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Partially-self-consistent gap-renormalization GW (grGW) is introduced to calculate quasiparticle
(QP) energies within the many-body perturbation theory of Hedin. Self-consistency of the Green’s
function is obtained by renormalization of the band gap, removing the most significant approxima-
tion of the single-shot G0W0 approach. The formalism is performed as a post-processing step and
thus, can be implemented within any GW algorithm which calculates the full frequency-dependent
self-energies. Here, the grGW approach is combined with the stochastic GW (sGW) formalism de-
veloped in [Phys. Rev. Lett. 113, 076402 (2014)]. The computational cost and scaling are similar
to that of the single-shot sGW. We illustrate the approach for two confined semiconducting systems
with open boundary conditions: Silicon nanocrystal (NC) quantum dots (QDs) and 2D planar and
bent phosphorene nanoribbons (PNRs).

I. INTRODUCTION

The GW approximation1 to many-body perturba-
tion theory is often used to describe quasiparticle
(QP) excitations in molecules, nanostructures, and bulk
materials.2–15 The formalism builds on the Dyson equa-
tion for the single-particle Green’s function (GF) in the

frequency domain, G̃ (r, r′, ω), given by (we set h̄ = 1):

G̃ (r, r′, ω) = G̃0 (r, r′, ω) +

∫∫
dr1dr2G̃0 (r, r1, ω)

×Σ̃ (r1, r2, ω) G̃ (r2, r
′, ω) , (1)

where G̃0 (r, r′, ω) is the single particle GF of the refer-
ence system, typically taken from the Kohn-Sham16 (KS)

density function theory (DFT),17 and Σ̃ (r1, r2, ω) is the
self-energy. The GW approximation replaces the exact
self-energy with an approximated form, which in the time
domain is given by:

Σ̃ (r, r′, ω) = i

∫ ∞
−∞

dω′

2π
G̃ (r, r′, ω + ω′) W̃ (r, r′, ω′) ,(2)

where W̃ (r, r′, ω) is the frequency-dependent screened
Coulomb interaction. Solving the above equation re-
quires a self-consistent procedure since both Σ̃ (r, r′, ω)

and W̃ (r, r′, ω) depend on G̃ (r, r′, ω). The self-
consistent solution is computationally demanding18,19

and thus, several approximate schemes have been devel-
oped over the past decade to reduce the computational
effort.

Perhaps the most common GW treatment is based on
a non-self-consistent scheme20,21 combined with KS-DFT
as a starting (reference) point. In this scheme, G̃ (r, r′, ω)
on the right hand side of Eq. (2) is replaced by the ref-

erence GF, G̃0 (r, r′, ω), and W̃ (r, r′, ω) is calculated

within the random phase approximation (RPA) or time-
dependent DFT (TDDFT) accounting for approximate
vertex corrections. Both approximations are referred to
as “single-shot” GW. The former is named G0W0 and
the latter G0W. The single-shot GW provides signifi-
cant improvements over the bare KS-DFT results, but
often underestimate the QP (fundamental) gaps and the
ionization potentials (IP) compared to experiment.8,22–27

Moreover, the QP energies depend on the choice of the
reference system and fail when the reference system so-
lution of the QP energies is far from the fully many-body
picture.

Circumventing the dependence on the reference system
requires a fully self-consistent solution of Eqs. (1) and
(2).10,23,28,29 While computationally more demanding, in
principle, a fully self-consistent solution is expected to be
more accurate than the single-shot approach, since it ac-
counts for some of the higher order terms in the screened
Coulomb interaction. However, in many situations it is
less accurate than the single-shot GW for QP energies in
comparison to experiments.8,30

An alternative to the fully self-consistent treatment of
GW is based on a partially self-consistent approach.8,28,30

partially self-consistent GW (pGW) was applied success-
fully to bulk systems with a small unit cell8,30,31 and
to organic molecules,27–29 resulting in QP energies and
fundamental band gaps that are consistently in better
agreement with experiment than both the single-shot and
the fully self-consistent approaches. However, this comes
at a more demanding computational cost compared to
G0W0 or G0W, limiting the size of systems that can be
described within the pGW method.

