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Abstract. Conical intersections occur on potential energy surfaces of many
medium-sized and larger molecules. Their investigation, which has been ongoing for
more than six decades, shows that vibronic coupling and relaxation behaviors at
conical intersections can become quite complex and show large quantum effects. We
present calculations of dynamical behavior in very simple (two-dimensional, degen-
erate, non-displaced) conical intersection models. The focus is placed on the effects
of bath interactions on conical behavior—that is, the extent to which electronic
dephasing, nuclear relaxation, and electronic relaxation affect the initially excited
wave packet evolving on conical intersection surface. The calculations are carried
through using a density matrix picture, with a Lindblad semi-group formalism to
characterize relaxation. We observe large quantum effects that act particularly on
true conical structures (anti-symmetric with respect to the mixing coordinate), as
opposed to comparable-strength interactions without this symmetry. Significant
changes in excited-state population decay, and even larger and more striking
changes in the (observable) bleach recovery signal, are found.

I. INTRODUCTION
The concept of the potential energy surface serves as the
basis for all intuitive understandings, and nearly all
instruction, in the areas of molecular structure and dy-
namics.1 The Born–Oppenheimer separation2 describes
completely separable motion, in which electronic states
determine potentials for the motion of nuclei. If, how-
ever, the Born–Oppenheimer separation held exactly,
the world would be much less interesting; there would
be no vibronic coupling and therefore metals would
have no resistivity, there would be no nonradiative
decay,3 and intramolecular electron transfer4,5 would be-
have in a very different fashion.

The simplest way to describe processes by which
molecular states evolve from one potential energy sur-
face to another is the Landau–Zener-type crossing,6,7 at a
point where diabatic surfaces cross and adiabatic sur-
faces involve an avoided crossing. This is a one-dimen-
sional picture that describes isolated crossings. The
Landau–Zener–Stueckelberg view is the basis for most
of our understanding, but is a semiclassical analysis for
isolated crossings on a one-dimensional configuration
coordinate diagram. If the harmonic approximation is
combined with the Landau–Zener analysis, the set of

semi-analytic and conceptual results on which much of
chemical dynamics and even spectroscopy is based
emerges. For example, the Marcus/Hush/Jortner4,5,8,9

analysis of nonadiabatic intramolecular electron trans-
fer rates and the important original work of Jortner and
his group on nonradiative transitions3 are based on
Golden Rule type analyses, which in turn treat the non-
adiabatic transitions as weak perturbations.

This entire set of calculations and interpretation is
based on the so-called configuration coordinate picture,
in which one plots the potential energy (or free energy)
as a function of one coordinate of the molecule. Even
with the modern understanding that this configuration
coordinate should be understood as an energy difference
between reactant and product,10 the description in terms
of a single coordinate remains a major oversimplifica-
tion. The actual dynamics for an N-nuclei system evolves
in a space of 3N – 5 or 3N – 6 dimensions, depending on
whether the molecule is linear or nonlinear. For
diatomics, the Landau–Zener approach should be fine,
because there is only one degree of freedom that is not
either rotational or translational.
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For any larger system, the dynamic evolution is in
terms of at least three coordinates, and therefore the
condition of near degeneracy of the diabatic potentials
reduces it only to a 3N – 6 or 3N – 7 dimensional space.
The simplest of these situations, beyond the Landau–
Zener one-dimensional crossing, is a simple two-dimen-
sional conical intersection. These have been known for
more than six decades,11 but their accurate numerical
and experimental study has only emerged in the last few
years.12–28

In an isolated two-dimensional conical intersection,
the two vibrational degrees of freedom correspond to
one that actually mixes the two states (analogous to a
promoting mode in nonradiative decay theory) and one
that accepts the energy as the excited state decays
(analogous to an accepting mode in nonradiative decay).
The conical intersections result in changes in the state-
to-state dynamics, due to the combination of phase evo-
lution and energy flow. They are widespread in reactive
systems and can dominate the dynamical evolution. For
example, Michl and Bonacic-Koutecky suggested quite
early16b that a reaction as fundamental as the cis–trans
isomerization of unsaturated hydrocarbons should in-
volve two coordinates, the bond torsion and another.
Martinez and coworker have recently16c computed the
surfaces, and indeed find that a two-mode conical inter-
section dominates this photoisomerization.

Models for the simplest two- and three-mode conical
intersections at the Hamiltonian level have now been
studied quite extensively.7,11–31 In the current report, we
pursue a less well investigated issue, involving the effect
of an external bath on the relaxation and dynamics28 of a
conical intersecting system. Early studies of this prob-
lem have been reported by a few groups, particularly
Domcke and his collaborators,29,30,31 who first utilized a
Redfield model in which they allowed the vibrational
modes that define the potential energy surface of the
conical intersection to interact with other vibrational
modes, treated as a bath. This is an attempt to deal with
anharmonic behavior and vibrational relaxation.

