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Abstract
The diffusion constants of hydrogen and deuterium at low temperature are calculated using the surrogate Hamiltonian method
and an embedded atom potential. A comparison with previous experimental and theoretical results is made. A crossover to
temperature-independent tunneling occurs at 69 K for hydrogen and at 46 K for deuterium. An inverse isotope effect at intermediate
temperatures is found, consistent with experiment. Deviations are found at low temperature where a large isotope effect is calculated.
© 1998 Published by Elsevier Science B.V. All rights reserved.
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The dynamics of adsorbed hydrogen atoms on
metal surfaces at low temperatures is of fundamental theoretical interest. This is because of the
complex character of the interaction of hydrogen
with the many degrees of freedom of the metal
and the quantum nature of the hydrogen motion
at low temperatures, dominated by tunneling. New
experimental techniques have been applied to measure hydrogen and deuterium diffusion on the
surfaces of tungsten [1,2] and nickel [3–6 ]. For
high temperatures the diffusion constants had an
Arrhenius form [7,8] characterized by an activation energy and a pre-exponential factor. The low
temperature experimental results showed that at
around 100 K the diffusion constants were almost
temperature independent, implying that quantum
tunneling is predominant. Two other interesting
results were observed when diffusion of deuterium

and hydrogen was compared. The pre-exponential
factor of the diffusion constant of deuterium was
substantially higher than that of hydrogen. This
effect is an inverse isotope effect. Second, in the
low temperature tunneling regime the diffusion
constants of the two isotopes were similar.
Several theoretical attempts [3,9–11] have been
made for resolution of these results for the
hydrogen tungsten system. One approach [3,9]
was based on the Flynn–Stoneham [12] theory of
diffusion of light interstitials. As noted by Sethna
[13], this theory makes an adiabatic separation,
assuming hydrogen is fast and metal atoms slow,
inappropriate for this system. Indeed, exact calculations on a two-dimensional tunneling model
showed that this approximation can lead to underestimation of tunneling rates by orders of magnitude [14]. When applied to deuterium, the model
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becomes worse. A mass renormalization approach
was developed by Muttalib and Sethan [10] and
applied to the hydrogen–tungsten diffusion system.
Here the hydrogen was assumed to be slow compared with the phonon modes, which is also
questionable.
Mattsson et al. [15,16 ] and Wonchoba et al.
[17] have studied in detail the hydrogen–nickel
system using different dynamical methods. In both
these studies the metal–metal and hydrogen–metal
interactions were modeled by an embedded atom
semi-empirical potential. Mattsson et al. [15,16 ]
used a path centroid method [18,19] for the
dynamical transport calculations. In these calculations the substrate nickel atoms were first treated
classically while the hydrogen or deuterium motion
was quantal. An additional calculation was
attempted to correct for quantum effects of the
nickel motion by assuming an interaction linear in
both the heavy atom and the hydrogen atom
displacements. It was found that the quantum
nature of the bath has a marked effect on the
tunneling rates.
Wonchoba et al. have recently published two
semiempirical EAM [20] potential functions
(named EAM5 in Ref. [17] and EAM6 in
Ref. [21]) with increasing precision for the
hydrogen–nickel interactions. These have been carefully constructed to reproduce closely a variety of
empirical data measured for nickel (bulk and
surface) and for the hydrogen–nickel interactions.
Based on these potentials, they studied the diffusion constant and its thermal dependence for
hydrogen. The dynamical method they developed
was the canonical variational transition-state
theory with small curvature tunneling (SCT ) corrections based on quantized reactant states. The
calculated results were again in quantitative disagreement with experiments, although much closer
than those reported by Mattsson et al. [16 ].
Wonchoba et al. did not, however, address in their
work the issue of isotope effects in this system.
The surrogate Hamiltonian method [22] is
especially designed for low temperature quantum
dynamics of light interstitials in condensed phases.
This procedure is fully quantal, treating the metal
degrees of freedom as quantum baths of harmonic
oscillators, where the structure of the baths and

the approximate interaction of the hydrogen atom
with it is extracted from a classical-dynamical
simulation. This study reports calculations of the
low temperature diffusion constant of hydrogen
on a surface of nickel, using the potential function
EAM5 of Wonchoba et al. [17].
A detailed account of the calculations will be
published shortly, here only the main points of the
theory are outlined. Given the full interaction
potential of the system, we construct a model
Hamiltonian of the general form:
H=

P2
2M

+v (R)+∑ e b+ b +∑ V (R) (b+ +b ).
eff
n n n
n
n
n
n,k
n
(1)

The primary tunneling motion is described by a
one-dimensional particle of mass M (equal to the
isotope mass) with Cartesian position coordinate
R and the conjugate momentum P, moving in an
adiabatic potential v (R) and coupled to a bath
eff
of modes representing the vibrations of the metal
atoms (and the two additional orthogonal degrees
of freedom of the hydrogen). The bath modes are
labeled by a set of quantum numbers n, bosonic
annihilation and creation operators b , b+ and
n n
excitation energies e =Bv . Each mode is linearly
n
n
coupled to the hydrogen degree of freedom by an
interaction strength V (R) which is assumed sepan
rable:
V (R)=f (R)U .
(2)
n
n
It can be shown [22] that the dynamics of the
tunneling degree of freedom R is governed by a
surrogate Hamiltonian of the form:
H=

