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We develop a formalism to calculate the quasiparticle energy within the GW many-body perturbation
correction to the density functional theory. The occupied and virtual orbitals of the Kohn-Sham
Hamiltonian are replaced by stochastic orbitals used to evaluate the Green function G, the polarization
potential W, and, thereby, the GW self-energy. The stochastic GW (sGW) formalism relies on novel
theoretical concepts such as stochastic time-dependent Hartree propagation, stochastic matrix compression,
and spatial or temporal stochastic decoupling techniques. Beyond the theoretical interest, the formalism
enables linear scaling GW calculations breaking the theoretical scaling limit for GW as well as
circumventing the need for energy cutoff approximations. We illustrate the method for silicon nanocrystals
of varying sizes with N e > 3000 electrons.
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The GW approximation [1,2] to many-body perturbation
theory (MBPT) [3] offers a reliable and accessible theory
for quasiparticles (QPs) and their energies [2,4–18],
enabling estimation of electronic excitations [19–25],
quantum conductance [26–30], and level alignment in
hybrid systems [31,32]. Practical use of the GW approximation for large systems is severely limited because of the
steep CPU and memory requirements as system size
increases. The most computationally intensive element in
the GW method, the calculation of the polarization potential (the screened Coulomb interaction), involves an algorithmic complexity that scales as the fourth power of the
system size [33,34]. Various approaches have been developed to reduce the computational bottlenecks of the GW
approach [8,18,23,33–37]. Despite these advances, GW
calculations are still quite expensive for many of the
intended applications in the fields of materials science,
surface science, and nanoscience.
In this Letter we develop a stochastic, orbital-less,
formalism for the GW theory, unique in that it does not
reference occupied or virtual orbitals and orbital energies of
the Kohn-Sham (KS) Hamiltonian. While the approach is
inspired by recent developments in electronic structure
theory using stochastic orbitals [38–42], it introduces three
powerful and basic notions: Stochastic decoupling, stochastic matrix compression, and stochastic time-dependent
Hartree (sTDH) propagation. The result is a stochastic
formulation of the GW approximation, where the QP
energies become random variables sampled from a distribution with a mean equal to the exact GW energies and a
statistical error proportional to the inverse square root of the
number of stochastic orbitals (iterations, I sGW ).
We illustrate the sGW formalism for silicon nanocrystals
(NCs) with varying sizes and band gaps [43,44] and
0031-9007=14=113(7)=076402(5)

demonstrate that the CPU time and memory required by
sGW scales nearly linearly with system size, thereby
providing the means to study QPs excitations in large
systems of experimental and technological interest.
In the reformulation of the GW approach, we treat the
QP energy (εQP ¼ ℏωQP ) as a perturbative correction to the
KS energy [2,5]:
εQP ðεÞ ¼ ε þ Σ~ P ðωQP ; εÞ þ ΣX ðεÞ − ΣXC ðεÞ:

ð1Þ

We view the KS energy ε as a variable (rather than an
eigenvalue) and the actual value we use is determined from
the density of states of the KS Hamiltonian available from
the stochastic density functional theory (sDFT) calculation
[41]. For each value of ε one needs to evaluate the selfenergy in Eq. (1) given by the sum of the self-energy terms
1
tr½f σ ðĥKS − εÞ2 Σ̂P ðt; εÞ;
QðεÞ
1
ΣX ðεÞ ¼
tr½f σ ðĥKS − εÞ2 Σ̂X ;
QðεÞ
1
ΣXC ðεÞ ¼
tr½f σ ðĥKS − εÞ2 vXC :
QðεÞ

ΣP ðt; εÞ ¼

ð2Þ

The frequency domain polarization self-energy Σ~ P ðω; εÞ is
given in terms of the Fourier transform of the time domain
counterpart ΣP ðt; εÞ. ΣX ðεÞ and ΣXC ðεÞ are the exchange
and exchange-correlation self-energies, respectively, and
QðεÞ ¼ tr½f σ ðĥKS − εÞ2  is a normalization factor. In the
above, vXC ðrÞ is the exchange-correlation potential of the
2
2
KS DFT Hamiltonian ĥKS and f σ ðεÞ ¼ e−ε =2σ is an
energy filter function of width σ [45]. ΣX ðεÞ, ΣXC ðεÞ,
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and QðεÞ can be calculated using a linear-scaling stochastic
approach [46].
In the GW approximation, the most demanding calculation involves the polarization self-energy, formally given
by [2]:
ΣP ðr1 ; r2 ; t; εÞ ¼ hr1 jΣ̂P ðt; εÞjr2 i
¼ iℏG0 ðr1 ; r2 ; tÞW P ðr1 ; r2 ; t; εÞ;

