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Eigenfunctions and eigenvalues of the Schrtiinger equation are determined by propagating the Schrodinger equation in 
imaginary time. The method is based on representing the Hamiltonian operation on a grid. The kinetic energy is calculated by 
the Fourier method. The propagation operator is expanded in a Chebychev series. Excited states are obtained by filtering out 
the lower states. Comparative examples include: eigenfunctions and eigenvalues of the Morse oscillator, the Henon-Heiles 
system and weakly bound states of He on a Pt surface. 

1. Introduction 

Grid methods for solving the time~e~ndent 
Schrodinger equation have proven to be important 
in molecular dynamics calculations, These grid methods 
have been applied to modeling atom and molecule 
surface scattering [l--6], reactive scattering calcula- 
tions [7,8], decay of resonances [9], and other phe- 
nomena. The utility of grid methods is dependent on 
the ability to solve the eigenvalues and eigenfunctions 
on the same grid on which the t~e~ependent propa- 
gation is carried out. The eigenfunctions are used as 
initial states for the time-dependent propagation, or 
for analysing the final results after a perturbation has 
been applied [ 101. 

The conventional method for obtaining eigenvalues 
and eigenfunctions is by a diagonalization of a large basis 
set expansion. It is a method limited by the size of the 
basis expansion [ 111. A different approach based on a 
grid, was presented by Feit et al. [ 12). Their method re- 
quires that an initial wavefunction be propagated for 
a very long time. By a Fourier transform of the auto- 

correlation function, of the propagated wave with the 
initial wavefunction, the eigenvalues of the system are 
obtained. Once the eigenvalues are known, the eigen- 
functions can be recovered by a numerical Fourier 
transform of the propagated wavefunction, with the 
proper energy eigenvalue. 

In this work, an ~ternative method, based on a 
relaxation method, for obtaining the eigenfunctions 
and eigenvalues on a grid is presented. The method 
begins with an initial guess of the wavefunction which 
is propagated in imaginary time. The propagation 
causes the wavefunction to relax to the lowest eigen- 
function. To obtain higher eigenfunctions, an ortho- 
gonalization procedure is invoked which filters out 
the lower e~enfunctions and therefore forces the sys- 
tem to relax to an excited state. 

The proposed relaxation method is designed for 
problems in which a limited set of the lowest eigen- 
functions is required. The amount of required numeri- 
cal effort is proportional to the number of wanted 
eigenvalues. 

Methods for obtaining eigenfunctions based on 
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relaxation techniques have been used previously. 

Neuberger and Void used a Gauss-Seidel interaction 
scheme [ 131. This scheme is based on the fact that 
the largest eigenvalue of the operator H--n is the 

ground state. The Gauss-Side1 iteration scheme is used 
to invert the Hamiltonian operation by an iterative 

scheme. This inversion is based on a finite difference 
approximation of the kinetic energy operator. Another 

relaxation method is the quantum Monte Carlo method, 
which is primarily used for obtaining the ground state 
of electronic configurations [ 141. The Monte Carlo 

method was designed to find the ground state of a sys- 
tem with many degrees of freedom, by using a random 
representation. It is in contrast to an ordered grid 

representation. Use of grid methods when possible, is 
superior to Monte Carlo methods because the conver- 
gence is much faster. (To date grid methods are limited 
by the large amount of computer storage in 3-D prob- 
lems.) 

2. Description of the relaxation method 

The relaxation method described in the present 
paper is part of a more general strategy for solving 
quantum mechanical problems on a grid. The strategy 
implies that the method should be compatible with 
the method used for time propagation. In a previous 
paper [ 151 we described a Chebychev expansion of the 
evolution operator, as an efficient and accurate method 

for propagating the time-dependent Schrijdinger equa- 
tion. Because the proposed relaxation method isvery 
similar to the Chebychev time propagation method a 
brief review of the Chebychev time propagation method 
is presented. It consists of three steps, of which step 
one is setting up a grid and constructing on it an initial 
wavefunction. Grids in Cartesian as wellas skewed, 
cylindrical or spherical coordinates have been used. 
Step two is the calculation of the Hamiltonian opera- 

tion: 

$=HJ/, 

where 

H = i2/2in + v. 

