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The auxiliary-field Monte Carlo 共AFMC兲 is a method for computing ground-state and excited-state
energies and other properties of electrons in molecules. For a given basis set, AFMC is an
approximation to full-configuration interaction and the accuracy is determined predominantly by an
inverse temperature ‘‘␤’’ parameter. A considerable amount of the dynamical correlation energy is
recovered even at small values of ␤. Yet, nondynamical correlation energy is inefficiently treated by
AFMC. This is because the statistical error grows with ␤, warranting increasing amount of Monte
Carlo sampling. A recently introduced multi-determinant variant of AFMC is studied, and the
method can be tuned by balancing the sizes of the determinantal space and the ␤-parameter with
respect to a predefined target accuracy. The well-tempered AFMC is considerably more efficient
than a naı̈ve AFMC. As a welcome ‘‘byproduct’’ low lying excitation energies of the molecule are
supplied as well. We demonstrate the principles on dissociating hydrogen molecule and torsion of
ethylene where we calculate the 共unoptimized兲 torsional barrier and the vertical singlet-triplet
splitting. © 2004 American Institute of Physics. 关DOI: 10.1063/1.1630020兴

I. INTRODUCTION

Yet, the current versions of TDDFT methods are not general
enough. They do describe quantitatively Rydberg states,6,7
electron-transfer processes,8 and anions.7 Thus, present day
capability concerning excited molecular state is still an open
problem and there is need for new accurate methods which
can act as benchmarks for the rapidly developing TDDFT.
Among the multitude of quantum chemistry approaches,
Monte Carlo methods hold a special place, delivering the
hope of rigorous convergence while alleviating abuse of
computer memory and power in large systems.9–12 The most
popular approaches, variational, diffusion, and Green’s function Monte Carlo, are especially useful for the ground state
energy calculations. These methods are attractive because
they are essentially free of basis set errors. Yet systematic,
uncontrollable, errors do come in—through the fixed nodes
approximation.13 Removing or alleviating the fixed node approximation has been shown to be a practical method only
for small number of electrons 共less than five兲. Even for three
electrons there are still unresolved claims that biases exist in
the Green’s function Monte Carlo, when the fixed node approximation is not used.14 The fixed nodes also prevent correlated sampling of, for example, forces, and special methods
for alleviating this need to be applied.15
This article concentrates on a relatively new Monte
Carlo method for electronic structure, the auxiliary field
Monte Carlo 共AFMC兲. The great benefit of the method is that
it is essentially free of fixed node approximations. AFMC
was developed and used in several fields of physics in pioneering work by several authors.16 –22 Application of AFMC
to molecular electronic structure problems was unsuccessful
due to very large statistical fluctuations. This problem essentially prevented progress until the development of the shifted
contour AMFC by Rom and Neuhauser.23 Analysis of the
method and demonstration of its utility has been published in
several studies.11,24 –27 As mentioned above, the greatest ad-

Possessing the detailed structure of excited state molecular potential energy surfaces 共PESs兲 is a prerequisite for understanding and controlling many of their properties. Numerous important biological processes, such as photosynthesis or
the vision, involve dynamics on the excited state PESs. Yet,
excited state PESs are in general poorly known. The reason
is that it is usually much more difficult to compute excited
state than the ground state potentials. Several difficulties are
encountered in the process. For example, a proper basis set
should include also diffuse functions. Moreover, the dense
manifold of electronic excited states sometimes severely
complicates the problem because they tend to mix when insufficient degree of correlation is used.
The development of methods for excited states is an on
going effort since the first days of quantum chemistry. An
often used method is the multireference double configuration
interaction 共MRDCI兲 method,1 which often yields good excited state energies. Another successful approach is the
second-order perturbation theory within a complete active
space 共CASPT2兲 method which can deliver in certain cases
very accurate description of electronically excited states.2
This method relies on complete active space self-consistent
field 共CASSCF兲 which has a high numerical complexity and
thus correlates only a small number of electrons in a restricted space of molecule orbitals. Recently methods relying
on time-dependent density functional theory3 共TDDFT兲 have
been shown to provide useful excitation energies4 and other
observables concerning the potential energy surfaces.5 While
being considerably less sensitive to system size, these methods sometimes deliver highly accurate excitation energies.
a兲
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vantage of the method, over other Monte Carlo approaches
to electronic structure, is the absence of the uncontrolled
fixed node approximation. This makes the method more expensive in individual energy calculations. However, there is
an added value for the increased price: the possibility to perform correlated sampling. This has been established in several studies: calculation of spectroscopic constants,28 calculation of deformation barriers,29 and determination of singlettriplet splittings.30
As an alternative to ‘‘conventional’’ electronic structure
methods, Monte Carlo techniques have had a hard time to
compete with less rigorous but deterministic methods, such
as the truncated coupled-cluster approaches. The primary
reason for this is that the deterministic methods enjoy fortuitous error cancellations. This is noticeable when deterministic methods are pushed to their rigorous limits.31 Another
reason is the fixed node approximation, which despite some
impressive achievements32–36 is limited in going beyond the
single-energy calculations.
This present article discusses the relation of various
sources of errors in AFMC: the finite time step, the statistical
error 共SE兲, and the finite ␤ parameter 共to be defined in Sec.
II兲. We also discuss the dependence of these errors on the
size of a multi-determinantal space in which AFMC is performed. One important conclusion is that it is important to
balance the method by a suitable tuning of the various convergence parameters—arriving at a well-tempered AFMC.
Another conclusion is that a suitable choice of the multideterminantal space allows the full CI quality computation of
excited state surfaces, within the given basis set. We demonstrate these points on the potential surfaces of hydrogen and
ethylene.
II. AFMC THEORY AND APPLICATION
A. Review of AFMC theory

