational entropy contributions (which, 
say, according to the Flory-Huggins theory,23 also con- 
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a b 
Figure 1. Schematic illustration of lipid and surfactant packing 
in a planar bilayer (a )  and in a cylindrical micelle (b). The bare 
head group areas of lipid and surfactant a r e  ut and ug, 
respectively; R denotes the bilayer half-thickness or the cylinder 
radius (which are generally different), d is the  distance of the  
plane of head group repulsion from the  surface of the  hydro- 
phobic core. The cylinder radius is larger t han  the  surfactant 
tail length and comparable to the  length of the  longer lipid 
chain. The average area per surfactant head group can be 
significantly smaller than  in a pure surfactant cylindrical 
mi~e1le . l~  

tribute to the mixing entropy) are included in f L  and f s ,  
as detailed below. Note also that if the head groups were 
forming an incompressible 2D array at the interface, a 
more appropriate representation of the last term in (1) 
should involve the area f r a c t i ~ n s ~ ~ J ~  4 rather than the 
mole fractions x ;  the lipid area fraction is given by 4 = 
xa:(xa: + (1 - x)a:] with a: and a: denoting the “bare” 
head group areas of lipid and surfactant, respectively. 
However, in general the total interfacial area exceeds the 
area covered by the head groups, i.e., N+: + NLat -= A, 
where A is the total interfacial area. Also, since a t  and 
a: are often comparable (e.g. for the OGPC system), we 
shall express the translational (mixing) free energy in 
terms of the mole fractions, as in (1). 

We calculate the lipid internal free energy as a sum 

with the three terms accounting, respectively, for the 
hydrocarbon-water interfacial energy, head group-head 
group repulsions, and the conformational free energy of 
the hydrophobic tails (which includes interchain repul- 
sions). The surfactant free energy f&x) is defined analo- 
gously. 

2.2. Surface and Head Group Contributions. For 
f“L we use20,21 

(3) 

Here y denotes the hydrocarbon-water surface tension 
and a = a(x) = N(Ns + NL) is the average area per head 
group, measured at the hydrocarbon-water interface. The 
constant a: denotes the interfacial hydrocarbon-water 
area which is screened by the lipid head group and thus 
excluded from water-hydrocarbon contact; see Figure 1. 
We assume that a: is equal to the bare, hard core area of 
the amphiphile head group. An expression similar to (3) 
is used for &). 

The effective surface tension y between the hydrophobic 
core and the surrounding solution is taken in all calcula- 
tions as y = o.~~KBT/A~ at room temperature (o .~~KBT/A~ 
* 50 erg/cm2). The numerical values of a t  and a: used 
in the calculations are detailed in section 3. 

The repulsive interaction between the amphiphile polar 
heads involves steric (“hard-core”) forces and, for ionic or 
zwitterionic head groups, also electrostatic forces. The 

absolute and relative magnitudes of these interactions 
vary from one system to another and are considerably 
more complex in mixed aggregates. Since the vesicle- 
micelle transition has been observed in a variety of 
systems, and in order to limit the number of adjustable 
parameters to a minimum, we have chosen to represent 
the repulsive interaction by a single functional form, 
applicable to both the planar and cylindrical aggregation 
geometries and for all lipidhurfactant rations. Thus, we 
write 

t ( x )  = fhs = -k,T In( 1 - soh> (4) 

where ao = xat + (1 - x)a: is the average “hard core” head 
group area per molecule, at the plane of head group 
interactions. We assume that this plane is sharply located 
at distance 6 from the hydrocarbon-water interface. The 
average area per molecule, measured at  this plane, is ii 
(Figure 1). For a planar bilayer ii = a,  whereas for a 
cylinder of (hydrophobic) radius R,  c i  = (1 + 6/R)a. 