(1) 

Because the potential energy operator v is local in 
coordinate space, its operation is a simple m_ultiplica- 
tion of the wavefunction at grid point i by V in grid 
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point i. A similar procedure is possible for the kinetic 
energy operator if the wavefunction is represented in 
momentum space. The transformation to momentum 

space is done by a fast Fourier transform or by a fast 
Hankel transform for radial problems. (Detailed des- 
criptions can be found elsewhere [16,17] .) The third 
step is to propagate the wavefunction in time. For a 

time-dependent Hamiltonian we found the Chebychev 
expansion method an optimal choice. 

N 

e 4h = C fznGn (iHt/R), 
n=O 

(2) 

where a, = 2J,(R) for n # 0 and a0 = Jo(R) (J, is 
the Bessel function of the first kind) and R is the upper 
bound for the range of eigenvalues of the Hamiltonian 
represented on the grid multiplied by C: 

R= [k&x- Vmi,, +rr2(l/Ax2 t l/Au2 + l/Az2)] t 

(for a 3-D grid). @n is the complex Chebychev poly- 
nomial which is calculated by its recursion relation: 

$n,(%)= 2idn_r(j<) + Gn_2(ic> 2 (3) 

where i< = -ikt/R and $,(i<) = I, r#q(i<) = 2. 
In the proposed relaxation method for solving the 

eigenvalues and eigenfunctions, full advantage is taken 
of the first two steps of the time-dependent propaga- 
tion method. The third step needs to be modified omy 
slightly so that altogether only a slight modification 
of existing working programs is being proposed. 

The key modification of the new method is to change 
the time in the time-dependent Schrodinger equation 
to an imaginary one. The solution of the time-depen- 
dent Schrodinger then becomes: 

G(7) = e-‘rJ/(O), (4) 

where T = it. Expanding the initial wavefunction in 

eigenfunctions 9, of the Hamiltonian: 

$(7) = emH7c cn J/,(O) = CcneeEn’$,(0). (5) 
n 

Examining eq. (5) we find that each eigenfunction re- 

laxes to zero at a rate which is proportional to its eigen- 
value. This means that the ground state which relaxes 
most slowly, persists. As a consequence, after a time 7, 
the component of the eigenfunction n is reduced rela- 
tive to the ground state by the ratio: exp[-(E, - Eo)r]. 
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This ratio governs the propagation time r needed to 
achieve a certain accuracy: 

r>Nln lO/(EL -Eo), 

where N is the number of digits of accuracy. 

2.1. Obtaining excited states 

(6) 

The first excited state is obtained by removing the 
ground state from the Hilbert space. This makes the 
first excited state the ground state of the new space. 
If PO = lJiu>(J/u I is the projector operator of the ground 
state, then the ground state of the operator: 

t$ = (I - Ei,)H(i - PO) (7) 

is the first excited state. This procedure is repeated, to 
obtain the next excited state by removing the first 
excited state. Continuing this procedure the ground 
state of the operator 

is the nth excited state, where Fm = -1 $n ) (Jln 1, 

3. The numerical procedure 

The numerical procedure is a slight modification of 
the Chebychev propagation pzocedure: The direct ex- 
pansion of the propagator emHr worked out by a 
Chebychev series [ 181 is 

N 

e -hT=C a,T,(lk/R), 
ma0 

(9) 

where an = 21,(R) for n # 0 and a0 = lo(R), R is the 
range of eigenvalues represented on the grid multiplied 
by r and 1, is the modified Bessel function of the first 
kind. The range of eigenvalues is shifted by adding a 
constant to the potential in order to distribute the 
eigenvalues evenly above and below zero. T, is the real 
Chebychev polynomial which is calculated by the re- 
cursion : 

T,(k) = 2T,_l (i)x - Tn_@) (10) 

and To(k)= i andTl(j<)=k. Forkwe choose-Hr/R. 

The calculation of the Hamiltonian operation is simi- 
lar to the one used previously [ 15,161. The addition 
is the introduction of the projection operators which 
filter out the lower states each time the Hamiltonian 
operation is carried out. In principle it is enough to 
filter from the initial state all the lower excited states 
and obtain the next excited state by the relaxation 
technique. This is because the Hamiltonian does not 
mix its eigenfunctions. Nevertheless numerical round- 
off errors can introduce components of lower excited 
states, which will cause a relaxation to the ground 
state. Therefore a stable procedure for the higher eigen- 
functions requires the introduction of a filtering pro- 
cedure into the Hamiltonian. 

