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Experimental implementation of the Deutsch-Jozsa algorithm for three-qubit functions
using pure coherent molecular superpositions
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The Deutsch-Jozsa algorithm éxperimentallydemonstrated for three-qubit functions using pure coherent
superpositions of Lirovibrational eigenstates. The function’s character, either constant or balanced, is evalu-
ated by first imprinting the function, using a phase-shaped femtosecond pulse, on a coherent superposition of
the molecular states, and then projecting the superposition onto an ionic final state, using a second femtosecond
pulse at a specific time delay.
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l. INTRODUCTION state|0)|0)...|0) of the n-qubit system. The unitary transfor-
mation constructed for each of the various functions intro-
Quantum computatiorfl-3] is aimed at utilizing the duces a function-dependent phase to each of the elements of
guantum nature of physical systems in order to solve comthe superposition. After a secomdqubit Hadamard trans-
putational problems in efficient ways that are impossible inform is applied, the superposition either ends in the initial
classical computation. One of the benchmark quantum algastate if the function is constant or in any other state if it is
rithms is the Deutsch-Joz¢BJ) algorithm[4]. Its task is to  balanced. In the present work, this modified algorithm is
distinguish whether a binarnn-qubit function f: {0,1}" implemented for three-qubit functions usipgire coherent
—{0,1 (nis given is constant or balanced. The output of a superpositions of molecular eigenstatesve packets
constant function is identical for all possibhequbit inputs, Our main motivation behind the current work is exploring
while the output of a balanced function is 1 for half thethe use of a new experimental platform for small-scale
possible inputs and 0 for the other half. The DJ quantunproblem-specific implementation of quantum algorithms.
algorithm identifies the constant/balanced character of &he method is based on an ensemble of small molecules in
function (known to be either constant or balangéta single  the gas phase interacting with a sequence of multiple shaped
call to the function, as compared to the corresponding clasfemtosecond laser pulses. The computational task is carried
sical algorithm that requires2+ 1 function evaluations to out through the time-dependent dynamics of the molecule,
provide a solution. This improvement results from the inher-with short computation time and very low decoherence rate.
ent parallelism when applying a function-dependent unitaryThe system is characterized by a value of-10* for the
transformation on all the possible input elements, which areatio between the decoherence time and the manipulation
simultaneously contained within a coherent superposition. time by a shaped femtosecond laser pulse. The experimental
In recent years, the Deutsch-Jozsa algorithm, in its revistechnique is such that the computation involyese states
ited form [5], has been implemented experimentally mainlyonly, a characteristic that is highly important for a physical
with NMR techniques. Using pseudopure stdték it was  implementation of quantum computation. These pure mo-
demonstrated for functions having up to a four qubit inputlecular states span sever@ntangledl internal degrees of
[7]. Also, an implementation of the algorithm for two-qubit freedom: rotational, vibrational, and electronic.
functions using single photon linear optics has been pub- Currently, we aim at providing a physical platform for a
lished[8]. A modified version of the algorithm, which does problem-specificquantum computation. This is different
not require a control qubit, has been propog#dand imple-  from the common formalism of aniversalquantum compu-
mented using NMR for functions with inputs composed oftation[2], which is also the one most physical implementa-
up to three qubit$10]. In this version of the algorithm the tions of quantum computation have followed. Under the uni-
coherent superposition representing the function domain isersal formalism, every unitary transformation acting ron
obtained by applying a first Hadamard rotation on the initialqubits is decomposed into a quantum circuit, which is a se-
quence of elementary gates, each acting on one or two qu-
bits. The gates composing the circuit are all members within
*Present address: Department of Chemistry, University of Califora universal finite set of basic gates. This model provides a
nia, Berkeley, CA 94720. powerful universal programming language for quantum com-
"Present address: Department of Chemistry, Technion-Israel Instputation. However, it acquires a significant drawback, since
tute of Technology, Haifa 32000, Israel. most unitary transformations can only be implemented inef-
*Permanent address: Department of Physics, Royal Institute diciently, i.e., they require a circuit of elementary universal
Technology, KTH, SE-100 44 Stockholm, Sweden. gates whose size is exponentialninOnly special transfor-
SPresent address: Department of Chemistry and Department ¢hations can be decomposed into polynomial-size circuits.
Physics, and Lawrence Berkeley National Laboratory, University ofOne prominent transformation is the quantum Fourier trans-
California, Berkeley, CA 94720. form, which is also a basis for the most successful quantum
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algorithm known today, that is the Shor’s quantum algorithm