Clearly, the van der Waals-like repulsion (4) is strictly 
appropriate only for steric r e p ~ l s i o n ~ ~ ? ~ ~  (as is the case, 
for instance, for octyl glucoside). Other forms, e.g. a 
capacitor-like m 0 d e 1 , ~ ~ - ~ ~ * ~ ~  would be more appropriate to 
represent the dipolar interaction between zwitterionic 
lipids, yet this would imply additional adjustable param- 
eters which at the level of the present analysis we would 
like to avoid. Thus, instead, (4) should be regarded as an 
empirical form in which the two important molecular 
parameters a t  and a: are chosen such as to ensure that 
a pure lipid system prefers the planar bilayer geometry, 
whereas the surfactant spontaneous aggregation geometry 
is that of a cylindrical (or spherical) micelle (see section 
3). It may be noted however that when (4) is expanded 
as a virial series (in powers of lla) it implies B2 - ao and 
BS = (B2)2 - (a0)2. Interestingly, a rather detailed model 
of lipid head group interactions (ref 26) suggests that 
indeedB3/&J2 - 1 for both zwitterionic and nonionic lipids, 
a conclusion supported by experiments on pressure-area 
isotherms of such lipid monolayers. Thus, while seemingly 
appropriate only for steric repulsions, (4) may be regarded 
as a reasonable representation of head group repulsions 
for a wider class of lipids. 

In the calculations described in the next section we have 
fmed the value of a t  and treated a: and 6 as molecular 
packing parameters which tune the spontaneous curva- 
ture of the aggregate. Qualitatively, for a surfactant of 
a given tail length, larger a: implies stronger head group 
repulsions, hence favoring the cylindrical over the planar 
bilayer geometry. Similarly, a shorter surfactant tail also 
favors the higher curvature due to smaller interchain 
repulsions. Larger 6 results in larger ii and hence reduced 
head group interaction energy. On the other hand, when 
6 increases, the distance between the plane of head group 
repulsions and the hydrocarbon-water interface also 
increases, thus favoring higher curvature. These two 
effects partly compensate each other and we expect a 
smaller effect of varying 6 on the phase transition 
characteristics. 

2.3. Chain Free Energies. The contribution of the 
hydrocarbon tails to the free energy is calculated using a 
molecular mean-field theory whose details and applica- 
tions have been described elsewhere (see refs 18,19, and 
27). In this section we shall briefly outline its application 
to the calculation of conformational chain properties in 
mixed aggregates. The basic, and only, assumption in 
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this theory is that the chain segment (monomer) density 
within the hydrophobic core is uniform, consistent with 
the observation that the core is liquid-like. This assump- 
tion can be cast as a constraint on the probability 
distributions of chain conformations within the hydro- 
phobic region. 

Consider first the case of a planar bilayer of composition 
x ,  which we shall assume to be the same in both 
monolayers. Let Pda) denote the probability of a lipid 
tail, originating from one of the two bilayer interfaces, to 
be in one of its possible conformations a. By symmetry, 
Pda) = Pdd) with d denoting the mirror image of this 
conformation, with respect to the midplane, z = 0, and 
corresponding to a chain originating from the opposite 
interface. Also, let &(a$) dz denote the volume taken up 
by an L-tail in the a conformation within the narrow shell 
(z ,  z + dz), parallel to the bilayer midplane (z = 0). 
(+da,z) = u1yL(a,z) where 1yL(a,z) is the number of segments 
of an (L,a)-tail within (z ,  z + dz) and u is the average 
volume per chain segment. For a CHZ group u = 27 A3). 
Then, if the chain segment density is uniform throughout 
the hydrophobic interior of the bilayer, 

xZPL(a)[$,(aJ) + $L(a,-z>~ + 
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$ = x[CPL(a) EL(a )  + kBTCPL(a) In P,(~)I + 
a a 

a 

Here a = A/N, the average cross sectional area per head 
group (either S or L )  at either one of the two bilayer 
interfaces. Since the hydrophobic core is treated as an 
incompressible fluid, a = (XUL + (1 - x)us)/d where d is the 
bilayer half-thickness. Note that the two terms in the 
square brackets in (5) represent the contributions to the 
segment density at z due to chains anchored at  opposite 
interfaces. Chain interdigitation is mainly important 
around the midplane, z = 0, where &(a,z) and r$L(a,-z) 
are comparable. Near the interfaces, i.e., at z = f d ,  only 
one of the terms is important. 

A chain conformation (a) is fully specified by the 
positions of all atoms along the chain. In the rotational 
isomeric state (RIS) modelz8 an equivalent specification 
is obtained in terms of the isomeric states of the bonds 
along the chain [the trans-gauche sequence in the case 
ofsimple alkyl chains (CHZ)~-~CH~]. In this latter scheme, 
used in the calculations reported in the next section, one 
also needs to specify the position of the zeroth segment 
(the chain origin or the “head group”) relative to the 
hydrocarbon-water interface of the aggregate. To account 
for some roughness of the interface, we allow the chain 
origin to fluctuate within a narrow region (-2 A) around 
the surface dividing between the hydrophobic and aqueous 
regions. Note thatP(a) andP(/3) are invariant with respect 
to translations parallel to the bilayer plane or along or 
around the cylinder envelope. 