The number of terms in the expansion (9) is gov- 
erned by the behavior of the modified Bessel functions 
I,, . The convergence is faster than the one found for 
the time-dependent Schrodinger equation because 
for n larger than R1j2, the Bessel functions I,(R) de- 
cay exponentially (compared to n > R for the Bessel 
function J,). 

The filtering procedure is carried out in the follow- 
ing way. First the previously calculated eigenfunctions 
$, are stored before the (n + 1)st eigenfunction is 
calculated. In the next step the overlap of the wave- 
function with alI the lower states is calculated. In the 
last phase the lower eigenfunctions multiplied by the 
overlap are subtracted from #n+l. This procedure is 
repeated after the Hamiltonlan operation has been 
carried out. It is found that the numerical overhead 
involved in this operation is not large. 

Because normalization is lost in the propagation, 
errors can be introduced as a result of underflow. This 
problem can be overcome by propagat~g to a moder- 
ate time r and then renormalizing and propagating 
again. The computation time depends very much on 
the initial guess. This is the basis of the refinement 
procedure in which the results of one run can serve as 
an initial guess for the next refinement. An efficient 
procedure is to obtain a first guess of the set of eigen- 
functions on a coarse grid. The result is then used as 
an initial state on a finer grid, using an interpolation 
scheme to obtain the wavefunctions on intermediate 
points. The final polish can be obtained by switching 
to double precision arithmetic. 

225 



Volume 127, number 3 CHEMICAL PHYSICS LETTERS 13 June 1986 

4. Examples 

The examples in this section are meant to demon- 
strate the accuracy and the efficiency of the relaxation 
method for obtaining eigenfunctions and eigenvalues. 

4.1. The Morse oscillator 

Eigenfunctions and eigenvalues of the Morse oscil- 

lators can be solved analytically. Nevertheless with os- 
cillators of many bound states the analytic solutions 
are of little numerical use because of the difficulties 

of calculating high-order factorials [ 191. Numerical 
procedures for calculating Morse eigenfunctions have 
been suggested [20] but a general procedure which is 
valid for any potential is more useful. The Morse po- 

tential of the I2 system has been used in the example. 
Table 1 compares the first 24 analytical eigenvalues 

to the ones calculated by the method introduced here. 
The numerical procedure was carried out in the follow- 
ing way. First, single precision results were obtained 
for a grid of 128 points. The initial guesses were 
harmonic wavefunctions. (For the higher levels, a 
semiclassical approximation would be superior.) Table 

1 presents the results of the calculation. It can be seen 

that the first 8 eigenfunctions were obtained. A dense 
grid was required for higher eigenfunctions, and the 
wavefunctions were therefore interpolated onto a 
5 12-point grid. This interpolation was done by Fourier 
transforming to momentum space, adding zeroes for 
the high momentum states and then Fourier trans- 
forming back to a 5 12 grid. Such a procedure is equiv- 
alent to the sine interpolator [21]. The final refine- 
ment was carried out by using the single precision re- 
sult as an initial guess for a double precision calcula- 
tion. Table 1 compares the results of the exact eigen- 

Table 1 
Eigenvalues of the Morse oscillator of 12 a), EX exact values, El28 X 128 grid points with single precision, ES12 512 grid points 
with single precision, D5 12 5 12 grid points with double precision 

N EX El28 E512 D512 

0 2.86171978-04 2.86166E-04 2.86222E-04 2.86171965-04 
1 8.52996623-04 8.52980E-04 8.52883E-04 8.52996584-04 
2 1.41246218-03 1.41247E-03 1.41227E-03 1.41246212-03 
3 1.96456866-03 1.96457E-03 1.96511E-03 1.96456859-03 
4 2.50931605-03 2.50931E-03 2.50900E-03 2.50931599-03 
5 3.04670436-03 3.04682E-03 3.04681E-03 3.04670433-03 
6 3.57673359-03 3.59139E-03 3.57670E-03 3.57673386-03 
7 4.09940373-03 5.30824E-02 4.09943E-03 4.09940453-03 
8 4.61471479-03 0.105835 4.61483E-03 4.61471630-03 
9 5.12266676-03 - 5.12242E-03 5.12266900-03 

