OPERATOR FUNCTION BY CHEBYSHEV FIT
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ABsTrRACT. We explain the concept of orthogonal polynomials and specialize
to Chebyshev polynomials. We then explain how to use this expansion for
computing an operator function on a Hilbert-space function. As applications
we discuss how to efficiently computer the free energy and the entropy of a
particle in temperature 7.
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1. INTRODUCTION

In many cases in Quantum Mechanics we need to apply a function f (ﬁ ) of an

operator H to a wavefunction 1g. For example, when solving the time-dependent
Schrodinger, starting from a given initial state ¥ (0) = ¢ at time ¢ = 0:

(1.1) iy (t) = Hy (1),
where h is Planck’s constant. The solution at time ¢ is:
(1.2) W (t) = e Ny,

Here the operator function is based on the imaginary exponential function f;(z) =
e~ @t/ and has time as a parameter ¢.

Another example is the partition function which is defined as a trace of an
operator function:

(1.3) Z=tr [e—ﬁﬁ}

where now the operator function is the real exponential function fs(x) = e~#* and
has the inverse temperature as a parameter 3.

For non-interacting fermions the number of fermions as a function of temperature
and chemical potential u:

2
14 N (Bp) = tr {]
(1.4) (8, 1) )
Here we will describe how such an operator function can be computed using or-
thogonal polynomials.
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2. ORTHOGONAL POLYNOMIALS
Definition 1. A set of polynomials p,, () n = 0,1,2, ... is called an orthogonal set
if p,, (z) is of degree n and if
b
(2'1) / Pn (x) Pm (1‘) w (x) dx = cpOnm

We denote the coefficient of 2™ (the leading coefficient) in p, (z) by A,. w(z) >0
is the weight function so clearly the norm ¢, is positive.

Example 2. Examples of orthogonal polynomials are the Legendre polynomials,
orthogonal in the interval [—1, 1]. These are obtained by a Gram Schmidt orthog-
onalization of the set {1 x, x? } Remember that the Gram Schmidt procedure
for orthogonalization of a set of vectors ., is the set 50 ag and

5k| 5k

In our case, take pg (z) = 1. Then, since <p0| z)y=0
(2.3) p1(z) =z
Next,

o (p1l2?) (pol2?)
(24) D2 (if) =T b1 (l’) <p1|p1> Po ((E) <p0‘p0>
(2.5) =%~ ;
and

(2.6) ps(z) =2"—m

1
Where we used: [~ z*"dx = 3 =

ps (z) = 2*

and fil 2?¢dz = 0. Continuing this way we get
— S22 + 2 et

Lemma 3. The polynomial x™ is a linear combination of the orthogonal set of
polynomials p,, (x) where m < n.

Proof. Using induction. For n = 0 it is trivial. Now suppose it is true for n > 0
then for n + 1 we have that "' — - (x) is a polynomial of degree n and

thus equal to Y7 bmpm (). Thus, 2" = - (@) = >0 o bmpm (2) Le.
it is a linear combination of p,, (x)’s. O

Corollary 4. Within a set of orthogonal polynomials, p,, is orthogonal to all m-
degree polynomials g, (x) where m < n.

Proof. For m < n p,, (z) is a linear combination of py () k& < m, all of which are
orthogonal to p, (z) by definition. O

Corollary 5. Any m-degree polynomial q (z) can be written as q (x) = >~ bupn ()
where b, = ;! [ q(x) py (z)w () dz.

Definition 6. A root of a polynomial p (x)is a point of sign change. Specifically, a
point ¢ for which p (z)p(y) < 1 for all x < ¢ < y in an infinitesimal interval around
t. Naturally p (t) = 0.
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Theorem 7. All n roots of p, (x) are real, distinct and appear inside the interval
[a, b].