The analogue of (5) for a mixed cylindrical micelle of 
radius R is 

where r is the radip distance from the cylinder central 
axis, and a is again the average area per head group at 
the surface ofthe hydrophobic core. h(a,r)dr is the volume 
occupied by the segments of an (L,a)-chain in the 
cylindrical shell ( r ,  r + dr). 

The average free energy per chain, in the mean-field 
approximation, is given by 

(28) Flory, P. J. Statistical Mechanics of Chain Molecules; Wiley- 
Interscience: New York, 1969. 

P P 

where 4 a )  denotes the internal (gauche) energy of an 
L-chain in conformation a, and e @ )  is the internal energy 
of an (S,/?)-chain. 

The probability distributions Pda) and P s ( / ~ )  for the 
bilayer and the cylinder are obtained by minimizing (71, 
with respect to ( 5 )  and (61, respectively. The functional 
form of the distributions, in both cases, is the same: 

1 
QL 

PL(a) = - exp{-kL(a> + snk )  $ka) dZYkBT) (8) 

with a similar expression forPs(j3). The n(z) for the bilayer 
and the n(r) for the cylinder are the Lagrange multipliers 
conjugate to the packing constraints. They depend on 
the composition and the aggregation geometry, since they 
are determined by the packing constraints; (5) for the 
bilayer, (6) for the cylinder. Note that n(z)  is the same for 
both types of chains in the same aggregate. The partition 
function q L  (and similarly qs)  is given by 

Substituting (8) into (71, we find 

-kBZTx In q L  + (1 - x)ln qSl - j’n(z)(#(z)) d~ 
(10) 

with (&)) = x(h( z ) )  + (1 - x ) ( ~ s ( z ) ) ;  (~L(z) )  = CaPda) 
&(a,z). Note that for the bilayer (q5(z)) = a and for the 
cylinder ($(r)) = (r/R)a. 

The lateral pressure profile, dz), is calculated by a 
numerical solution of the packing constraints. The 
numerical procedure has been discussed in some detail 
e lse~here.’~J~ We only mention that it involves generation 
of all available conformations of the L and S chains and 
their classification into groups of degenerate conforma- 
tions, i.e. of the same q5(a;z). This yields a set of coupled 
nonlinear equations which can be solved numerically by 
standard procedures. 

2.4. Geometric Packing Considerations. Simple 
geometric packing considerations impose limits on the 
possible values‘ of the head group area, a ,  in single 
component micellar aggregates.20J1 For instance, it is easy 
to show that a 2 ku/l with k = 3, 2, and 1 for spherical 
micelles, cylindrical ones, and planar bilayers, respec- 
tively; where u and 1 denote the volume and contour length 
of the hydrocarbon chain. With u G 27 (n + 1) A3 and 1 
= 1.27 n A for simple alkyl tails, of the form (CH2),- CHB, 
one finds (e.g. for n = 15) a 2 68, 45, and 22.5 kz for 
spheres, cylinders, and bilayers, respectively. 

Similar, though slightly more involved, geometrical 
 consideration^'^ can be used to derive appropriate limits 
on a = a(%) for binary aggregates of compositionx. These 
considerations show that in, say, binary cylindrical 
aggregates composed of amphiphiles with different chain 
lengths the average area per head group may be consid- 
erably smaller than the minimal value a = 45 Az 
appropriate for pure cylindrical micelles. These basic, 
but important, notions must be taken into account in 
calculating f = f(x). 

More generally it should be noted that for aggregates 
of given composition and curvature (cylinders vs bilayers 
in our case) there is a wide range of possible head group 
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areas, a.  In all the calculations presented in section 3, 
the cylinder free energy, $(x),  and the bilayer free energy, 
fb(x), correspond to the minimum of the total free energy 
(1) with respect to a. The optimal (equilibrium) head group 
area is a function of both composition and curvature. 