In this paper, we develop a new partially self-consistent
GW approach, where the GF is solved self-consistently
but the screened coulomb interaction is still calculated
within the RPA or TDDFT approximations using the
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reference point states and energies, similar to the single-
shot approach. This allows for a simple renormalization
of the band gap, removing the most significant approxi-
mation of the single-shot approach. The formalism can
be performed as a post-processing step and thus, can
easily be implement within any GW algorithm that gen-
erates Σ̃ (r, r′, ω). In this respect, the approach is highly
suitable for a stochastic formulation32–40 which produces
the self-energy at all frequencies.41 The stochastic GW
(sGW) was applied to study QP energies and IPs in
molecules,42 polymers,43 and silicon quantum-dot (QD)
nanocrystals (NCs),41 with great success. Yet, since it is
based on G0W0 or G0W it suffers from the same inac-
curacies as the deterministic version of these approaches,
and thus often underestimates the fundamental gaps and
ionization potentials.42

Here, we show that these flaws can be corrected using
the partially self-consistent gap-renormalization grGW
approach. As an example, we revisit the problem of QP
energies in silicon QDs and find an increase of the G0W0

fundamental gaps by as much as 0.45 eV. We also ap-
ply the method to 2D phosphorene nanoribbons (PNRs),
where high sensitivity to external perturbations such as
bending and stress were found using KS and/or hybrid
DFT.44–48 These effects are addressed within the grGW
for the first time.

The paper is organized as follows: In Sec. II we outline
the grGW method. Results for Si NCs and phosphorene
nanoribbons are presented and discussed in Sec. III Fi-
nally, we conclude in Sec. IV.

II. METHOD

The starting point of a GW calculation is a ref-
erence system, often taken from a KS-DFT equation,

ĥKSφ
KS
n (r) = εKSn φKSn (r), where the KS Hamiltonian

is (from now on we employ atomic units):

ĥKS = −1

2
∇2 + vext (r) + vH (r) + vxc (r) . (3)

Here, vext (r), vH (r) =
∫
n (r′) |r − r′|−1

dr′ and vxc (r)
are the external, Hartree and exchange-correlation poten-
tials respectively. The latter two potential depend on the
ground state electron density n (r) = 2

∑
n fnφ

KS
n (r)

2

where fn is the KS eigenstate occupation number (1 for
occupied and 0 for empty eigenstates). The GW QP en-
ergy, εQPn , is then expressed as a perturbative correction
to the KS energy:20,21

εQPn = εKSn + Σ̃n (ω)− V nxc, (4)

where V nxc =
∫
vxc (r)

∣∣φKSn (r)
∣∣2 dr is the average

exchange-correlation potential, and Σ̃n (ω) is the expec-
tation value of the GW self-energy at a frequency ω,

Σ̃n (ω) =

∫∫
φKSn (r) Σ̃ (r, r′, ω)φKSn (r′) drdr′. (5)

The GW self-energy, Σ̃ (r, r′, ω), is given in terms
of a convolution integral in the frequency domain (see
Eq. (2)), which can be expressed as a product in the

time domain (Σ (r, r′, t) =
∫∞
−∞ Σ̃ (r, r′, ω) e−iωt dω2π ):

Σ (r, r′, t) = G (r, r′, t)W
(
r, r′, t+

)
. (6)

Here, W (r, r′, t) is obtained from an RPA (W0 (r, r′, t))
or TDDFT calculation (see Ref. 42 for further details)
and G (r, r′, t) is the partially self-consistent GF:

iG (r, r′, t) = tr
{
|r〉 〈r′| e−i(ĥKS+∆̂)t[

θ (t) θβ

(
ĥKS − µ

)
− θ (−t) θβ

(
µ− ĥKS

)]}
,

(7)

where we approximate the correction to the kS Hamilto-
nian as ∆̂ =

∑
n

∣∣φKSn 〉
∆n

〈
φKSn

∣∣ i.e. an operator diago-

nal in the KS basis and ∆n = εQPn − εKSn is the QP shift
of level n.