The basic utility of AFMC is its practically unrivalled
ability to compute the following matrix elements related to
any two determinantal wave functions ⌽ i and ⌽ j :
ˆ

ˆ

S  ⫽ 具 ⌽  兩 e ⫺ ␤ H 兩 ⌽  典 H  ⫽ 具 ⌽  兩 Ĥe ⫺ ␤ H 兩 ⌽  典 ,

共2.1兲

where Ĥ is the full Hamiltonian 共within a given one-electron
basis set兲 and ⌽  and ⌽  (  ,  ⫽1,...,K) are K arbitrary N e
electron determinantal wave functions containing N e orbitals
spanned by the basis set. These orbitals are usually obtained
from Hartree–Fock calculation. Yet they are not limited to
this choice and multi-configuration self-consistent-field
theory, natural orbitals from various choice of CI or even
density functional orbitals.
The basic idea of AFMC is the use of a well-known
integral transform (V⬎0):
e

⫺ 共 1/2兲 V  2

⫽

冑 冕
V
2

density.’’ 37 On the left-hand side the exponent includes a
quadratic term in  while on the right-hand side the exponent
includes a linear term. The connection to electronic structure,
is evident:  is taken not as a number but as a one-particle
operator ˆ I ⬅ ˆ i j 共see Appendix A for a review of notation兲.
We then have
e ⫺ 共 1/2兲 
⫽

TV⌬␤

冑 冉 ␤冊 冕
det V

e

e

d

共2.2兲
ˆ

for converting the Boltzmann operator e ⫺⌬ ␤ H where Ĥ includes two-electron interactions into a weighted sum of Boltzmann operators describing noninteracting electrons. The integration variable  of Eq. 共2.2兲 is called an ‘‘auxiliary

e i

T V ˆ ⌬ ␤ ⫺ 1/2兲  T V  ⌬ ␤
共

e

2

dN .

共2.3兲

Here we used the fact that V, the matrix of two-electron
integrals, is positive definite. This identity is called the
Hubbard–Stratonovich transformation. In Appendices A and
B we review the basic theory, showing that the matrix eleˆ
ment of a Boltzmann operator e ⫺ ␤ H can be written as a
functional average 关Eq. 共B1兲兴, while the matrix elements of
ˆ
Ĥe ⫺ ␤ H are analogously given by

具 ⌿ i 兩 Ĥe ⫺Ĥ⌬ ␤ 兩 ⌿ j 典
⫽N⬘ ⫻ 具具 ⌿ i 兩 Ĥ 㜷̂ e i 兰 共  共 ␤ 兲 ⫺i ␣ 共 ␤ 兲兲

T V ˆ d ␤

兩 ⌿ j 典典  共 ␤ ,V⌬ ␤ 兲 . 共2.4兲

B. Multi-determinantal AFMC

Having an in-principle accurate method for calculating
the quantities of Eq. 共2.1兲, for a given ␤, we discuss how to
use this tool, namely how the M lowest eigenenergies of Ĥ
共of given symmetry and spin兲 can be calculated. We assert
that these are accessible by solving the generalized K⫻K
(K⭓M ) eigenvalue problem:
HC⫽SCE.