ð3Þ

where
iℏG0 ðr1 ; r2 ; tÞ ≡ hr1 je

−iĥKS t=ℏ
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compression, where r1 and r2 are decoupled. This allows
a drastic simplification of the representation of the polarization self-energy obtained by combining Eqs. (6) and (7):
ΣP ðt; εÞ ¼ hhϕε ζμ ðtÞ juC ⊗ χðtÞ ⊗ uC jζϕiiϕζ :

Next, we employ a temporal decoupling scheme by
introducing an additional set of real stochastic orbitals
ψðrÞ:
ΣP ðt;εÞ ¼ hhϕε ζμ ðtÞ jψihψjuC ⊗ χðtÞ ⊗ uC jζϕiiϕζψ ;

P̂μ ðtÞjr2 i

ð4Þ

is the Green function and
W P ðr1 ; r2 ; t; εÞ ≡ hr1 juC ⊗ χðt; εÞ ⊗ uC jr2 i

ð5Þ

is the polarization potential. In the above equations, P̂μ ðtÞ≡
½θðtÞ−θβ ðμ− ĥKS Þ, θðtÞ and θβ ðEÞ ¼ 12 ½1 þ erfðβEÞ are
the Heaviside and smoothed-Heaviside functions, respectively, μ is the chemical potential, uC ðjr1 − r2 jÞ ¼
ðe2 =4πÞϵ0 jr1 − r2 j is the bare Coulomb potential, and
χðr1 ; r2 ; t; εÞ is the time-ordered density-density correlation
function [3]. The symbol ⊗ represents a space convolution.
Instead of performing the trace operations in Eqs. (2)–(5)
using a full basis, which for a large system is prohibitive,
we use real stochastic orbitals ϕðrÞ [47–50] for which
formally 1 ¼ hjϕihϕjiϕ, where h  iϕ denotes a statistical
average over ϕ. The choice of ϕðrÞ satisfying these
requirements is not unique. The form used here assigns
a value of h−3=2 at each grid point with equal probability,
where h is the grid spacing. This allows us to rewrite the
self-energy in Eq. (2) as

ZZ
P
P
3
3
Σ ðt; εÞ ¼
ϕε ðr1 ÞΣ ðr1 ; r2 ; t; εÞϕðr2 Þd r1 d r2 ;
ϕ

ð6Þ
where jϕε i ¼ f σ ðĥKS − εÞjϕi is the corresponding filtered
state at energy ε, which can be obtained by a Chebyshev
expansion of the Gaussian function with σ chosen as a
small parameter [51,52]. We note in passing that the
Chebyshev method enables to simultaneously obtain
ΣP ðt; εÞ for several values of ε [53].
To obtain ΣP ðr1 ; r2 ; t; εÞ in Eq. (6) we need to calculate
the noninteracting Green function iℏG0 ðr1 ; r2 ; tÞ in Eq. (4)
and the polarization potential W P ðr1 ; r2 ; t; εÞ in Eq. (5). For
the former, we introduce an additional set of real stochastic
orbitals, ζðrÞ, and describe it as a stochastic average
iℏG0 ðr1 ; r2 ; tÞ ¼ hζ μ ðr1 ; tÞζðr2 Þiζ ;

ð7Þ

where ζ μ ðr; tÞ ¼ hrje−iĥKS t=ℏ P̂μ ðtÞjζi is a “propagatedprojected” stochastic orbital which can be obtained
by a Chebyshev expansion of the function e−iεt=ℏ ½θðtÞ−
θβ ðε − μÞ [51,52]. One appealing advantage of the stochastic form of Eq. (7) is that it provides a compact
representation for G0 ðr1 ; r2 ; tÞ, equivalent to matrix

ð8Þ

ð9Þ

which allows us to disassociate the two temporal terms
hϕε ζμ ðtÞ jψi and hψjuC ⊗ χðtÞ ⊗ uC jζϕi. Note that the
average h  iϕζψ in Eq. (9) is performed over I sGW pairs of
ϕ and ζ stochastic orbitals, and for each such pair we use a
different set of N ψ stochastic ψ 0 s. The term hϕε ζ μ ðtÞ jψi is
straightforward to obtain while hψjuC ⊗ χðtÞ ⊗ uC jζϕi is
determined from the time-retarded polarization potential,
hψjuC ⊗ χ r ðtÞ ⊗ uC jζϕi, calculated from the linear
response relation:
hψjuC ⊗ χ r ðtÞ ⊗ uC jζϕi ¼ hψjuC jδnðtÞi;