Proof. Denote by N <= n the number of sign changes of p, (x) in [a,b]. If N =0
then define qo (r) = 1 and if N > 0 define polynomial gy (z) = I} | (z — t;), where
t; are the N roots of p, (z) in the interval. p, (z)qy (z) does not change sign
even once in the interval and therefore f; Pn (2) gn () w (z) dz # 0 i.e. p, and qn
are non-orthogonal. This can only be true if N = n since p,is orthogonal to all
polynomials of degree N < n. Hence p,, (z) changes sign n times in the interval,
which means that all its roots are distinct and real. ]

3. QUADRATURE AS APPROXIMATIONS TO INTEGRALS

Definition 8. A rule ZnN:1 anf (z,,) is called a quadrature formula for f (x) with
N nodes x,, or a N-quadrature; a,, are called the weights. We use quadratures to
approximate integrals ff f(z)w (z)dx. A N—quadrature is called “k-exact” if it is
exact for all f (x) = ¢, (z) polynomials of degrees m < k.

Theorem 9. A N-quadrature cannot be 2N -ezact.

Proof. By counter example: f (z) = IIY_, (z — 2,,)° is a non-negative 2N-degree
polynomial. Its integral is positive while the quadrature formula yields zero. O

Definition 10. A N-quadrature which is (2N — 1)-exact is called a Gaussian
N-quadrature.

Theorem 11. A N-quadrature which is (N — 1)-ezact is also (2N — 1)-ezact if
and only if the nodes x,, are the roots of py (z).

Proof. Follow these:

(1) If the nodes x,, are the roots of py (x) then the quadrature is (2N — 1)exact:
Any polynomial si (z) of degree k& < 2N can be written as si (z) =
q (z) pn (z)+r (z) where both ¢ (x) and r (z) are polynomials of degree less
than N. Now [ s; () w (z)dx = [r(x) w (z) dz since py (x) is orthogonal
to ¢ (x). Finally, since ¢ (z,,) pn () = 0 and the quadrature is (N — 1)-
exact we have: [ sg (z)w (x)dz = 25:1 anr (x,) = ij:l ansk (zn), hence
it is also 2V — lexact.

(2) In a N-quadrature which is (2N — 1)-exact the nodes x,, must be the roots
of pn (2): Let gy (z) = IY_, (z — x,,) then for k < N:[ gy (2) pi (z) w (z) dx =
Zﬁ;l angn (Tn) pi (n) = 0 since then the quadrature is exact. Thus
gy () is a N degree polynomial which is orthogonal to all py (z) i.e. it
must be a constant times py ().

O

Corollary 12. The weights are obtained from solving the N linear equations with
N unknowns

N
Co

3.1 n n) = ——00,k=0,..., K

( ) ;a pk(ﬁﬂ ) po(O) )

Theorem 13. For a Gaussian quadrature ZnN:1 anpr (zn) pj (Tn) = cklkj, k,j =
0,....K
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4. POLYNOMIAL FIT APPROXIMATION TO FUNCTIONS

Given a function f (z), an interval [a,b] and a weight w (x)and a set of polyno-

mials of degree k = 0,1,... pi (z) we ask what is the best fit we can obtain for
f (@)

N-1
(4.1) fl@) =) anpn (@)

n=0

we can obtain for f (z)using these polynomials, so that the difference is minimal in
the sense

b N—1 2
(4.2) J = / (f (z) — Z QU Pn (:E)) w (z) dx
a n=0

We can solve this by taking derivatives with respect to ay:

8.7 b =
(43) 0= @ = _2/a (f (Z‘) - T;) QpPn (Z‘)) Pk (Z‘) w (.Z‘) dx

which can be rearranged to read:

N-—-1 b b
(4.4) Qn, n () pr (2)w (x)de = | f(x)pr (x)w(z)de.
3 [ pan | r@m

we see that, if we choose the polynomials p,, (x) as the orthogonal set with respect
to w (x) we obtain a simple expression :

(4.5) o =

b
=— [ [(@)pr(z)w(z)ds.
Ck Ja

Hence we have a systematic way of generating optimal approximations to func-
tions. If we know how the perform the integrals of Eq. 4.5 we can use the obtained
ay, for approximating the function of an operator having its eigenvalues within the
interval [a, b].

Now, if we cannot use exact integration, we can use Gauss integration:

N/
1
(4.6) ak:aZf(tn)pk(tn)wn, k=0,...,N—1
n=1

One can choose N’ = N or even N’ = 2N for higher precision.