10 5.62325965-03 _ 5.62310E-03 5.62326165-03 
11 6.11649346-03 6.11639E-03 6.11649552-03 
12 6.60236818-03 6.60235E-03 6.60240552-03 
13 7.08088383-03 - 7.08175E-03 7.08115816-03 
14 7.55204038-03 7.55143E-03 7.56506615-03 
15 8.01583785-03 - 8.01623E-03 8.01610601-03 
16 8.47227623-03 - 8.47262E-03 8.47349285-03 
17 8.92135554-03 - 8.92097E-03 8.92396957-03 
18 9.36307576-03 - 9.36294E-03 9.36339800-03 
19 9.79743690-03 - 9.79722E-03 9.79788993-03 
20 1.02244389-02 - l.O2248E-02 1.02246639-02 
21 1.06440819-02 - l.O6440E-02 1.06473747-02 
22 1.10563658-02 l.l0561E-02 1.10576020-02 
23 1.14612906-02 - 1.14611E-02 1.14613477-02 
24 1.18588563-02 - l.l8594E-02 1.18593109-02 

a) The Morse parameters are: D = 0.0224 au, OL = 0.9374 au and the reduced mass ~1 = 119406 au. 
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values to the ones calculated on a 128-point grid, on 
a 5 12.point grid and on a 5 12-point grid in double preci- 
sion. Four digits of accuracy were obtained in the 
single precision calculation whenever the grid con- 

verged. Six digits of accuracy were obtained for the 
double precision accuracy for levels up to level 12. 

Above level 12 the accuracy was between four to 
five digits mostly because the levels have not converged 

completely in the time 7. 

4.2. The H&on-Heiles system 

The eigenvalues and eigenfunctions of the Henon- 
Heiles [22] system have been calculated by many 
authors and therefore are a good choice for compari- 
son. Table 2 compares the first 12 eigenvalues of the 
HCnon-Heiles system obtained by the relaxation 
method with those obtained either by diagonalization 
[ 1 l] or by the pseudospectral method [ 121. For the 
relaxation method a grid of 64 X 64 points was set up 
with dx = dy = 0.15. The initial guess was a simple 
twodimensional Gaussian. First a single precision re- 
sult was obtained which was used as an initial guess 

Table 2 
Eigenvalues of the Henon-Heiles system. El calculations of 
ref. [ 111, E2 calculations of ref. [ 121, E3 calculation using 
relaxation method: single precision, E4 calculation using re- 
laxation method: double precision a) 

n 1 El E2 E3 E4 

0 0 0.9986 0.9986 0.9984 0.9986 
1 1 1.9901 1.9901 1.9908 1.9901 

1.9903 1.9901 
2 0 2.9562 2.9563 2.9559 2.9562 

2 2.9853 2.9854 2.9863 2.9853 
2.9856 2.9853 

3 1 3.9260 3.9261 3.9265 3.9260 
3 3.9824 3.9825 3.9820 3.9802 

-3 3.9858 3.9859 3.9797 3.9836 
4 0 4.8702 4.8703 4.8692 4.8701 

2 4.8987 4.8988 4.8996 4.8987 
4.9002 4.8988 

4 4.9863 4.9864 4.9761 4.9860 
5.0003 4.9863 

5 1 5.8170 5.8172 5.8198 5.8192 
5.8233 5.8193 

5 5.9913 5.9915 5.9982 5.9912 

a) A few of the degenerate states are shown for comparison 
in E3 and E4. 

for a double precision refinement. Table 2 presents the 
results. The accuracy at these levels was similar to the 
one in ref. [ 121, which used a denser grid of 128 X 
128 points. Accurate calculation of higher eigenfunc- 
tions by the relaxation method would also require a 
denser grid. Also presented in table 2 is the ability of 
the method to produce degenerate eigenfunctions. 
Each eigenfunction calculation took approximately 

30 min of a CC1 minicomputer for a propagation time 

ofr=20au. 