ð10Þ

where δnðr; tÞ is the causal density response to the
impulsive perturbation δvðr; tÞ ¼ hrjuC jζϕiδðtÞ calculated
by the time-dependent Hartree (TDH) approach [54–56].
Alternatively, a full time-dependent (TD) density functional
theory (DFT) [57] is often found to yield better QP
energies than the TDH propagation [21]. Once the retarded
response hψjuC jδnðtÞi is calculated and stored for
each time t, the corresponding time-ordered response
hψjuC ⊗ χðtÞ ⊗ uC jζϕi is obtained by a standard transformation [58].
The TDH (or TD DFT) propagation is usually performed
using the full set of occupied KS eigenfunctions, but we
deliberately avoid these in our formulation. Instead, we
introduce, once again, a stochastic way to perform the TDH
or TD DFT propagation, where a new set of N φ occupied
projected stochastic orbitals φμ ðr; 0Þ ¼ hrjθðμ − ĥKS Þjφi
are used [as before, φðrÞ are real random orbitals for which
1 ¼ hjφihφjiφ ]. The so-called sTDH (or sTD DFT) propagation is carried out identically to a TDH propagation,
except that one propagates only the N φ stochastic orbitals at
each time step (rather than all occupied orbitals), and the
density is calculated as nðr; tÞ ¼ hjφðr; tÞj2 iφ from which
the Hartree potential is updated in the usual way [59]. We
verified that for a given accuracy the number of propagated
orbitals N φ does not increase (and actually somewhat
decreases) with system size [60]. This suggests that the
computational complexity (storage and computational
time) of the sTDH (or sTD DFT) step scales linearly with
system size.
We validate our formalism by first applying it to a small
model system where a deterministic GW calculation is
available as a benchmark [61]. In Fig. 1 we show the
estimates for the real part of the polarization self-energy,
obtained by both the deterministic and the stochastic
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Highest quasihole

1

Lowest quasielectron

be seen, the statistical error in the values of the QP energies
is very small (< 0.1 eV) and can be reduced by increasing
I sGW . The quasihole (quasielectron) energy increases
(decreases) with system size due to the quantum confinement effect. The quasiparticle energies tend to plateau and
approach the bulk value as the size of the NC increases. The
onset of the plateau for the quasielectron seems to exceed
the size of the systems studied. This is consistent with the
fact that the effective mass of the electron is smaller than
that of the hole. The middle panel of Fig. 2 shows the QP
energy difference from the KS values for the holes and
electrons. Larger deviations are observed for small NCs in
the strong confinement regime. The corrections for the
holes are larger than that for the electrons. This is rather
surprising, given that for small systems, the error in the
frontier orbital energies in KS DFT within LDA should be
divided equally between the electron and the hole [63,64].
The upper panel of Fig. 2 shows the CPU time scaling
of the entire sGW approach for the combined calculation
of ΣX ðεÞ, ΣXC ðεÞ, and ΣP ðt; εÞ. The scaling is nearly linear
with the number of electrons breaking the quadratic
theoretical limit. This near-linear scaling behavior kicks
in already for the smallest system studied and, therefore,
the stochastic method outperforms the ordinary OðN 4 Þ
GW approach for all systems studied beyond SiH4 . It is
important to note that for almost the entire range of NC
sizes the sGW calculations were cheaper than the sDFT.
We have also tested the sGW performance on phenylC61-butyric acid methyl ester (PCBM), a large nonsymmetric system. We obtained εQP ¼ 7.1  0.1 eV for the
hole and εQP ¼ 3.4  0.1 eV for the electron using
I ¼ 600 iterations. These results can be compared to the
experimental results for the ionization potential EIP ¼
7.17 eV and electron affinity EEA ¼ 2.63 eV [65,66].
The agreement for the electron affinity can be improved
by replacing the RPA screening with TD DFT screening
[67], which gives εQP ¼ 2.5  0.1 eV for the electron. The
error per iteration is thus similar to that of the symmetric
silicon nanocrystalline systems.
In conclusion, we have reformulated the GW approximation to MBPT for QP energies as a stochastic process
without directly referring to KS eigenstates (or,
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FIG. 1 (color online). Comparison of the stochastic (dashed
red) and deterministic (black) estimates of the real part of the
polarization self-energy Σ~ P ðω; εÞ for the 14 electron benchmark
model corresponding to the highest quasihole and lowest
quasielectron levels. Frequency scale in atomic units.