共2.5兲

All matrices in Eq. 共2.5兲 are K⫻K and E is diagonal,
holding the approximate eigenenergies. The utility in working with a large K will become evident in the sections to
come. We profit twice: increasing the efficiency of the
ground state calculates and obtaining excited state information.
C. Computer program—GSAFMC

The computational application of AFMC starts where a
conventional self-consistent field 共SCF兲 electronic structure
treatment ends. We have therefore written a computer program, GSAFMC, which performs an AFMC calculation based
on an output file of a GAMESS共US兲 program. The basic algorithm of the program is quite straightforward and was given
in Ref. 11. We discuss here a few methodological details.
To facilitate the generation of Gaussian distributed auxiliary densities, we perform a Cholesky factorization of the
two-electron-integral matrix V:
V⫽LL T ,

iV  ⫺ 共 1/2兲 V  2

⌬
2

共2.6兲

where L IK is a lower triangular matrix in the I, J indices
共please refer to Appendix A for explanation of these notations兲. Since the matrix V is in practice usually not positive
definite due to numerical round-offs, care must be exercised
when performing this factorization. In order to derive an expression with L instead of V we change the variable of inte-

Downloaded 31 May 2004 to 132.64.1.37. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

J. Chem. Phys., Vol. 120, No. 1, 1 January 2004

Auxiliary-field Monte Carlo

gration from  to L  . Thus, the rotated Gaussian weight is
transformed to an efficacious Gaussian weight:
e ⫺ 共 1/2兲 

TV⌬␤

→e ⫺ 共 1/2兲 

T⌬␤

共2.7兲

.

The operator, including the contour shift, becomes
e i 共  ⫺i ␣ 兲

T V ˆ ⌬ ␤

→e i 共  ⫺i ˜␣ 兲

T L T ˆ ⌬ ␤

,

共2.8兲

where ˜␣ ⫽L T ␣ . The importance of this procedure is that it
replaces expensive diagonalization by a more numerically
efficacious Cholesky factorization.
Another effective method is related to the expensive procedure of the two-electron repulsion energy calculation 具 V 典
⫽ 具 ⌽ L 兩 V 兩 ⌽ R 典 , where ⌽ L is a constant matrix and ⌽ R
changes at each Monte Carlo 共MC兲 iteration. A naive calculation necessitates the use of the full V i jkl matrix is numerically expensive. Utilizing the fact that ⌽ L is always the same
determinant, we can save considerable memory and speed by
the following scheme. We first write
Ne

具V典⫽ 兺

N

兺 L i ␣ R j ␣共 V i jkl ⫺V ilk j 兲 L k ␤ R l ␤ ,

␣␤ i jkl

共2.9兲

where the L i ␣ (R i ␣ ) denote the coefficient of the ith MO in
the ␣ th orbital of the determinant ⌽ L (⌽ R ). Defining
N
W jl ␣␤ ⫽ 兺 ikb L i ␣ (V i jkl ⫺V ilk j )L k ␤ , a quantity which can be
calculated just once before the MC iterations begin, we find
Ne

具V典⫽ 兺
␣␤

N

兺jl R j ␣ W l j ␣␤ R l ␤ .

共2.10兲

Using this equation in place of Eq. 共2.9兲 during the multitude of MC iterations is numerically efficacious.
Finally, we comment on the use of memory. When the
memory needed by the L⫽matrix is prohibitive, it is possible
to store it on disk and structure the loops of AFMC in such a
way as to minimize the number of reads needed simply by
performing parallel sampling, i.e., sampling several ’s at
once. This makes the penalty of disk access negligible.

D. Estimation of the ‘‘statistical error’’

Next, we discuss the estimation of the SE. The procedure
is based on statistical theory and we briefly review it for our
purposes here. Each MC iteration yields a results ␣ i (i
⫽1,...,I) which is a sample of the random variable A. This
random variable is distributed in an unknown fashion with an
expectation value 具A典 and variance ⌺(A) 2 . We want to use
the samples ␣ i to estimate 具A典 and we want determine the
accuracy of this estimate 共the SE兲. We first group the results
to a small number 共J兲 of groups I j , j⫽1,...,J, of N J ⫽I/J
members. We then define the mean of A for each group:
¯␣ j ⫽

1
␣ .
N J i苸I j i

兺

共2.11兲

These estimates can be viewed as samples of a new random variable Ā, defined as
J