2.6. Phase Coexistence. Let P = Nbfb denote the 
bilayer free energy with fb given by (1) and Nb = @ + 
@. Similarly, F = Nc$ denotes the free energy of Nc = 
WL + Ws molecules packed in a cylindrical micelle. 
Treating the two systems as incompressible fluid phases, 
the conditions for phase equilibrium at a given temper- 
ature ( r )  are pi(xc) = &xb) and &xC) = ps(x ) with p i  = 
(aFlaWL)Ncs, etc., denoting the chemical potentials of the 
two components, These conditions yield the common 
tangent equations 

b b  

b ’  (Cl,)dC12 mixture 
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In the calculations presented in the next section these 
equations have been solved numerically to obtain xb and 
xc, the bilayer and cylinder compositions at  coexistence. 

3. Results 
Considering the approximations involved in our model 

and the uncertainty with respect to some of the relevant 
molecular parameters (as well as the variance in the 
experimental data), the numerical examples presented 
in this section are not intended to reproduce a particular 
experimental result. Rather, our aim is to demonstrate 
how the basic trends characterizing the vesicle-micelle 
transition are driven by changes in molecular composition. 
Nevertheless, to illustrate our calculations we shall often 
refer to the egg phosphatidylcholine (P0)loctyl glucoside 
(OG) system which has been studied extensively by several 
experimental  group^.^^^-'^ 

Free energies were calculated for mixed vesicles (planar 
bilayers) and cylindrical micelles composed of doubly 
chained lipids of the form PL-[(CHZ)I&H~]Z and single 
(short) tail surfactants, Ps-(CH2)&H3. The lipid head 
group PL includes the phosphatidylcholine moiety and the 
glycerol backbone. The latter can be regarded as marking 
the interface between the aqueous and hydrophobic 
regions. The surfactant polar head group is denoted by 
Ps. We have also performed, for comparison, some 
calculations for mixtures containing the same lipid but 
with a longer chain surfactant: P s - ( C H ~ ) ~ ~ C H ~ ,  with the 
same head group as the c8 surfactant. 

3.1. Tail Free Energy. Chain conformations of lipid 
and surfactant tails were generated and classified ac- 
cording to the rotational isomeric state The 
gauche energy was taken as 500 cal/mol and the tem- 
perature is T = 300 K. In modeling the chain statistics 
of the lipid molecules, the interactions between the two 
hydrocarbon tails emanating from the same head group 
were treated as equivalent to those between chains 
belonging to different head groups. This procedure 
provides a good approximation to the chain packing 
characteristics in bilayers composed of double-tailed 
lipids.27 

+ 
(1 - x)f;ts(x), for bilayers and cylinders as a function of a 
for several values of x ;  a = A/(NL + Ns) being the average 
area per head group at the hydrocarbon-water interface 
and x = NIJ(NL + Ns) is the mole fraction of the lipid in 
the aggregate. The mixed aggregates denoted by (c16)2/ 

Figure 2a shows the chain contributions, f ”  = 
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Figure 2. The tail contribution to  the free energy per molecule, 
f” (see eq lo), in a planar bilayer (squares) and a cylindrical 
micelle (circles) as a function ofthe average area per chain. The 
mole fraction of lipid molecules in the mixed aggregates is 
denoted byx. The bilayer and cylinder are composed ofdouble- 
chained C16 lipids and single-chain surfactants. The surfactant 
tail in part a is a (CH&CH3 chain and in part b it is a (CH&1- 
CH3 chain. 
c8 are composed of lipids with two (216 chains and 
surfactants with a single, c8, chain. Similarly, in Figure 
2b, corresponding calculations for a (c16)2/c12 mixture are 
shown. All conformational chain free-energies are mea- 
sured relative to those of the fully extended chains, for 
which the conformational entropy is zero (only the all- 
trans conformation is possible) and the total (gauche) 
energy is zero. 

In a pure lipid system (x = 1) or a pure surfactant system 
(x = 0)) simple geometric packing constraints (surface1 
volume ratios) imply that the average area per alkyl chain, 
a,, must satisfy a, z 2vll= 45 Az for the cylinder and a, 
L vll = 22 AZ for the bilayer. Note that for the surfactant 
a, = as while for the lipid a, = aIJ2. The cross sectional 
area of one fully extended alkyl chain is approximately 22 
A2, In Figure 2 this behavior corresponds to a steep rise 
in the free energy as a, approaches these values. In the 
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bilayer a, 2 22 A2 holds also for the mixed system, but in 
the cylindrical geometry a, can become significantly lower 
than - 45 A2 (see ref 18). In all cases, however, the 
(shallow) minima of the chain free energy curves cor- 
respond to a, values which, due to interchain repulsion, 
are significantly larger than the above lower bounds. 