To obtain the QP energies within the pGW, one re-
quires as input the self-energy evaluated at εQPn . In the
single-shot GW, this is the only condition in Eq. (4) to
achieve a self-consistent solution. In the pGW, the self-
energy depends on εQPn also through ∆̂ and thus, one is

required to recalculate Σ̃n (ω) from Eqs. (5)-(7) for each
self-consistent iteration.

A significant simplification is achieved by recognizing
that ∆n≤nFermi

≈ ∆v and ∆n>nFermi
≈ ∆c, independent

of the band index n. Namely, that the QP shift is similar
for all occupied states (∆v) and for all unoccupied states
(∆c). Thus, one can simplify Eq. (7) and remove the
dependence on the KS orbitals:

iG (r, r′, t) = tr
{
|r〉 〈r′| e−iĥKSt

[
θ (t) e−i∆ct

θβ

(
ĥKS − µ

)
− θ (−t) e−i∆vtθβ

(
µ− ĥKS

)]}
.

(8)

We see that the partially self-consistency approxima-
tion we suggest involves multiplying the GF by a time-
dependent phase factor e−i∆(t) where ∆ (t) = θ (−t) ∆v+
θ (t) ∆c. This translates directly to a simple correction
of the self-energy, Σn (t), in the time domain:

Σn (t) = Σ(0)
n (t) e−i∆(t)t, (9)

where Σ
(0)
n (t) is the G0W0 or G0W self-energy obtained

using the GF in Eq. (8) with ∆ (t) = 0.
The partially self-consistent GW approach is summa-

rized as follows:

1. Generate the G0W0 or G0W self-energy, Σ̃
(0)
n (ω) ,

for KS eigenstate n. Set Σ̃n (ω) = Σ̃
(0)
n (ω).

2. Solve Eq. (4) for εQPn and obtain ∆n = εQPn − εKSn
for the valance band maximum (VBM, ∆v) and
conduction band minimum (CBM, ∆c) orbitals.
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Figure 1. QP energies of the conduction band minimum
(CBM) and valance band maximum (VBM) of Si35H36 and
Si705H300 (with 176 and 3120 valence electrons). The LDA
starting point of the calculation is also shown for reference.
The partially self-consistent sGW iterations are labeled as
G0W0 · · ·G4W0.

3. Generate Σn (t) from Eq. (9) and use Fourier trans-

form to generate Σ̃n (ω) =
∫∞
−∞Σn (t) eiωt−γ|t|dt,

where γ is a small regularization parameter.

4. Repeat step (2) and (3) until convergence.

The pGW approach herewith delineated is a post-
processing step which is applicable to any G0W0 ap-
proximation which produces the self energy in time or
frequency space. We illustrate the method in the next
section using the sGW approach, developed in Ref. 41.
For completeness we give a brief summary of sGW in Ap-
pendix A. The resulting method is then dubbed sgrGW.

III. RESULTS

A. Silicon NC QDs

We first apply sgrGW for calculating the VBM and
CBM QP energies for two silicon QDs: Si35H36 and
Si705H300, with 176 and 3120 valence electrons, respec-
tively. The QD geometry is taken from bulk silicon with
experimental lattice constant of 5.43Å, with atoms three
dangling bonds are removed from the structure and hy-
drogen atoms are used for passivation of the surface.49