Ā⫽

1
A ,
N J j⫽1 j

兺

共2.12兲

45

where A j are random variables which are distributed identically to A. The central limit theorem asserts that 共in the limit
of large N J ) the random variable Ā is distributed according
to a Gaussian distribution, with the same expectation value
as that of A, 具 Ā 典 ⫽ 具 A 典 and variance which is smaller by a
factor 冑N j :⌺(Ā) 2 ⫽⌺(A) 2 / 冑N J .
We have J samples ¯␣ j , j⫽1,...,J, from this distribution
and we use them to obtain a ␥-confidence interval for 具A典. 共A
␥-confidence interval is a smallest interval 关a,b兴 for which
there is ␥ probability that 具A典 is in 关a,b兴.兲 According to standard statistical theory this interval is 关 ␣ ⫺SE, ␣ ⫹SE 兴 where
¯␣ ⫽

1
J

J

兺

j⫽1

¯␣ j ⬇ 具 A 典

and
SE⫽t 共 J⫺1 兲 , 共 1⫺ ␥ 兲 /2⫻

共2.13兲

冑

J

1
␣ 兲2,
共␣ ⫺¯
J 共 J⫺1 兲 j⫽1 J

兺

共2.14兲

where t d f ,p is the Student t distribution. For a confidence
interval of ␥ ⫽90% and J⫽5, t⫽2.13, while for a confidence interval of ␥ ⫽95%, t⫽2.77. Equations 共2.11兲, 共2.13兲,
and 共2.14兲 are the working equations. We use J⫽5 and confidence ␥ ⫽90% in all calculations of this article.

III. RESULTS ON MODEL SYSTEMS

In this section we report a few computational results that
demonstrate the performance of multi-determinantal AFMC.
We study two systems: the hydrogen molecule bond stretch
and the ethene torsional motion.
A. Ground and excited states of H2 bond stretching

We consider here the ground and valence excited states
of H2 described within the cc-pVDZ basis. This basis facilitates full CI calculation, so the AFMC accuracy can be assessed within this basis. The accuracy in absolute terms is
not large due to the limitations of the basis set. We use a K
⫽6 determinantal space as follows: 兩 1  2g 兩 , 兩 1  1g 1  1u 兩 ,
兩 1  1g 1  1u 兩 兩 1  1g 2  1g 兩 , 兩 1  1g 2  1g 兩 , and 兩 1  2u 兩 . The orbitals are
taken from a Hartree–Fock treatment. These determinants
span a six-dimensional space which is composed of 4D
singlet⫹2D triplet subspaces. The corresponding AMFC estimates for the energies of the eigenstates converge towards
the full CI limit as ␤ increases. This is shown in Fig. 1,
where it is seen that the states are approached from above as
␤ grows from 0 to 5 au. For the low energy manifold the
multi-determinantal set already captures the main features of
the PES, and AFMC nicely corrects it to quantitative fit. For
the higher excitation energies AFMC is more effective as the
multi-determinantal fares less well. However, at some regions, a quantitative fit requires a much larger ␤ than we use.
It is difficult to enlarge ␤ because the SE increases in response 共see the next section for a full discussion on this兲. The
last singlet state is an extreme example. The reason that this
last state is not well converged is because other singlet states
of similar energies exist and have a near-degeneracy effect.
These are not described in the small six-dimensional space
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FIG. 1. Low lying excited state potential energy curves for H2 in the ccpVDZ basis set. The lines are full-CI results; large circles are the K⫽6
result 共no AFMC兲; small circles with statistical error bars are K⫽6 AFMC
( ␤ ⫽5 au).

we chose. If the higher energy states are required, the determinantal manifold must be enlarged for an effective treatment.
A closer look for the low-lying states reveals that AFMC
is extremely effective at including the dynamical correlation
which is missing from the 6D determinantal space. In Fig. 2,
for example, the CI misses dynamic correlation energy of
almost 1 eV and AFMC restores it very nicely.
A close look at the higher excited states 共Fig. 3兲 reveals
again that AFMC in combination with the determinantal
space is extremely effective. Indeed, even the approach to
the singlet–singlet avoided crossing is very effectively corrected by AFMC.
These results show that the combination of AFMC with
a determinantal space that captures the salient features of
nondynamical correlation is an effective method for computing both ground and excited molecular states.

FIG. 2. Close-up on the ground state potential curve of Fig. 1.

S. Jacobi and R. Baer

FIG. 3. Close-up on a portion of the states depicted in Fig. 1.