3.2. Adding Head Group and Surface Contribu- 
tions. The chain contribution to the free energy of a planar 
bilayer of composition xb was calculated for a wide range 
of possible head group areas using (10). After adding the 
surface and head group contributions to the internal free 
energy, the optimal head group area, a* = a*(x), was 
determined by minimizing (1) with respect to a. This yields 
fb(x) =fb(x,a*(x))  and$(x) =$(x,a*(x))  for the internal free 
energy in the bilayer and cylinder, respectively. 

In all calculations we have used y = 0.12k~T/A~ = 50 
erg/cm2; cf. (3). The other relevant parameters, namely 
u:, u:, and 6 were chosen as follows. In all the calcula- 
tions presented below we have used ut = 42 Az. For the 
pure lipid bilayers, this yields u; = 68 A2 as the 
equilibrium area per molecule, similar to the experimental 
value reported in ref 10. 

The choice of the parameters u: and 6 appropriate for 
comparison with the experimentg-12 is not obvious. In ref 
10 it is suggested that the average head group area of OG 
is 38 A2. However, independent measurements on pure 
OG-water systems indicate that above the cmc OG forms 
small spheroidal micelles.13J4 Hence, from simple packing 
considerations the average area er head group in these 

concentrations the spherical micelles grow into cylinders 
the optimal head group area might be smaller than -70 
A2 but not less than -46 A2 (-2W Accordingly, we have 
repeated the calculations for four different values of 
u:: 40, 50, 60, and 70 A2. 

The parameter 6, measuring the distance between the 
(average) plane of head group repulsion and the hydro- 
carbon-water interface, can be estimated from size 
measurements ofthe spheroidal OG micelles. It was found 
that the micelles formed at the cmc contain, on the average, 
27 molecules, and their average radius can be estimate 
as 13.75 A. The radius of the hydrophobic core can be 
calculated and was found to be 11.61 A, suggesting that 
the average thickness of the polar region is 2.14 A. 
Assuming that the plane of head group repulsion is in the 
center of this region we find 6 = 1.07 A. In addition to 
this value, we performed calculations for 6 = 1.5 and 2.0 
A. As noted in the previous section, larger a: values favor 
higher (spontaneous) curvature. Thus, we expect the 
bilayer-micelle transition to occur a t  lower (1 - xb) as 
u: increases. Similarly, we expect (1 - xb) to be lower for 
surfactants with shorter tails. Increasing 6 also leads to 
lower (1 - xb). However, as noted in section 2.2, the effect 
of varying 6 is expected to be smaller than that of varying 

Some typical calculations illustrating the dependence 
of the internal free energy on the average area per molecule 
in the two aggregation geometries are shown in Figure 3. 
Figure 3a shows the internal free energy per molecule in 
a pure (c16)2 lipid aggregate, using at = 42 Az. As 
mentioned above and clearly seen in the figure, this value 
yields a; = 68 A2 as the optimal area per head group in 
the bilayer. 

For comparison, we also show in Figure 3a the free 
energy per lipid molecule in a cylindrical micelle, for the 
same ui and three different values of 6, namely, 6 = 1.07, 
1.5, and 2 A. The weak dependence on 6 reflects the 
secondary role of head group repulsion (compared to the 
chain repulsion and surface tension terms) in determining 
the optimal area per lipid head group in the cylinder. The 

micelles should be at least 70 A: (-3dl). If at  higher 

a:. 
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dashed vertical line at  a = 90 A2 marks the lowest possible 
interfacial area per lipid molecule in a cylinder. 

Figure 3b shows how the free energy per molecule varies 
with a in pure surfactant aggregates. These calculations 
correspond to the case u: = 50 A2 and, again, for the three 
choices of 6 used in Figure 3a. Clearly, in the bilayer the 
allowed values of a are a 5 a:. In the cylinder a( 1 + 6/k) 
2 a: so that a can be somewhat larger than a:. We note 
that in a pure surfactant micelle varying 6 shows a more 
pronounced effect on the free energy, reflecting the larger 
headtail size ratio in this case, as compared to a pure 
lipid aggregate. 