5. CHEBYSHEV POLYNOMIALS

The Chebyshev polynomials 7T;, (x) are a family of polynomials, defined through
trigonometric functions. For |z| < 1 we set = cos € and define

(5.1) T, (z) =T, (cos @) = cosnb

Is this really a polynomial?? First we note:

T()({,C) = 1
T () = «
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Now, using the trigonometric relation:
cos(n+ 1) =2cosfcosnf —cos(n—1)0

It is straightforward to unveil the polynomial nature: T, (z) can be defined in
terms of lower degree T’s :

(5.2) Tni1 () = 22T, (z) — Th-1 (2)

Thus the Chebyshev polynomials can be generated, for example

To(z) = 202—1
Ty (z) = 43— 3z
Ty(z) = 8z*—8z2+1

The orthogonality of the Chebyshev polynomials over the interval [—1, 1] derives
from:

2 s
(5.3) = / cos (nf) cos (mh) df = (6no + 1) Onm
T Jo
and by making the change of variable x = cos 6, we obtain:
2 ' T (z) T (2)
54 — ————2dx = 0pm (Ono + 1
(54) s /_1 V1—x2 v (9n0 )

Hence, the weight w (x) = %\/11_7 emerges.

The roots of the Chebyshev polynomial Ty (x) are derived from the zeros of the
cosine cos V@ = 0 which are

v _Tf 1
(5.5) 0, I (n 2)

where n is any integer. Hence, the Gaussian-Chebyshev sampling points, based on
the Ty (x) the are
(5.6) V) = cos M) n=1,... N

The N quadrature weights weights a, are determined from Eq. 3.1 one gets:
25:1 anTk (x%N)> = 200 Or

N
(5.7) 3 aM cos (kegm) = 2040, k=0,...,N 1
n=1

Due to the fact that This is a set of N equations and N unknowns. We note that
for K #0

N N—1
(5.8) Z cos (k@r(LN)) = Re Z otk A (5 +nm)
n=1

n=0
k
; s — — 1
(5.9) = Re e’“w()ik
2isin 55
(5.10) =0
this gives:
2
A1 Ny = 2
(5.11) n N
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The quadrature is then :

2 1 f(2) 2 &
5.12 — ———dr~ — cos V)
( ) 77/_1\/1—332 an_:lf< " )

6. CHEBYSHEV APPROXIMATION

Further reading: [1]

Suppose we have a set of functions f (x;p) where x is a variable in the interval
[—1,1] and p is some set of parameters. We can use Chebyshev polynomials and
write,

N—2
(6.1) f(zip) = Z br (p) Tk (%)
k=0

where due to Eq. 5.4:

1 2 (N Ti(a) f(xp)
L+dom /o1 V1— a2

Then, using the Gaussian quadrature of with N terms in Eq. (5.12) we estimate
b, k=0,...,N —2 as:

(6.2) bi. (p) dx.

N
(6.3) be (p) = flgo% Z cos (k@,(lN)) f (cos H;N);p)
n n=1

Note: The constant by (p) can be calculated efficiently using a FFT. Denoting
falp)=f (cos G%N);p>, for real functions f (x) We write Eq. (6.3) as:

12 e
(6.4) by (p):H(SONRe{el?Nk D einhg, (p)}, k=0,...,N—2
n n=0

Where the sum can be done using a FFT, by setting

{f7L+1 0§TL<N

(6.5) On = 0 N<n<2N

so the sum in the last term is a FFT of f,, (p) (for each value of parameters p an
FFT needs to be performed) and all the b’s for this set of parameters are obtained.

If f(x) = f"(z)+if*(z), is complex then you don’t have to separate to real
and imaginary parts. Just do the following FFT (note the :

1 1 2N—1
6.6)  bi(p) =~ {e"ﬂv’“ Py (p)}, k=0,...,N—-1
146k NV =

This works well for both the real and the complex cases and for real functions gives
exactly the same coefficients as Eq. 6.4.
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7. CHEBYSHEV APPROXIMATION FOR A OPERATOR FUNCTION
Based on ref.[2].
We now show how to apply F, (ﬁ ) on a given function ¥. Given the operator

H we first need to estimate the interval [Ermin, Emaz] which contains all of H's
eigenvalues. Then we define a function:b — a = Ein, b+ a = Epas