Physically, the effects of the bath mirror the fact that
dynamical modes that define the conical intersection are
indeed coupled to other modes—including the other
modes of the molecule itself, and the modes of a solvent
or a colliding system. These external modes can act as
energy sinks, and also as dephasing sources. The en-
vironmental coupling, then, can cause electronic
dephasing, electronic relaxation, vibrational dephasing
and vibrational relaxation. Domcke’s group, in particu-
lar, studied30 the vibrational cooling that occurs by in-
tramolecular vibrational relaxation at conical structures.

Analyses of the relaxation due to external modes and
solvents on conical intersection systems, particularly on

pyrazine, have been given by Cederbaum,20,24,26 by
Robb,22 and by Manthe25 and their collaborators. They
used both path integral methods and Redfield analyses,
and added linear, bilinear, or quadratic electronic/vibra-
tional couplings. Most recently, Cederbaum and col-
laborators20 have published benchmark studies on
pyrazine and butatriene, in which 24 and 18 modes,
respectively, were treated.

The analysis of Domcke’s group30 is particularly
straightforward. They find a very rapid (10 femto-
second) decay due to active conical modes, and a slower
(picosecond scale) relaxation due to vibrational energy
relaxation on the lower surface. The simple form taken
for the system/bath interaction acts only on vibrations, is
bilinear in both the promoting and accepting modes, and
ignores pure dephasing as well as electronic relaxation
and dephasing. The resulting mechanistic modifications
are in fact relatively minor—in particular, they reduce
recurrences on the upper conical surface.

An alternative to the Redfield analysis is offered by
the semi-group method introduced by Lindblad.32 The
advantages of semi-group methods are that they are
formally straightforward, they maintain the positive
definiteness of the density, and they have a straightfor-
ward interpretation in terms of physical behaviors. They
are also easy to use, and can include vibrational as well
as electronic pure dephasing and relaxation.33–39 Here we
present an analysis of the simplest conical intersection
system, utilizing these semi-group methods. We try to
learn how bath interactions affect lifetimes, rates, the
evolution of the phase variable around the conical sur-
face, relaxation, and bleach recovery. Using this sim-
plest model, we examine both the flows and the physical
behavior in a conical system subject to bath interactions.

II. EQUATION OF MOTION:
LINDBLAD APPROACH

We are interested in the behavior of the molecular sub-
unit of the molecule/bath system. We will approach this
using the Lindblad semi-group approach,32–39 which is
easy to use and preserves positivity.

The equation of motion for the density operator ̂ρ can
be written

(1)

where the dissipative part will be taken in Lindblad
form as

(2)

with F as an arbitrary Lindblad interaction operator.
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The Hamiltonian represents a two-mode and two-elec-
tronic surface model. For convenience, we will work in
the diabatic picture.46–48 Then the two potential energy
surfaces can be denoted |L> and |R>, having minima to the
left and right of the origin (along the x axis). Then

(3)

where

(4a)

(4b)

 5 ⋅ 10–4 hartrees

Four options for the coupling potential were used:

(5)

(6)

(7)

(8)

where a = 0.5/Å and the coupling energy A is varied. We
refer to eqs 6–8 as conical, symmetric I, symmetric II,
and constant coupling, respectively.50

Whether diabatic or adiabatic is the physically more
appropriate description will depend46,47,49 both on the
mixing term V and on the relaxation described by the
last term in eq 2. As A increases, the adiabatic picture
best describes physical behavior. Far from the crossing
point, either description is appropriate, so we will use
both.

Both electronic and vibrational dissipative operators
can be used.36, 38, 41, 44, 45

(9)

(10)

(11)

where:

and 1/T2 varies from 10–3 to 10–6 hartrees. The operator â
destroys a vibrational quantum in the x coordinate, and
k↓ = 10–8 hartrees. The initial wave packet state before
excitation was chosen as: ρ̂ (0) = |ψ00 >< ψ00 |⊗ P̂R,
where ψ00 is the ground vibrational state on the |R>
electronic surface.

By choosing F to permit vibrational relaxation (eq 9),
electronic relaxation (eq 10), and pure electronic
dephasing (eq 11), we can examine a range of bath
effects on the dynamics and relaxation on both conical
(eq 5) and related (eqs 6–8) potential surfaces. The
temperature of the bath was assumed to be zero.