P2

+v (R)+
eff
2M

P

+f (R)

P

e
2

B+(e)B(e) de

EJ(e)(B+(e)+B(e)) de

(3)

where B(e), B+(e) are boson creation and annihilation operators with [B+(e), B(e∞)]=d(e−e∞) the
spectral function J(e) is:
J(e)=∑ |U |2d(e −e).
n
n
n

(4)
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The dynamics is thus determined by the potential v (R), the spectral function J(e), the coupling
eff
function f(R) and the high frequencies which contribute to the zero-point energy. While the only
high frequency modes are those of the hydrogen
itself and can be determined by examining the
potential surface of hydrogen, the effective potential, spectral function, and coupling function need
some more elaborate calculations. These three
entities are determined using a classical simulation
of the system in the full EAM5 potential of
Wonchoba et al. [17]. During the simulation R
was kept constant, and the simulation was repeated
for several values of R. The Ni(100) surface was
represented by two moveable layers of 25 atoms.
The bottom layer was coupled to two additional
layers of atoms fixed at their lattice points. Periodic
boundary conditions were imposed along directions parallel to the surface. The thermal coupling
of the slab to the rest of the crystal was imposed
by attachment of 25 fictitious particles to the
bottom moveable layer. The simulation temperature was T=90 K. In comparison with results of
a simulation at T=60 K, small shifts were found
in frequency and amplitude of the spectral density,
indicating that the commonly accepted harmonic
approximation may not be appropriate in this
system.
During the classical motion, the potential
energy V(R,t) of the system and the instantaneous
force F(R,t)=−dV/dR determine the effective
potential:
V (R)= V(R,t)+[ f (R)]2
eff

P

2 J(e)
0

e

mine the spectral density and the effective
potential.
The resulting spectral function can be represented as a sum of seven Gaussians:

A

B

(e−v )2
7
n
J(e)= ∑ A exp −
(6)
n
2s
2
n=1
n
where the parameters A , v and s are given in
n n
n
Table 1. The coupling function f(R) is shown in
Fig. 1.
Only one hydrogen degree of freedom is explicitly represented; the two high frequency perpendicular degrees of freedom of the hydrogen atom
have an adiabatic effect [23] so their zero-point
energy is added to the hydrogen reaction path
potential v . Owing to the isotopic mass differeff
ence, the adiabatic correction is dependent on the
isotope, and it was found that hydrogen has a
higher barrier for tunneling than deuterium.
Table 1
Parameters for the spectral function
n

v (cm−1)
n

A (au)
n

s (cm−1)
n

1
2
3
4
5
6
7

65.0
124.0
151.0
190.0
222.0
280.0
345.0

1.5×10−2
7.0×10−4
5.7×10−3
2.6×10−3
6.6×10−3
4.0×10−4
6.0×10−4

3.0
14.0
4.1
3.0
4.3
13.0
2.0

de+C(T )
(5)

where C(T ) depends on the temperature but not
on R and is excluded from the calculation. The
functions J(e) and f(R) are determined from
the Fourier transform of the autocorrelation
F(R,t)F(R,0). Some aspects of this method are
described in Ref. [22], and a complete account will
be given in a future publication. The classical MD
simulation spanned a time of 10 ps. Of these, the
first 9 ps served as a thermalization stage and only
data from the last picosecond was used to deter-

Fig. 1. The coupling function f(R) superimposed on the potential v (R)+∑1/2(e ). Both functions are symmetrical around
eff
n
R=14.2 au.
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However, this is partially compensated by the
higher zero-point energy of hydrogen inside the
metastable well (see also Fig. 3).
The calculation of the low temperature tunneling
dynamics proceeds by representing the R coordinate using a grid [24] and each bath mode by its
v=0 and v=1 states. Details as to how to sample
the infinite bath by a finite number of two-level
systems are described in Ref. [22].
The dynamical calculations were sufficiently converged by a 4-mode bath (N=4). Convergence
was checked by comparing to results of a 3-mode
bath and some result of a 5-mode bath. The low
lying tunneling states require high accuracy representation of the R coordinate.
The grid spacing was reduced until convergence.
For hydrogen, a spacing of DR=0.055 au was used
for the slowest 16 tunneling states and DR=0.11
au for the rest of the states. For deuterium
DR=0.028 au was used for the 32 slowest states
and DR=0.055 au for other states. Outgoing
boundary conditions were imposed using a negative imaginary potential with potential height
0.007 au and the tunneling rate was calculated
by the time–energy filter method described in
Ref. [14].
By calculating the discrete tunneling spectrum
of hydrogen and deuterium and thermally averaging the rates we determined the thermal diffusion
rate as shown in Fig. 2. At low temperatures the
diffusion constant is almost temperature independent. At high temperatures the rate converges to
an exponentially increasing Arrhenius behavior.
Between these two extremes lies a crossover regime.
The calculated crossover temperature is 69 K for
hydrogen and 45 K for deuterium. These values
should be compared with experiment and other
calculation, as shown in Table 2.
The diffusion rates exhibit large isotope effects
at temperatures below 80 K, and become similar
at higher temperatures. We suspect that the small
isotope effect seen in experiments is due to the
limited experimental temperature range (greater
than 80 K ).
The activation energy E =−d ln D/db, where
a
b−1=k T, is shown in Fig. 3 for both isotopes.
B
At very low temperatures the activation energy is
very small in magnitude, initially rising slowly with