B. The ethylene excited states and torsional barrier

The ethylene molecule at its ground state is planar so
that the two CH2 groups, connected by a CvC double bond,
share the same plane. We consider the torsional motion
where one CH2 group rotates around the C–C bond. This
motion is described by a torsional angle  which has a value
 ⫽0 in the planar configuration 共N兲 and  ⫽90° in the fully
vertical configuration (V). During the torsional motion we
freeze the bond-lengths R CC⫽1.334 A and R CH⫽1.081 A
and the HCH angle is ␣ HCH⫽117.4°.
In the planar 共stable兲 configuration, the HOMO orbital of
this molecule is a sum of the two atomic orbitals 共AOs兲 of
character p on each carbon atom which are perpendicular to
the molecular plane. We name this orbital, rather loosely, the
 orbital. Accordingly, the LUMO is the difference between
these AOs and we name it, for obvious reasons, the  * orbital. Because the overlap between the two AOs decreases
monotonically with growing , the  ⫺  * orbital energy
difference decreases as well. Both reach zero at the vertical
(  ⫽90°) configuration where their axes are perpendicular.
This degeneracy in fact causes a breakdown of the Hartree–
Fock approximation and a proper description of the torsional
motion usually needs to be described by a multi-reference
method that take into account nondynamical correlation.1,38
In the present calculation, we freeze four core electrons
in their restricted Hartree–Fock core orbitals 共mainly carbon
1s). Thus we correlate only the 12 valence electrons. We
work in a K⫽4 space consisting of excitations from the
HOMO ‘‘’’ orbital to the LUMO ‘‘ * ’’ orbital. The four
determinants composed of 兩 ¯  2 兩 , 兩 ¯  * 兩 , 兩 ¯ 
¯  * 兩 , and
兩 ¯(  * ) 2 兩 form the determinantal space. The orbitals are
Hartree–Fock orbitals.
In Fig. 4 we show the ground state curves as ␤ increases
from 0 关restricted Hartree–Fock 共RHF兲兴 to 4.5 au. The nondynamical correlation, allowed for by using the four determinantal basis specified above, is clearly not enough to obtain an even qualitatively correct PES. The AFMC iterations
damp the unphysical feature at the vertical configuration.
The computed barrier we obtain 共without relaxation of the
barrier geometry兲 is 3.2 eV.
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FIG. 4. The potential energy curve, as a function of the torsion angle ⍜ as
computed by Hartree–Fock approximation and by AFMC at increasing values of ␤.

A quantity of experimental interest is the singlet–triplet
vertical excitation of ethylene 共Fig. 5兲.39– 41 Our results, in
6-31G basis set, is 4.65⫾0.1 eV, virtually identical to the
full CI estimation of Gemein et al.,1 using multi-reference
configuration interaction method. Similar results of 4.4 eV
were obtained by Serrano-Andres et al.,2 using CASPT2 and
a much larger basis set. The results are also in agreement
with the recent QMC calculation of El Akramine et al.,34
which obtained 4.5 eV. All these calculated results are within
the experimental error bars of electron impact spectroscopic
measurements of van Veen.39 Yet, with exclusion of Ref. 2,
they are some ⬃5%–10% above the value inferred from
electron energy loss spectroscopy.40,41

FIG. 6. Three sources of errors in AFMC, shown for a calculation of H2 .
The finite step-size error converges as ⌬ ␤ →0. The finite ␤ error diminishes
as ␤ →⬁. The size of the statistical error 共SE兲 is approximately that of the
fluctuations. The SE at a given ␤ is determined by the number of MC
iterations I. For efficient applications a balance must be made between the
three sources.

For any given basis set and value of ␤, the quantities in
Eq. 共2.1兲 can be calculated by AFMC to within two controlled approximations:42,43 the finite step-size ⌬␤ 共where L
is the number of ␤ steps兲 and the statistical error 共SE兲. We
depict the sources of errors in Fig. 6. It is seen that the finite
step-size error is always positive, i.e., it systematically converges from above. It is a controlled approximation 共compu-

tational work is linear with L兲. Formally, the finite step-size
error converges no slower than O(⌬ ␤ ) 共see Appendix A兲. In
actual applications the observed convergence is much faster
than this. The SE is proportional to I ⫺1/2 where I is the
number of iterations, so it too can be reduced indefinitely
simply by more sampling.
What happens when ⌬␤ decreases? Does that cause the
statistical error to grow? We study this in Fig. 7 where the SE
is plotted as a function of ␤ and ⌬␤. Essentially, it is seen
that the SE is independent of ⌬␤.44
Consider now two extreme situations of applying the
scheme depicted in Eqs. 共2.1兲 and 共2.5兲. It is well known that
when ␤ ⫽0, taking 兵 ⌽  其 K ⫽1 to contain the largest possible
set of linearly independent determinants 共i.e., the ‘‘full-CI’’
limit兲 will yield the essentially exact eigenenergies within a
give basis set. However, this is not a practical solution for
any but the smallest systems. Consider now the other ex-

FIG. 5. The singlet and triplet states of ethylene calculated within the 6-31G
basis set, using AFMC, at ␤ ⫽4.5E ⫺1
h . Number of MC iterations: 50 000.