methods. The stochastic calculation employed a large
number of iterations (I sGW ¼ 10 000), to achieve small
statistical errors. The agreement between the results of the
two calculations for all relevant frequencies as seen in Fig. 1
is impressive for both the highest quasihole and lowest
quasielectron levels, validating the stochastic formulation.
Next, we performed a set of sGW calculations for a series
of hydrogen passivated silicon NCs as detailed in Table I.
The sDFT method [41] was used to generate the KohnSham Hamiltonian within the local density approximation
(LDA). The calculations employed a real-space grid of
spacing h ¼ 0.6a0 , the Troullier-Martins norm-conserving
pseudopotentials [62], and fast Fourier transforms for
implementing the kinetic and Hartree energies. The CPU
time needed to converge the sDFT to a statistical error in
the total energy per electron of about 10 meV was ≈ 5000 h
for the entire range of systems studied.
In the lower panel of Fig. 2 we plot the QP energies of
the highest quasihole and lowest quasielectron levels for the
silicon NCs. We have used I sGW ¼ 1000 stochastic iterations, each one involving one pair of random ϕ and ζ
orbitals, and a set of N ψ ¼ 100 random ψ orbitals. As can

TABLE I. The number of electrons (N e ), size of grid (N g ), number of sDFT iterations (I sDFT ), number of
stochastic orbitals in sTD DFT (N φ ), the value of β−1
GW (Eh ) in the sGW calculation, and the resulting QP energy gap
(EQP
gap ) compared to GW f and self-consistent-field energy differences (ΔSCF) calculations.
EQP
gap (eV)
System
Si35 H36
Si87 H76
Si147 H100
Si353 H196
Si705 H300
a

Ne

Ng

176
424
688
1608
3120

3

60
643
703
903
1083

I sDFT
3000
1600
800
400
200

Nφ
16
16
16
16
16

From Ref. [21].
From Ref. [44].

b
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β−1
GW
0.020
0.012
0.010
0.008
0.007

sGW
6.2
4.8
4.1
3.0
2.2

GW f

ΔSCF

a

7.0

6.2a

5.0a

4.1a
2.9b
2.4b
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CPU time (hours)

10

1.41 (Ne)

by developing sTDH. The scaling of our approach is
insensitive to the sparsity of the density matrix and thus
represents a significant improvement over existing GW
implementations. (iii) Storage scaling (matrix compression): The introduction of the stochastic orbitals circumvents the need to store huge matrices of the Green function
and the polarization potential (or the inverse dielectric
matrix ϵ−1 , etc.), thus achieving considerable savings in
memory. The scaling of storage is OðN g Þ, which makes
the sGW calculation applicable to a large system without
recourse to various energy cutoff approximations in the
unoccupied space [13,70,71]. (iv) Parallelization: The
stochastic character of the sGW formalism allows for
straightforward parallelization—self-energies are averaged
over different stochastic orbitals and each processor
performs its own independent contribution to this average.
These features make sGW the method of choice for
studying QP excitations in large complex materials not
accessible by other approaches.
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FIG. 2 (color online). Lower panel: QP energies for the highest
quasihole (black) and lowest quasielectron (red) levels. Middle
panel: QP energy difference from the KS energy for the highest
quasihole (black) and lowest quasielectron (red) levels. Upper
panel: CPU time versus the number of electrons. The power law
fit (solid line) yields an exponent close to 1.

equivalently, the single-particle density matrix). The sGW
approximation is a fully quantum paradigm shift and
removes the main obstacle for addressing large systems
up to the mesoscopic limit. Indeed, the application to silicon
NCs of size far exceeding the current state-of-the-art
indicates that the complexity is near linear with system
size, breaking the theoretical limit. Some of the concepts
presented here may be applicable to other forms of MBPT,
such as propagator [68] and Green function theories [69].
The sGW method developed here has several appealing
advantages: (i) Representation: It is especially suitable for
real-space-grid and/or plane-wave pseudopotential representations for which the Hamiltonian operation on a
stochastic orbital scales linearly. These representations
are natural for large-scale electronic structure computations. The approach is also useful for periodic systems
with very large super-cells. (ii) CPU time scaling: The
present method enables a GW calculation that scales near
linearly in CPU time. Existing methods have been able to
reduce the complexity to cubic and it was implicitly
assumed that linear scaling is impossible due to the
complexity of RPA. The present method circumvents this
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