In a mixed aggregate we expect an intermediate 
behavior, as confirmed by the results shown in Figure 3c 
for mixed systems of composition x = l/3. The optimal 
areas per molecule are quite similar in both geometries. 
3.3. Vesicle-Micelle Transition. After evaluating, 

for each geometry and composition, the internal free 
energy terms xfL(x) + (1 + x)f&) corresponding to u = 
a*(x), we add the mixing entropy contribution and obtain 
f =  f i x ) .  This calculation is performed separately for the 
vesicle (planar bilayer) and the micelle (cylinder). Figure 
4 illustrates the results obtained for (c16)&8 aggregates 
for two typical cases: (a) a: = 50 Az, 6 = 1.07 A and (b) 
a: = 70 A2, 6 = 1.5 A. Similar calculations have been 
performed for other choices of a: and 6 and for (c16)2/c12 
mixtures. Figure 4 clearly demonstrates that the cylinder 
and bilayer free energies cross at some intermediate 
composition and that the curves are both convex, enabling 
a common tangent construction. For the choice of 
parameters used in Figure 4a, the lipid mole fractions at  
the phase transition are x = 0.47 and 0.29 in the bilayer 
and cylinder, respectively. These correspond to a sur- 
factanflipid mole fraction ratio R = (1 - x)/x the values 
of which are Rb = 1.1 in the bilayer and R, = 2.5 in the 
cylinder; in reasonable agreement with experimental 
results for the OGPC ~ y s t e m . ~ - l ~  The composition ratios 
corresponding to the results shown in Figure 4b are Rb = 
0.3 and R, = 1.4. Here, due to the higher spontaneous 
curvature of the pure surfactant system (larger a i  value), 
the bilayer is destabilized at a lower surfactanfflipid ratio. 

Head group repulsion increases with ai ,  and hence also 
the preference of the surfactant molecule for the curved, 
cylindrical geometry. For instance, increasing u: from 40 
to 60 A2 (for 6 = 1.07 A) results in an increase of the 
optimal area per head grou in a pure surfactant aggregate 
(x  = 0) from a* = 48 to 64 i2 in the cylinder, and from a* 
= 48 to 70 A2 in the bilayer. Similar trends are found for 
the mixed aggregates. For example, taking x = 0.5, a* 
increases from 63 to 66 A2 and from 52 to 61 A2 in the 
cylinder and bilayer, respectively. Thus, generally we 
expect that the bilayer saturation composition Rb will 
decrease as u: increases. This trend is confirmed in 
Figure 5 which shows the variation of Rb and R, with 
u:, for a C$C16 mixture. The figure also illustrates the 
effect of increasing 6, the distance between the plane of 
head group repulsion and the hydrocarbon-water inter- 
face. As noted earlier, increasing 6 implies an increase 
in the spontaneous curvature of the aggregate, since the 
plane of head group repulsion is farther away from the 
neutral surface. In the cylindrical geometry, this effect 
is partially compensated for by the fact that the average 
area per head group at  the plane of repulsion also 
increases, thus lowering f " ;  cf. (4). We note from Figure 
5a that the experimental results for the OGPC system 
(Rb - 1, R - 3) correspond in our model to u: - 45 A2 (for 
6 = 1.07 1). 

Another molecular parameter which tunes the spon- 
taneous curvature in a mixed aggregate is the difference 
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Figure 3. Average free energy per molecule including chain, surface tension, and head group contributions, as a function of the 
average area per molecule, measured at the hydrocarbon-water interface. (a) Pure lipid aggregates. Squares correspond to the 
planar bilayer geometry, and the other curves are for the cylindrical micelle; circles, diamonds, and triangles correspond to 6 = 
1.07, 1.5, and 2.0 A, respectively. In all cases u: = 42 A2. The dashed line, at u = 90 Az marks the minimal area per lipid head 
group (two chains) in the pure cylindrical aggregate. (b) The average free energy per molecule in pure surfactant aggregates, for 
ug = 50 Az. Molecular parameters and symbols are as in part a. The dahsed line, at a = 48 A2 marks the minimal area per surfactant 
head group in the pure cylindrical aggregate. (c) The average free energy per molecule in mixed (x  = 113) bilayers and cylinders, 
as a function of the average area per molecule. Parameters and symbols as in parts a and b. 

in chain length of the two amphiphilic chains. Larger 
disparity favors higher curvature.lg We thus expect that 
Clz chains will be less effective in destabilizing a (C1& 
bilayer than c8 chains. Consequently, Rb is expected to 
be lower in the (c16)&8 system than in the (c16)2/c12 
system (for the same set of head group interaction 
parameters). This prediction is confirmed by comparing 
the results for the (Cl6)dcS system and the (cl6)dclZ 
system in Figure 5. 