FIG. 7. SE as a function of ␤ for several values of step size ⌬␤. The SE is
independent of ⌬␤ and grows as ␤.

IV. WELL-TEMPERED AFMC
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TABLE I. Computational work as a function of the convergence parameters
K, L and ⌬␤. Results are for H 2 at R⫽1.2A.

Target accuracy
in absolute
energy (E h )
0.01
0.001
0.0001

FIG. 8. The AFMC error in total energy in a stretched H2 molecule and the
relative statistical error bars. Two calculations are shown, one with K⫽1
and K⫽6. The ellipse indicates the region where the SE dominates.

K

⌬␤ 共au兲 ␤ 共au兲

1
6
1
6
1
6

0.5
0.5
0.2
0.2
0.1
0.1

1.5
0.5
5
2.3
10
4

Iterations
needed I

Relative numerical
work
␤
K⫻ ⫻I
⌬␤

100
100
5⫻105
1⫻103
5⫻109 共est.兲
5⫻105

300
600
4⫻106
3⫻104
5.1011
1⫻108

冉

冊

get accuracy of 0.001 E h in the absolute energy is often
enough to ensure chemical accuracy in properties 共which involve energy differences兲.
V. CONCLUSIONS

treme: take the minimal number of determinants, K⫽M , and
use an extremely large value of ␤. This procedure too will
yield a formal solution to the problem, since the desired energies are obtained in the limit ␤ →⬁. Yet, this solution is
impractical: the SE grows exponentially with ␤, as clearly
seen in Fig. 7.
We shall see now that the finite ␤ error is considerably
reduced by taking a multi-determinantal approach. Of
course, such an approach does not change the exponential
scaling, since for a systematic decrease of the error, an exponential increase of the dimension K of the determinantal
space must follow. Yet, for a given target accuracy there is an
optimal balance between size of the determinantal space and
the value of ␤. We conclude that the scheme of Eqs. 共2.1兲
and 共2.5兲 has a certain flexibility that enables to balance the
two extremes. For any given system, a good choice of K,
兵 ⌽  其 K ⫽1 , and ␤ will yield an accurate and efficient electronic structure method.
We demonstrate this point on a simple example, the H2
molecule at stretched bond length 共Fig. 8兲. The picture nicely
depicts two sources of AFMC errors—the deterministic
finite-␤ error and the statistical error 共SE兲. Two scaling cases
are considered: when K⫽1 and K⫽6. In both cases, an increase of ␤ steadily reduces the deterministic error. Yet the
statistical error grows with ␤ as well. Eventually, at ␤
⫽4.5 au the deterministic error is sufficiently reduced and
the SE is sufficiently blown up for a transition to occur: the
total error becomes dominated by the SE. There is no point
in increasing ␤ at this stage. If better accuracy is required,
the increase of ␤ must be accompanied in an increase in the
number of iterations I, for reducing the SE.
A well-tempered AFMC is obtained when a correct
choice of all convergence parameters is chosen. We show in
Table I an example of how the choice of parameters as a
function of target accuracy and dimension of determinantal
space K affects the numerical work. The superiority of the
K⫽6 method for high accuracies is evident, as well as the
large increase in computational work necessary for better
accuracy. Because AFMC allows correlated sampling, a tar-

In this article we have examined multi-determinant
AFMC and analyzed the various convergence parameters of
a typical AFMC calculation. We have shown that for a given
␤ parameter the time-step error and the statistical errors are
controlled. The only uncontrolled parameter is thus the
␤-parameter, which should be in principle taken to infinity.
This limit cannot be achieved in actual applications since it
causes exponential rise in the SE. The need for large ␤ is
only a result of low-lying excited states. These, however, can
be dealt with using a multi-determinant approach. Thus, the
combination of AFMC and multi-determinantal AFMC, including well-tempered tuning of all the convergence parameters, is a requisite for good performance of the method.
Indeed, an important conclusion of the article is that correct tuning can lead to huge reduction in computational effort. We have also applied the method, using correlated sampling to accurately compute the ground and excited state
potential energy curves of hydrogen and ethylene within a
given basis set. In the latter we have shown that the method
can very effectively reduce the cusp at vertical geometry
which appears in Hartree–Fock and low-order determinantal
expansions. We have also calculated in a correlated manner
both the singlet and triple potential curves of the torsional
motion.
AFMC is a general method for including correlation and,
with a correct choice of determinantal space, it can be made
very efficient, too. It can build into a determinantal basis the
dynamical correlation which it misses. For a given accuracy
target the overall scaling is gentle 关 O(N 4 ) where N is the
number of electrons or basis functions even when no linear
scaling methods are used45兴. However, the prefactors are still
quite large and, in the future, a large effort must be invested
for reducing the prefactors.
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APPENDIX A: DETAILS OF AFMC THEORY