The calculations were completed by direct Newton
propagation of the density matrix in time, using grid
methods discussed in refs 40 and 41. Because the bath
permits vibrational relaxation and electronic dephasing,
we can extend earlier work on vibrational and electronic
bath interactions on conical intersection dynamics, and
compute both characterizing behavior (short time dy-
namics) and important experimental observations
(bleach recovery).

The potential surfaces corresponding to the conical
intersection that we choose to study are given in
Figs. 1–3. Figure 1 shows the adiabatic representation of
the potential energy surface—notice the symmetry of
this simple two-dimensional conical as described by
eq 4. Figure 2 shows the diabatic representation, in
which there is a seam corresponding to degeneracy of
the left and right potentials at precisely the value x = 0.
The potentials will cross at this seam, but their relative
slopes will differ depending on the position along the
seam.

In the adiabatic potential of Fig. 1, the crossings are
avoided. A more close-up view of this picture is shown
in Fig. 3: following photoexcitation from the ground
state, the wave packet will evolve on the excited state,
undergoing rapid and effective transition to the ground
state only near the avoided crossing (shown at the origin
in Fig. 3).

Conical intersections have been invoked to explain
the very rapid decay from the excited to the ground
state. In most physical situations, of course, the curves are
not so symmetric as they are in Figs. 1–3: usually, there is
either warping of the ground-state surface or a breaking of
the symmetry by some chemical substitution, so that the
conical intersection does not occur at the center of symme-
try of the systems. Investigation of inequivalent minima,
along with specific investigations of coherence conser-
vation and with effects of distorting the potential energy
surface away from the very symmetric case of Fig. 3
will be pursued in subsequent research.

The problem that we will study here involves relax-
ation after photoexcitation: the initial state of the system
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Fig. 1. An adiabatic representation of the two electronic potential surfaces. Distances in Å. Parameters are: mω2
R = mω2

L =
5 ⋅ 10–4, a = 0.5/Å. A = 0.2 eV, xo = 0.5.

Fig. 2. A diabatic representation of the two electronic surfaces.
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is taken to be in one of the minima on the diabatic
surface, and then photoexcited assuming a very fast
laser, to form a Gaussian packet on the excited state. It is
the dynamics of this excited-state Gaussian wave packet
that we wish to pursue.

The newly created wave packet on the excited state
will begin to move on the isoenergetic contour, which
corresponds to the upper part of a cone, as indicated in
Fig. 3. At the same time, dephasing effects will reduce
the fidelity of that rotation to classical predictions, and
vibrational relaxation will bring the excited state down
towards the minimum at the origin.

In the relaxation process we expect some competi-
tion between the mixing terms of eqs 5 to 8, which will
cause the packet excitation to transform to the other
diabatic minimum, and the vibrational relaxation term
of eq 9, which will cause the excited packet to move
quickly down towards the crossing.

Experimentally, the bleach recovery consists of mea-
suring the expectation value of the projector onto the
initial state, given by ρ̂ (0).

In the simple Landau–Zener picture, one expects to
see turnovers (that is, non-monotonic behavior of the
relaxation rate or the bleach recovery), as the parameters
either of the Hamiltonian or of the bath mixing are
varied. One of the major aims of the current research is

to see how well this expectation is met in the case of
conical intersection behavior.

III. RESULTS
Our aim here is to examine the dominant behaviors in
the symmetric, two-mode conical intersection of
Figs. 1–3. We focus on two physical behaviors, the
population on the excited state and the recovery of the
bleach (recovery of the population of the ground vibra-
tional state in the initial diabatic minimum). The behav-
ior will be examined as a function of the form (eqs 5–8)
and the magnitude (A parameter) of the vibronic cou-
pling. The other variables of interest are the strength of
the electronic dephasing term of eq 11 given either by Cd

or by its square, the inverse of the transverse relaxation
time. Finally, we will be interested in slightly different
state preparations: in every case, the excited state will be
taken as a Franck–Condon wave packet. In some in-
stances, though, the wave packet will be given a compo-
nent of initial momentum around the upper cone surface
(in the y coordinate). When the nuclear dephasing terms
(not treated here) are strong, we expect this rotatory
motion to eventually slow down, so that there will be no
more effective centrifugal barrier forcing the rotation to
occur away from the minimum. For a small amount of
initial angular momentum around the cone, the system

Fig. 3. A close view of conical
intersection within the adia-
batic representation.



Israel Journal of Chemistry 44 2004

58

explores two-dimensional space, whereas if the rotation
is effectively quenched by relaxation processes, the
simplest cartoon version of the two-dimensional poten-
tial now becomes the one-dimensional, Landau–Zener
potential. The Hamiltonian parameters given under
eqs 4 and 8 will be retained throughout.