We have performed LDA calculations within a
real-space grid approach using the Troullier-Martins
pseudopotentials.50 We used a grid of size 643 and h =
0.5a0 for Si35H36, and 1083 grid points with h = 0.6 a0 for
Si705H300. The LDA density, VBM and CBM were used
as inputs for the sgrGW calculations with Nζ = 10000
and 1400 for the small and large QD, respectively, and
Nξ = 100 andNη = 8 for both systems. The time-grid for
Σn (t) and all other time-dependent quantities spanned
the range [−T, T ] where T = 100h̄E−1

h and the time step

was ∆t = 0.05h̄E−1
h and the regularization parameter

was γ = 0.04h̄−1Eh.
In Fig. 1 we show the CBM and VBM LDA and

sgrGW QP energies for the two silicon QDs as a func-
tion of the self-consistent iterations. For both QDs, the
VBM (CBM) energy decreases (increases) and rapidly
converges. The first iteration (single-shot sGW, labeled
as G0W0) changes the VBM (CBM) by a sizable amount
of ≈ 2 eV (≈ 1 eV) for the smaller system, signifying the
importance of the many-body corrections to LDA. The
self-consistent iterations, labeled as GnW0 n = 1, 2, . . . ,
further decrease the VBM by as much as 0.34 eV and in-
crease the CBM by 0.1 eV (for the smaller system). This
leads to an increase in the predicted band gap by as much
as 0.45 eV, correcting the tendency of G0W0 to underes-
timate ionization potentials.51–53 Our results show that
the self-consistent correction to G0W0 decreases with the
system size, suggesting that self-consistency leads to a
small correction of the G0W0 in the bulk limit, consis-
tent with previous results.8,30,54

One simplification made in the sgrGW approach,
is that the shifts in energy (∆n≤nFermi

≈ ∆v and
∆n>nFermi

≈ ∆c) are independent of the band index n.
To test this assumption, we have calculated the QP ener-
gies for all occupied KS eigenvalues and for unoccupied
KS eigenvalues near the CBM. The QP energies were
then fitted to a quadratic formula:

εQP
n = a2

(
εKS
n

)2
+ a1ε

KS
n + a0, (10)

where, a2 is the non-rigidity parameter. For both QDs
the fit yields a nearly linear relation for the occupied
levels, with a2 = 0.01eV−1, a1 = 1.22 and a0 = −1.13eV
for Si35H36 and a2 = 0.00eV−1, a1 = 0.96, and a0 =
−1.52eV for Si705H300. A similar picture emerges for the
unoccupied energies close to the CBM. This indicates a
nearly constant QP shift for all states, consistent with the
above simplification. This is also inline with the fact that
LDA provides a good estimate of the band structure near
the top of the valence and the bottom of the conduction
bands, with a constant shift for both bands in the bulk
limit.55

B. Phosphorene nanoribbons

The sgrGW method is not limited to describe QP en-
ergies in systems confined in 3D and 2D materials. To
illustrate this we apply the approach to study QPs in
phosphorene nanoribbons (PNRs), focusing on planar
and bent configurations (see the left panel of Fig. 2).
Previous DFT based studies44–48 showed a sensitivity of
charge localization and band gap on bending of 2D ma-
terial. These effects, however, were not addressed at the
level of many-body perturbation theory due to computa-
tional limitations resulting from the large system size.

We have performed sgrGW calculations of PNRs of di-
mensions 0.87 nm wide and 5.3 nm long. The system ge-
ometry was obtained from the experimental structure of
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Figure 2. Left: CBM and VBM wave functions (positive and negative regions are shown by yellow and aqua color) are
depicted for the bent and planar PNRs, using anti-parallel (i) and mixed (ii) hydrogen passivation schemes (see text). Right:
The CBM and VBM QP energies for planner and bent configurations (using mixed and antiparallel passivation schemes). The
LDA starting point of the calculation is also shown for reference. The different partially self-consistent sGW iterations are
labeled G0W0 · · ·G3W0.

black phosphorous.56 The stressed PNRs were obtained
by bending the system along the longer direction with
a radius corresponding to 2.65 nm. The dangling bonds
at the edges of the PNRs were passivated with hydro-
gen atoms. We consider three cases: Hydrogen atoms
pointing in the same direction (parallel), pointing in an
opposite direction (anti-parallel), or a mixed arrange-
ment. While the ordered configurations (parallel or anti-
parallel) are energetically favored over the mixed case,
phosphorene is prone to rearrangements at the edges57

and therefore, we consider all three passivation cases.
Both DFT and sgrGW employ a real-space grid with

dimensions 192×82×100 and spacing h = 0.55a0 for the
planar PNR, and 176 × 64 × 56 with h = 0.6 a0 for the
bent PNR. The LDA density, VBM and CBM were used
as inputs for the sgrGW calculations with Nζ = 1500,
and Nξ = 100 and Nη = 8 for both systems. The time-
grid and regularization parameters were identical to those
used for the silicon QDs.