Why is this useful for electronic structure? For answering this, let us write the electronic Hamiltonian in second
quantized form:
Ĥ⫽

1

兺 T i j ĉ is† ĉ js ⫹ 2 i jkl,ss
兺
i, j,s

†

⬘

†
V i jkl ĉ is
ĉ ks ⬘ ĉ ls ⬘ ĉ js ,

共A1兲

†
where ĉ i,s
(ĉ i,s ) is a creation 共annihilation兲 operator of an
electron of spin s in molecular orbital  i (r), i⫽1,...,N:

Ti j⫽

冕 *
i

共 r兲关 ⫺ⵜ 2 /2⫹ v nuc共 r兲兴  j 共 r兲 d 3 r

共A2兲

冕 冕 *
i

共 r兲  j 共 r兲

共A3兲

Atomic units are used throughout. In Eq. 共A2兲 v nuc(r) is the
sum over all nuclei of the Coulombic attraction potentials
and in Eq. 共A3兲 v (r)⫽e 2 /r is the Coulomb repulsion between electrons. The Hamiltonian of Eq. 共A1兲 can be written
as

兺i j

1
t i j ˆ i j ⫹
2

兺 ˆ i j V i jkl ˆ kl ,

共A4兲

†
ĉ js is the single-particle-density-matrix
where ˆ i j ⫽ 兺 s⫽↑↓ ĉ is
operator and t i j ⫽T i j ⫺ 12 兺 l V ill j . It is worthwhile to introduce
a shorthand notation I⫽(i j) 共I is an index of N 2 components兲, with which the Hamiltonian of Eq. 共A4兲 is written as

Ĥ⫽t T ˆ ⫹ 21 ˆ T V ˆ .

共A5兲

1
关 ŷ, 关 ŷ,x̂ 兴兴 s 2
2!

1
关 ŷ, 关 ŷ, 关 ŷ,x̂ 兴兴兴 s 3 ⫹¯ .
3!

关 ĉ †j ĉ k ,ĉ †i 兴 ⫽ ␦ ik ĉ †j ,

共A11兲

from which

兺j t i j c †j ,
共A12兲

兺j

共 t 2 兲 i j ĉ †j ,

关where the definition (t 2 ) i j ⫽ 兺 k t ik t k j is used兴. Equations
共A10兲–共A12兲 show that
T

T

e ⫺⌬ ␤ t ˆ ĉ †i e ⌬ ␤ t ˆ ⫽

兺j 共 e ⫺⌬ ␤ t 兲 i j ĉ †j ⬅d̂ †i 共 ⌬ ␤ 兲 .

It is evident that d̂ †i simply creates an electron in the molecular orbital

 i 共 r兲 ⫽ 兺 共 e ⫺⌬ ␤ t 兲 i j  j 共 r兲 ,
T

Thus, the operation of e ⫺⌬ ␤ t ˆ on a determinant is again a
determinant, of new molecular orbitals, computed by Eq.
共A14兲:
T

兺I A I B I .

共A6兲

The real matrix V IK defined in Eq. 共A1兲 is in fact ‘‘positive definite,’’ thus for any real M-vector ,

 T V  ⬎0.