Figure 4 shows the effects of changing electronic
dephasing and the form of the mixing term on the |L>
state (diabatic) population. For the conical mixing of
eq 5, as well as the symmetrized form of eq 6 and the
constant mixing of eq 8, the |L> → |R> transition rate
increases monotonically with increased dephasing
strength. The pronounced multiple oscillations found
with the constant mixing are much reduced either with
the conical form of eq 5 or with its absolute value.
Indeed, as the dephasing strength increases, the popula-
tion evolutions resulting from eqs 5 and 6 become iden-
tical (Fig. 5), and the oscillations vanish, since the ex-
cited state becomes largely depopulated by 400 fs, for
1/T2 = 0.0004.

Within the relatively small range that we explored
(0.05 eV < A < 0.2 eV), the rates of population decay
increased monotonically with increasing A for all four
mixing forms. Both on general terms42 and based more
specifically on results found for simple avoided cross-
ings,38,39 one expects turnaround behavior (with decay
decreasing upon either increasing or decreasing A values

away from some value AMAX). Apparently, AMAX >
0.2 eV for this system. The relatively close approach of
the two left-most curves in Fig. 6 suggest that AMAX

should be slightly above 0.2 eV.
One experimental way to characterize conical inter-

section dynamics is to measure the repopulation of the
ground state following an excitation bleach. Conceptu-
ally, wave packets are excited to the upper state surface,
cross near the conical apex, and relax (vibrationally) on
the ground state to repopulate Ρ00. This suggests that the
bleach recovery rate would, in the simplest case, increase
monotonically with A, with 1/T2 and with 1/T1 (for all of
these parameters small enough to avoid turnovers).

Figure 7 shows the predicted bleach recovery for our
standard parameter values. Several striking behaviors
are seen. First, the recovery starts smoothly from zero,
just as it should. The behavior, however, is not mono-
tonic in time—the population of Ρ00 eventually starts to
drop again, at least for the symmetric mixing terms of
eqs 6 and 7. This is most simply thought of in terms of
localization: for packets moving on the lower surface
with small enough 1/T1, the expansion in terms of vibra-
tional harmonic eigenstates will exhibit oscillations
whose approximate frequency will be that of the funda-
mental harmonic vibration—a similar explanation (with
a higher effective frequency) can explain the oscillating
behavior in Fig. 4, for small 1/T2.

Fig. 4. The |L> state (adiabatic) population as a function of time for different values of 1/T2 displayed for the conical intersection
(solid line), the symmetric I coupling (dashed line) and constant coupling (dotted line). Parameter values: k↓ = 10–8 hartrees,
1/T1 = 10–8 hartrees.
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As the electronic dephasing becomes stronger, the
bleach recovery is faster. This probably reflects the
increased population on the lower adiabatic surface, as
seen in Fig. 4.

A striking result of Fig. 7 is that for the conical
potential of eq 5, the bleach recovery is extremely slow
for weak electronic dephasing. This is unexpected since
the relative decay rates of Fig. 5 become the same for

eqs 5 and 6 when 1/T2 is large enough and are similar in
magnitude, even for small 1/T2. Another result (Fig. 8) is
that the bleach recovery also vanishes if the momentum
in the y coordinate of the initially excited wave packet
vanishes, that is, if the initial wave packet on the excited
state is given no initial momentum in the y direction.
Figure 8 also shows that the bleach recovery with the
symmetric I potential of eq 6 is essentially insensitive to

Fig. 5a. Population of |L>
state as a function of the
time for large 1/T2. Results
shown for the conical in-
tersection (solid red line)
and the symmetric I cou-
pling (dotted black line).
The figure shows that for
strong electronic dephasing
the asymmetric and the
symmetric coupling pa-
rameters as in Fig. 4 give
similar behavior.

Fig. 5b. The survival prob-
ability of the |L> state as a
function of 1/T2. It is clear
that at small 1/T2 survival
probability is higher for
the conical system and as
1/T2 grows, the asymmet-
ric and the symmetric I
systems coincide.
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Fig. 6. Evolution of population
on the |L> state for different
magnitudes of the coupling in
the conical system. Parameter
value 1/T2 = 3·10–5 hartrees.

initial y momentum, while the conical interaction (eq 5)
actually gives a turnover behavior in the y momentum
dependence.

The fact that the bleach recovery vanishes for zero y
momentum, and essentially vanishes for sufficiently
small 1/T2, while the symmetric mixing terms and the
constant mixing do not show such behavior must reflect
the fundamental symmetry differences.7,11,22,43

The causal part of the quantum Liouville eq 1 shows
that the rate of change of the populations •ρii is propor-
tional to i times the coherences, while •ρij is proportional
to i (ρii–ρij).