A qualitatively similar behavior has been observed for 
mixtures of CdC, carboxilic acids.29 In this system it 
was found that a stable lamellar (bilayer) phase prevails 
at all compositions of CldCls mixtures. On the other hand, 
in CldCls mixtures, where chain disparity is significantly 
larger, the lamellar state is stable a t  high and low xn/xm 

(29) Charvolin, J.; Mely, B. Mol. Cryst. Liq. Cryst. 1978, 41, 209. 

ratios, but another phase (apparently cubic), characterized 
by higher curvature, prevails at intermediate concentra- 
tions. 

4. Concluding Remarks 
It is well-known that the optimal packing (micellar) 

geometry of pure (single component) amphiphilic ag- 
gregates depends on the molecular characteristics of their 
constituents. In particular, the optimal, spontaneous, 
curvature of the aggregate depends on the relative size of 
the head groups and hydrocarbon tails, reflecting the 
strength of head group and intertail repulsion. In mixed 
aggregates the relative importance of these interactions 
varies with their molecular composition. First-order phase 
transitions can occur from one packing geometry to 
another, having Merent compositions (orderparameters). 
The vesicle-micelle transition in lipid-surfactant mix- 



Vesicle -Micelle Transition 

-7.0 - 5 ' 0 ;  

Langmuir, Vol. 11, No. 4, 1995 1161 

1 
-3.0 a 

9 -  

8 -  

7 -  

b -  
(C,8)2/Ct2 mixture 

t 

-9.0 - 

-11.0 - 

-13.0 - 
L 

x = 0.29 

-1 5.0 
0.0 0.2 

-3.0 

-5.0 

-7.0 

0.4 0.6 0.8 1 .o 
composition , x 

b 

-11.0 - 

-13.0 - 

x = 0.42 
-1 5.0 0.0 0.2 0.4 0.6 0.8 1 .0 

-11.0 - 

-13.0 - 

X =  

-1 5.0 I 
0.0 0.2 0.4 0.6 0.8 1 .0 

composition , x 

Figure 4. The average free energy per molecule (including all 
internal contributions and the entropy of mixing) in mixed 
aggregates composed of lipids and Cg surfactants as a 
function of lipid mole fraction. The squares correspond to  the 
planar bilayer and the circles to  the cylindrical micelle. The 
dashed and dotted vertical lines mark, respectively, the bilayer 
and cylinder compositions at the phase transition. The mo- 
lecular parameters used are a: = 50 k and 6 = 1.07 A in part 
a and a: = 70 A2 and 6 = 1.5 A in part b. Note that as ai 
increases the bilayer - cylinder transition takes place at a 
lower surfactant mole fraction. 

tures is one of the more well-studied examples of such 
composition-driven shape transitions. In this paper we 
have shown that a relatively simple molecular theory, 
incorporating both chain statistics (tail repulsions) and 
head group interaction, can account for the basic char- 
acteristics of the vesicle-micelle transition. The model 
can also predict some general trends associated with 
changes in certain relevant molecular parameters, such 
as head group size or chain length disparity. Of course, 
quantitative predictions would require more accurate 
modeling of the head group repulsions as well as consid- 
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Figure 5. The surfactanflipid mole fraction ratio, at coexist- 
ence, in the vesicle bilayer (open symbols) (&) and in the 
cylindrical micelle (solid symbols) (R,) as a function of the 
surfactant "hard core" area, a:, The circles, squares and 
triangles are for 6 = 1.07, 1.5, and 2.0 A, respectively. The 
aggregates are composed of c16 lipids and Cs surfactants in 
part a and c16 lipids and Clg surfactants in part B. 
eration of the finite size of the aggregates (polydispersity, 
translational entropy, and edge effects) and interaggregate 
interactions. 
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