共A7兲

We now consider the practical evaluation Boltzmann opˆ
erator e ⫺ ␤ H . As usual with all quantum path integral methods, the first step is to break up to a product of L time steps:
ˆ

ˆ

ˆ

e ⫺ ␤ H ⫽e ⫺⌬ ␤ H ¯e ⫺⌬ ␤ H

共A8兲

with ⌬ ␤ ⫽ ␤ /L. Let us now consider a single step operating
ˆ
with e ⫺⌬ ␤ H on a determinantal wavefunction ⌽
⫽c i† ¯c i† 兩 0 典 共we suppress the spin indices for clarity兲. For
1

Ne

this, let us further approximate
ˆ

e ⫺⌬ ␤ H ⌽⬇e ⫺ 共 1/2兲 

T V ˆ ⌬ ␤ ⫺⌬ ␤ t T ˆ

e

共A14兲

j

T

1

A B⫽

共A13兲

e ⫺⌬ ␤ t ˆ 兩 ⌽ 典 ⫽e ⫺⌬ ␤ t ˆ ĉ †i ¯ĉ i† 兩 0 典 ⫽d̂ †i ¯d̂ i† 兩 0 典

We use here the notation
T

共A10兲

We want to apply Eq. 共A10兲 for the case ŷ⫽⌬ ␤ t T ˆ and
x̂⫽ĉ †i . For this, we use the commutation relation

关 t T ˆ , 关 t T ˆ ,ĉ †i 兴兴 ⫽

⫻ v共 兩 r⫺r⬘ 兩 兲  k* 共 r⬘ 兲  l 共 r⬘ 兲 dr dr ⬘ .

Ĥ⫽

⫹

关 t T ˆ ,ĉ †i 兴 ⫽

and
V i jkl ⫽

e ⫺sŷ x̂e sŷ ⫽x̂⫹ 关 ŷ,x̂ 兴 s⫹

49

⌽.

共A9兲

The approximation becomes exact as fast as ⌬ ␤ 2 goes to
zero 关since there are L steps, the total error this introduces is
actually O(⌬ ␤ )]. The first operator is an exponential of a
one-electron operator, and is easily applied as we now show.
We first Taylor expand the expression e ⫺sŷ x̂e sŷ , obtaining

Ne

1

Ne

⬅兩⌿共 ⌬ ␤ 兲典.

共A15兲
T

The next problem is the operation of e ⫺⌬ ␤ ˆ V ˆ on the
determinant ⌿共⌬␤兲. Here, in general, the result is a long and
unyielding sum of determinants. This sum can be written as
a functional integral, using Eq. 共2.3兲:
e ⫺⌬ ␤ 共 1/2兲 ˆ

T V ˆ

兩⌿典⫽

冑 冋 ␤册
冕
det

⫻

V⌬
2

e ⫺ 共 1/2兲 

T V  ⌬ ␤ i  T V ˆ ⌬ ␤

e

2

兩⌿典dN .

共A16兲
The operation on the determinant is now a sum of operation
of single-particle evolutions with an auxiliary electron density . The integral is a weighted sum over all possible denT
sities  i j and the weight is Gaussian e ⫺(1/2)  V  ⌬ ␤ . Thus, we
may write this scheme as a weighted average, taking into
account all the segments and, closing from the left with an
arbitrary determinant, we have

具 ⍜ 兩 e ⫺Ĥ⌬ ␤ 兩 ⌿ 典 ⫽N具具 ⍜ 兩 㜷̂e i 兰 

T

共 ␤ 兲 V ˆ d ␤

兩 ⌿ 典典  共 ␤ ,V⌬ ␤ 兲 ,
共A17兲
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where 㜷̂
is the path ordering operator, N
⫽ (1/2) 兰 Tr ln关(V(␤))d␤/2 兴 共in obvious notation兲 and the average is
T
weighted by e ⫺(1/2) 兰  ( ␤ )V  ( ␤ )d ␤ and normalized accordingly.
APPENDIX B: THE CONTOUR SHIFT

While formally correct, the expression in Eq. 共A17兲 is
not very useful because any application suffers from large
random noises. This is explained in Ref. 24, where the solution, developed by Rom and Neuhauser,23 is described in
detail. The result of the analysis is that for any ‘‘density
shift’’ ␣ i j ( ␤ ), the following modified AFMC formula is
equivalent to 共A17兲:

具 ⍜ 兩 e ⫺Ĥ⌬ ␤ 兩 ⌿ 典
⫽N⬘ 具具 ⍜ 兩 㜷̂e i 兰 共  共 ␤ 兲 ⫺i ␣ 共 ␤ 兲兲

T V ˆ d ␤

兩 ⌿ 典典  共 ␤ ,V⌬ ␤ 兲 ,

共B1兲

(1/2) 兰 关 Tr ln(V(␤)d␤/2 )⫹ ␣ T V ␣ d ␤ 兴

. In Ref. 24 it is
where N⬘ ⫽
shown why taking the mean field density reduces the statistical fluctuations. We find that often taking a ␤-dependent
shift ␣ i j ⫽ 具 ⌿ 兩 ˆ i j 兩 ⌿ 典 is very effective.
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