Figure 9a thus shows the four density elements
ρLL(x,y)(upper left), ρLR(x,y)(lower left), ρRL(x,y)(lower
right), and ρRR(x,y)(upper right), projected on the adia-
batic potentials. Figure 9a is plotted instantaneously

Fig. 7. Recovery of the bleach
as a function of time for differ-
ent coupling forms at two dif-
ferent values of 1/T2.
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Fig. 9a. The initial diabatic density matrix represented on the adiabatic surface.

Fig. 8. Recovery of the bleach at 150 fs as a function at initial kinetic energy perpendicular to the curve crossing, for two
functional forms of the coupling.
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Fig. 9c. Same as 9b for 0.2 eV perpendicular kinetic energy.

Fig. 9b. The diabatic density matrix represented on the adiabatic surface after 150 fs (clockwise from upper left L > < L, R > < R,
R > < L, and L > < R, where R—right, L—left) for zero perpendicular kinetic energy.
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after the Franck–Condon excitation. It shows the pure
wave packet, which is just the localized ground-state
eigenfunction, promoted to the |L> state. At this time,
ρRR, ρLR, and ρRL vanish identically. Note that the upper
adiabatic state has a single minimum and the ground
adiabatic state has a symmetric double minimum, as
follows from eqs 4a and 4b.

After a time of 150 fs has evolved, Fig. 9b and 9c
show the density matrix elements. These plots show the
populations (upper row) and the coherences (lower
row). In Fig. 9b, the initial y momentum on the excited
surface vanishes. The ρii and ρij are symmetric around y
= 0. Note also that very little of ρRR is found at the origin,
consistent with the bleach recovery data of Fig. 8.
Figure 9c differs from Fig. 9b only because the momen-
tum along y is finite, starting from an initial value of
0.2 eV for the kinetic energy. Note that the populations
and (especially) the coherences ρRL and ρLR are much
more delocalized. The partial bleach recovery for 1/T2 >
10–4 eV reflects the role of 1/T2 in mixing the trajectories
along the x-coordinate. This same effect is promoted by
an initial momentum along y.

IV. REMARKS
The dynamics of excited systems undergoing motion on
conical intersections are complex. One expects that
dephasing and relaxation terms should reduce the im-
portance of long-lived coherences and phase memory.
Since conical intersection dynamics involve both pure
angle variables circling the conical apex, and vibration/
relaxation motion towards and through the conical tip
apex, as well as subsequent vibrational relaxation on the
ground surface, the dissipative effects might be ex-
pected to modify the dynamics significantly. This has
been demonstrated previously, using both all-mode
analysis20 and relaxation schemes.22–31

Here we employ a semi group-based method for
describing electronic relaxation and dephasing, as well
as vibrational relaxation. The simulations for the system
density matrix are carried out for true conical potentials,
as well as for symmetrized and constant forms for the
mixing.

We indeed find substantial sensitivity to the elec-
tronic dephasing and vibrational relaxation magnitudes,
as well as to the form of the mixing potential. Due to the
antisymmetric form of the conical interaction in the y
coordinate, the recovery of the initial-state bleach shows
marked sensitivities both to the initial momentum along
the y coordinate and to the value of the electronic
dephasing. For very small electronic dephasing strength
1/T2 or for zero initial y momentum, the recovery is very
inefficient on the conical surface, but it is far larger if the
symmetrized or constant mixings are assumed.

Note the very small absolute values of the computed
bleach recovery in Figs. 7 and 8 occur because we have
not permitted either vibrational dephasing or vibrational
(bath) relaxation in the y node. Therefore (see Fig. 9c),
the population on the ground adiabatic surface remains
vibrationaly excited on the timescale of Figs. 7 and 8.

Accurate bleach recovery calculations require appro-
priate bath interactions and projection onto the appropri-
ate spectroscopic ground level.

The physics underlying these marked relaxation and
initial condition effects is not yet clear, though Teller
pointed out long ago11 that symmetry effects will be
dominant at conical intersections. Since such conicals
have been demonstrated to be very important for mol-
ecules from O3 to trans-stilbene, and since environmental
effects would always be anticipated to modify the Hamil-
tonian evolution, understanding the interplay between
Hamiltonian and relaxation dynamics is clearly of signifi-
cance in various fields of photochemistry, optical excita-
tions, and general molecular transformations. This paper
is an initial attempt to characterize some aspects of that
relaxation behavior.
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