We first discuss the KS-DFT results for the VBM and
CBM. The hypersurface of the corresponding QP wave
functions, obtained from the DFT calculation, are shown
in the left panel of Fig. 2. For the planar geometry the
electron and hole densities are delocalized for the anti-
parallel passivation while for the mixed (and parallel, not
shown) passivation, we observe a localization which is
stronger for the hole. For the bent structure, the effect
of localization is less pronounced.

The QP energies shown in the right panel of Fig. 2
tell a different story. First, it is clear that the band
gap increases significantly, by many folds, when many-
body perturbation corrections are included. The VBM
decreases by nearly ≈ 2 eV for G0W0 compared to the
DFT result and the CBM increases by ≈ 0.75 eV.This

leads to an opening of the band gap by nearly a factor of
3, from 1.06 eV to 3.25 eV. The self consistent iterations
further increase the gap to 3.64 eV mainly correcting the
QP energy of the hole. This is also evident in the lower
panel of Fig. 3 where εKSn +Σ̃n (ω)−V nxc is plotted versus
ω for the single shot and sGW and the converged sgrGW.
The QP energy Eq. (4) is given by the intersect with the

straight line, for which εKSn + Σ̃n (ω)− V nxc = ω. For the
hole, there is a marked effect of the self-consistent solu-
tion, where the intersect occurs at lower energies while
for the electrons this is not case and the self-consistent
solution is only slightly above the single-shot result.

For the bent configuration, we observe that the hole
energy is largely insensitive to the bending and to the
passivation, with the same effects of many-body pertur-
bation theory on its energy as described above. The
electron energy drops significantly upon bending but is
sensitive to passivation only in DFT. Further, we find
that the electron energy decreases slightly with the self
consistent iterations unlike the situation for the planar
geometry or for the silicon QDs. This effects is also ev-
ident in the upper panel of Fig. 3 where for both the
hole and the electron the solid line (representing the self
consistent function) appears below the dashed line (rep-
resenting the single-shot results), signaling a decrease of
the QP energy by imposing the partial self-consistency.

IV. SUMMARY AND CONCLUSIONS

A partially self-consistent band-gap renormalization
GW approach was introduced and applied using the
stochastic GW41 to large silicon QDs and phosphorene
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nanoribbons for planar and bent geometries. The com-
bined methodology (dubbed sgrGW) was used to show
that the self-consistent iterations serve to open the gap
further than single-shot GW. This opening can be as
large as 10% compared to G0W0. The self-consistent
iterations were applied to a single-shot calculation as
a post-processing step, i.e. after the completing the
computationally intensive step of calculating the orbital-
dependent self-energy, Σn (t). The method can therefore
be used to renormalize band-gaps of any GW method,
which like stochastic GW produces Σn (t) or the Fourier

transformed Σ̃n (ω) for all frequencies in the relevant
frequency range. The band-gap renormalization GW
method is expected to benefit systems for which the main
GW corrections are in the fundamental band-gap renor-
malization and less so in the shape of the occupied and
unoccupied bands.
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Appendix A: Stochastic pGW implementation

The stochastic formulation for the partially self-
consistent GW described in the previous sections is based
on the stochastic GW approach, developed in Ref. 41 and
summarized in Ref. 42. The core idea is the use of a
stochastic trace formula59

tr
{
Ô (t)

}
≈ 1

Nζ

∑
ζ

〈
ζ|Ô (t) |ζ

〉
≡
〈
ζ|Ô (t) |ζ

〉
ζ

(A1)

where ζ (r) = ± 1
h3/2 is a real stochastic orbital, h3 is

the volume element, and Nζ is the number of stochastic
orbitals used to estimate the trace. The procedure is
based on the following steps:

1. Choose a KS orbital, φKSn (r), with a corresponding
eigenvalue, εKSn .

2. Take Nζ stochastic orbitals ζ (r) and for each, take
Nξ stochastic orbitals ξ (r).

3. Generate Anζξ (t) =∫
φKSn (r) ζ (r, t)

∗
ξ (r) dr, where ζ (r, t) =

e−iĥKSt/h̄
[
θ (t)− θβ

(
µ− ĥKS

)]
ζ (r) is obtained

by expanding e−iĥKSt/h̄
[
θ (t)− θβ

(
µ− ĥKS

)]
in

a Chebyshev series.60 Here, θ (t) is the Heaviside
function, and θβ (ε) = 1

2 [1 + erf (βε)] (in the limit
β →∞, θβ (ε)→ θ (βε)).

4. Generate Brnζξ (t) =∫∫
ξ (r)uC (|r − r′|) ∆nrnζ (r′, t) drdr′, where

∆nrnζ (r, t) = 1
τ

〈
|ητ (r, t)|2 − |ητ=0 (r, t)|2

〉
η
.

To obtain ∆nrnζ (r, t), generate Nη independent

stochastic orbitals η (r). Perturb these orbitals

with ητ (r, 0) = e−ivnζ(r)τθβ

(
µ− ĥKS

)
η (r)

and ητ=0 (r, 0) = θβ

(
µ− ĥKS

)
η (r), where

vnζ (r) =
∫
uC (|r − r′|)φKSn (r′) ζ (r′) dr′

is obtained using Fast Fourier Transform
(FFT) for a convolution integral. Here,

uC (r) = e2

4πε0r
is the bare Coulomb potential

energy. Then, propagate these using the time-
dependent Hartree equations: i ∂∂tητ (r, t) =

ĥKSητ (r, t) +

(∫ ∆nrnζ(r
′,t)

|r−r′| dr′
)
ητ (r, t) to

generate ∆nrnζ (r, t).
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5. Fourier transform Brnζξ (t) → B̃rnζξ (ω) and con-

vert to the time-ordered quantity B̃nζξ (ω) using61

B̃nζξ (ω) = ReB̃rnζξ (ω) + i sign (ω) ImB̃rnζξ (ω).

Fourier transform back B̃nζξ (ω)→ Bnζξ (t).

6. By averaging over ζ and ξ, calculate the self-energy

Σ
(0)
n (t) = 〈Anζξ (t)Bnζξ (t)〉ζξ + ΣXn δ (t). Here,

ΣXn = −
〈∫

φKSn (r) ζ (r, 0−) vaux
ζ (r) dr

〉
ζ
, where

ζ (r, 0−) = θβ

(
µ− ĥKS

)
ζ (r) is the (negative)

t = 0 of ζ (r, t) generated in step 3, and vaux
ζ (r) =∫

uC (|r − r′|) ζ (r′)φKSn (r′) dr′ is obtained using
FFT for a convolution integral.

7. Generate Σn (t) = Σ
(0)
n (t) e−i∆(t)t where ∆ (t) =

∆vθ (−t) + ∆cθ (t) and use the Fourier transform

to generate Σ̃n (ω) =
∫∞
−∞ Σn (t) eiωtdt.

8. Solve Eq. (4) for εQPn and obtain ∆n = εQPn − εKSn
for the VBM (∆v) and CBM (∆c) orbitals.

In sGW, steps 7 and 8 are preformed only once with
∆ (t) = 0. In the sgrGW, steps 7 and 8 become part
of the self consistent band gap renormalization described
in the end of Section II, repeated until convergence of
Eq. (4) is achieved for a predefined tolerance. Thus, the
demanding portions of the stochastic GW are only per-
formed once (steps 1-6) and self-consistency is performed
as a post-processing step. This implies that the scaling
of the sgrGW approach is identical to that of the sGW,
which is nearly linear with the system size and the addi-
tional self-consistent iterations add a negligible amount
of computational work.
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