Fig. 2. Diffusion constant rates of H and D on Ni (100). Also
shown, the experimental low coverage results of Lin and Gomer
[3] for H (%) and D (6) on this surface.

temperature. In the crossover regime ( just under
69 K for hydrogen and 45 K for deuterium) the
activation energy increases rapidly. The change is
very abrupt for deuterium, and more moderate for
hydrogen. At higher temperatures the activation
energies again becomes almost temperature independent, corresponding to an Arrhenius behavior. The high temperature activation energy
approaches 3.5 kcal mol−1 for hydrogen and
3.3 kcal mol−1 for deuterium. These are within the
range of reported experimental values for hydrogen
(in kcal mol−1): 3.2 (Ref. [3]), 3.5 ( Ref. [5]), 3.5
(Ref. [7]) and 4.0 (Ref. [8]) and for deuterium 3.6
(Ref. [3]) 5.0 (Ref. [5]) and 4.4 (Ref. [7]).
The complementary Arrhenius quantity to the
activation energy is the pre-exponential factor
D =D(T ) exp(E /k T ). The isotopic ratio
o
a B
D (D)/D (H ) is shown in Fig. 4. The ratio shoots
a
o
up from a minute value of 10−4 at temperatures
of about 40 K to a huge ratio of 5×106 at 65 K,
where it then decays as the temperature is further
raised. The large inverse isotope effect, reported
by various experimental studies of hydrogen diffusion on metal surfaces [2,3,5,7], by which
D (D)/D (H )&1, is clearly seen here. In addition,
a
o
we point out the strong dependence on temperature
at low temperatures.
The detailed dynamical calculation presented in
this work exhibits some of the peculiarities found
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Table 2
Comparison of calculated and measured quantities

T (H ) a
c
T (D) b
c
D (H ) c
T
D (D) d
T
E (H ) e
a
E (D) f
a

Ref. [16 ]
(theo.)

Ref. [17]
(theo.)

Present
(theo.)

Ref. [3]
(exp.)

Ref. [5]
(exp.)

40
25
1×10−18
1×10−30
NA
NA

66
NA
1×10−14
NA
4
NA

69
45
2×10−15
2×10−20
3.5
3.3

100
100
2×10−12
2×10−12
3.2
3.6

160
170
2×10−11
2×10−11
3.5
5.0

a Crossover temperature for H ( K ).
b Crossover temperature for D ( K ).
c Low temperature diffusion constant for H (cm2 s−1).
d Low temperature diffusion constant for D in (cm2 s−1).
e High temperature activation energy for H (kcal mol−1).
f High temperature activation energy for D (kcal mol−1).

Fig. 3. The activation energy as a function of surface temperature for hydrogen (full line) and deuterium (dotted line).

in the experiments. We found a temperature-independent diffusion regime at low temperatures, a
crossover region and an Arrhenius regime at higher
temperatures. The Arrhenius activation energies
were found to agree with experiment. Our calculation show an inverse isotope effect, as was reported
for the hydrogen–metal systems. However, our
results point out that the magnitude of the effect
is very sensitive to the temperature.
Here, as in previous theoretical studies [16,17],
important discrepancies between experiment and
theories are still unresolved:
(1) The calculated crossover temperature is lower
than measured.

Fig. 4. The ratio of pre-exponential factors of hydrogen and
deuterium as a function of temperature. The horizontal line is
the classical TST ratio.

(2) Calculated low temperature diffusion constants show a large isotope effect, unseen in
the measurements.
(3) The calculated low temperature diffusion constant is much lower than the measured one.
The discrepancy between the theoretical results
and experiment may be due to an experimental
problem, an issue recently raised by Zhu [25] and
clearly warrants refined experimental data. The
discrepancy may be attributed to the interaction
potential, but recently published estimates by
Mattsson et al. [26 ] reflect the same type of
discrepancies for an ab initio potential. We have
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found that the harmonic approximation may
require refinement since the spectral density is
temperature dependent. Another refinement may
be in a multi-bath construction which has a
stronger dissipative effect [14]. It therefore seems
that these phenomena require more experimental
and theoretical work for a clear and consistent
understanding.
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