4.3. He surface bound states 

The relaxation technique is very suitable for obtain- 
ing very weak bound states of rare gasses on ordered 

and disordered metal surfaces. These bound states are 
important in calculating sticking coefficients of atoms 
and molecules on cold surfaces and for obtaining sur- 
face resonances in scattering calculations. Use of the 
relaxation technique is demonstrated by a He-B 
(1 ,l ,l) system. The potential energy was a combina- 
tion of a 3-9 z-dependent potential representing the 
bulk of the crystal and a sum of 6-12 pair potentials 
between the He and the surface atoms. The calcula- 

Table 3 
Parameters used for the He-Pt (1 ,l ,l) system 

Unit ceJl size : 
a, =ay = 5.2380557 au 

Potential parameters: 
Bulk contribution: 

V(z) = ez(0.1333 zz/(z - .zdo)’ - z$(z - zdo)‘], 

where 
ez = 0.002 au, zdo = 1.708 au, zd = 8.73 au. 
Pair potential: 

W12) = e12[(a21r12Y2 - (a2lr12Pl , 

where 
e12 = 0.003 au, a2 = 51.58 au. 

Grid parameters: 
dx = 0.3273784 au, dy = 0.3273784 au, dz = 0.4 au, 
n, = 16, n,, = 16, nz = 64 : 
mass 
p = 7296.14 au 
time : 
T = 60000 au 
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tion was carried out on one unit cell with periodic 
boundary conditions to represent an extended infinite 
perfect surface. This unit cell forced a non-Cartesian 
set of coordinates in x and y. The Fourier method was 
able to cope with the situation [23]. The kinetic ener- 
gy operator was still diagonal in momentum space but 
included mixed derivatives in x and y which were cai- 
culated by multiplying the transformed wavefunction 
by ik, ikv. The Laplacian in these coordinates had 
the form 

V2” a2+ ( a2 aa 
) 

1 $2 

ax2 aY2 
---cQs@GG sin2p+zt (11) 

where p is the skewing angle of the unit cell. In this 
calculation a 3-D grid of 16 X 16 X 64 points was used 
with fl= 60’. The parameters used in the calculation 
are summarized in table 3. Fig. 1 displays the ground 

state eigenfunction and its energy. Fig, 2 displays the 
excited state. For this system only two bound states 
were found. It can be noticed that the excited state is 
more corrugated than the ground state. Each eigen- 
function calculation took 65 mm of CPU time on a 
CC1 minicomputer for a propagation time 7 = 60000 
au. 

5. Discussion 

The accuracy and speed of convergence of the re- 
laxation method makes it suitable for medium scale 
problems for which a representation on a grid is pos- 
sible. The accuracy of the method depends on two 
factors: the density of the grid and on the propaga- 
tion time 7. The Fourier method exhibits exponential 
convergence as a function of the grid density [ 1.51. 

Energy = -.OOOd73i 

Fig. 1. The square amplitude of the ground state of He on a Pt (1,1,1) surface. The upper panel displays the square amplitude in 
the x and y directions of z = 4 au. The lower panel displays the square amplitude in they and z directions where the x coordinate 
is in the middle of the unit cell. 
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Energy = -7 .?48e--05 

Z--+ 

Fig. 2. The same as fig. 1 for the excited state. 

The method also has exponential convergence charac- 
teristics as a function of the propagation time r, cf. 
eq. (6). The exponential convergent is in contrast to 
the convergence obtained in the Gauss-Side1 method 
[ 131. The use of the finite difference approximation 
for the kinetic energy means cubic convergence while 
decreasing the grid interval. The convergence in 
“time” obeys a power law. (We were able to recon- 
struct the results of ref. [13] with a grid of 16 X 16 
X 16.) A good initial guess is important for obtaining 
fast converged results. Accuracy can be improved by 
rerunning the program again with the previous guess 
as an initial state. Even better accuracy can be ob- 
tained by interpolat~g the result onto a denser grid 
and continuing the propagation, The method likewise 
ensures that the eigenfunctions are orthogonal to each 
other. It was found that inclusion of a filtering proce- 
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dure after the Hamiltonian operation is crucial for 
numerical stability. 

In most physical systems the energy levels tend to 
condense as the energy is increased. This means that 
the propagation time r has to be increased in order to 
converge the results for higher energy levels. This fact 
makes it more expensive to obtain the excited states. 

The direct relaxation method can play an impor- 
tant part in computation methods designed for quan- 
tum molecular dynamical problems on a grid. A com- 
bining of the direct relaxation method with a time 
dependent propagation scheme, gives a versatile method 
for executing non-trivial quantum dynamic calculations. 
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