(7.1) fp(z) =F, (zAE + E)

where:

(7 2) E— Emaz + Emin AE — Emazr — Emin
' B 2 ’ B 2

Now find the Chebyshev approximation for f (x):

K
(7.3) fo (@) = bk (p) T (@)
k=0
Then, here’s how to apply F), (ﬁ) on any given v :
K
(7.4) Fy (H) 6 =3 b ()
k=0
where:
(7.5) Yo =1, ¥1=Hyto, Yrs1 = 2HNVk + Ve
and
(7.6) Ay=2-F A_EE

Note that the same set of ¥’s can be used for many parameter s p, and that you
only need to remember 4 functions.

8. STOCHASTIC WAVE FUNCTIONS AND TRACES USING CHEBYSHEV MOMENTS

The methods here are based on refs. [3, 4, 5][4][5].
If we want to calculate the trace of an operator function, (see for examples Eq.
(1.3) or Eq. (1.4)):

(8.1) Ay = tr [Fp (H)}
We first employ the stochastic trace formula, where we take a random wave
function at grid-point rg,
i0s
8.2 ry) = ——

where AV is the grid spacing/area/volume. It can be shown that the average of
the projection operator of such wave functions give the unit operator:

(8.3) (lp)(pl) =1

where the angular brackets denote averaging with respect to §. Combining this

with Eq. (8.1) we obtain:
(8.4) Ay =tr ()0 By (8)] = ((v|m ()] )
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Using the Chebyshev approximation of the function in Eq. (7.4) we find:

(8.5)

where:

(8.6)

K—1
Ap = Z by (p) My,
k=0

My, = tr [T (fiy )| = (W)

is the & Chebyshev moment. Note that the main numeric effort goes to calculation
of the K moments, which are just numbers. One can save half of the Hamilton-
ian applications by noticing that from the trigonometric relations cos (n +m) 6 +

cos (n —

(8.7)

m) 0 = 2 cosnf cosmb, we have, for —1 <z < 1:

Trim () + T (2) = 2T, () Ty () .

Using this relation with n = m (we omit (z)):

(8.8)

Ty, =2T% -1

and with n = m + 1 we find:

(8.9)

Topy1 =20, T, 1 — T1.

Hence, applying this for the operator Hy instead of x, for even k, i.e. k = 2n, we

find:
(8.10)

My, =2 <<wn‘7pn>> - MO

and for odd k, i.e. Kk =2n+ 1, we find:

(8.11)

Moy i1 = 2((Yn|Vny1)) — My

Clearly we only have to compute ,,’s for n =0, ..., K/2.

9. ALGORITHM FOR CALCULATING THE TRACE OF F (ﬁ;p)

The following steps are necessary:

(1)

Note that p is a set of parameters, like 5, u for the electron number function
Ne
Prepare a grid representation of wave functions and the Hamiltonian oper-
ator
Estimate E,,;, and E,,., (see: section 7).
Define Hy (Eq. 7.6).
For a given set of parameters p prepare the Chebyshev coefficients by (p)
k=0,...,K—1. K (see Eq. (6.6)) has to be even and large enough so
that all by, (p) with k > K are negligible (e.g. less than 107%).
Generate the moments My k=0,..., K — 1:
(a) Set

(i) Mo = N,

(if) forall k=1,..., K —1 M; =0
(b) Generate a stochastic wave function 1y on the grid (Eq. 8.2). Note it

must be zero on the grid boundaries.

(c) Set
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(i) ¥1 = Hntho
(i) My = (¢olen),
(iil) Mz =2 ((¢1|1)) — Mo;

2,3,...to n = K/2 (remember K is even):
Yy = 2HNY1 — 9o
Mop_1 = May_1 + (2 (Yn_1|tbn) — M)
(111 M2n = M2n + (2 <7/}nW}n> - MO):
(iv) o = 1, Y1 =12
(e) Average My over I stochastic functions (see Eq. 8.2 on page 7). The
statistical error should decrease in proportion to I -1/2,

(7) Calculate the trace as: tr [F (ﬁ,p)} = Zf:_ol bi (p) M.
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