for the factorization of numbersll]. Thus, it seems highly 6|

desirable that, in parallel to efforts along the above universal xXE;

guantum computation model, other frameworks for quantum 5

computation will be explored, even if they are nonuniversal. egesmzss

Our objective is to specifically design and shape laser pulses a4

such that under the action of a single shaped pulse the mol- E'zg evaluation

. i . (fs) probe pulse
ecules will undergo a complete specific unitary transforma-

tion. This might allow, at a price of losing the universality,
the implementation of specific quantum algorithms in a
much more efficient way as compared to using other physical A'sy
platforms designed for universal quantum computation. The 1 b
potential for achieving a complete transformation using a

single pulse(or a very small number of pulse$ies in the o
richness and complexity of the interaction of molecules with x's
a strong broad-bandwidth laser field. The corresponding dy-

namics involves simultaneously single-and multiphoton, di- . . ‘ .
rect and Raman, resonant and off-resonant transitions among 2 4 & 8
a large manifold of quantum molecular states. It is expected Internuclear Distance (A)
that useful theoretical computational methods for designing £ 1. schematic picture of the excitation scheme of the ex-

such pulses will include also optimal control thedd2].  periment with the relevant potential energy curves of aid Liy

Initial studies in this direction point to its feasibilifi3,14.  [23 24, The rovibrational structure of thé '3} state is used for
The main limitation of the new platform as implemented in the implementation of the Deutsch-Jozsa algorithm.

this work is the limited size of the experimentally accessible

part of the whole Hilbert space of the internal molecularplished by probing the overall molecular superposition
degrees of freedom. Current experimental techniques provid@rough its projection onto an ionic final state. This is accom-
a basis for handling computational tasks involving pureplished by ionizing the molecule at a single given time delay
states with up to hundreds of eigenstatbe equivalent of a after excitation using a secon@inmodified femtosecond
Hilbert space of 8—-10 qubitspanning several internal de- pulse. The ability to probe the overall superposition directly
grees of freedom. This by itself is significant for the experi-as a whole at one time, which originates from the quantum
mental research of quantum computation. Moreover, a potemature of the process, allows the readout step of the algo-
tial for larger scale quantum computation lies in developingrithm to be achieved without applying the second Hadamard
more sophisticated molecular excitation schemes and/awtation. The algorithm is performed on ensemblef mol-
combining the present method with other techniques involvecules. Overall, only onésncoding/imprinting unitary op-

ing, for example, the trapping of cold moleculg5,16 or  eration and one measurement suffice to find out the func-

function dependent
(fs) pump pulse

U (eV)

pure initial state
(cw) preparation

cold molecular iong17]. tion’s character.
Although, in general, 2molecular levels are sufficient to
Il. ALGORITHM IMPLEMENTATION represent the Hilbert space ofgubits, in the present experi-

ment 2'+ 1 states were used. They includ® @vibrational
levels in the electroni& state of Ly and a single initial

In the current implementation of the Deutsch-Jozsa algorovibrational level in the electronid state(see Fig. 1 This
rithm, 2" rovibrational eigenstates are being used to represimplifies the implementation of the unitary operations with-
sent the eigenstates of a systermaéntangled qubits. Each out any principal limitation. Here, the electronic correlation
n-qubit function is represented by a different unitary opera-etween theE state and the state is not probeftl8], and,
tion stored in an oracle, and the task is to determine whethehus, the Hilbert space naturally reduces to tfde¥els in
the unitary operation applied to the molecular system correthe E state. The algorithm is demonstrated here with three-
sponds to a constant or balanced function. The various ungubit functions,n= 3, thus eight rovibrational states are em-
tary operations are implemented using phase-shaped broagtoyed in theE state. Each rovibrational levely ¢ ,Jg), cor-
band femtosecond pulses. The interaction of the shaped pulsgsponds to an eigenstate of the three-qubit product space,
with a molecule, which is initially prepared in a pure single denoted ak)=|m)|n)|o) with m, n 0={0,1} wherek is the
rovibrational state, transforms the molecule into a corredecadic representation of a three-bit binary digit. Explicitly,
sponding coherent superposition of rovibrational states. Difthis means that in the present experimpni=13Jg= 17)
ferent functions result in different superpositions. The physi—5|o>z|ooo>, lvg=13Jg=19=|1)=|00D), |ve=14J¢
cal features of the molecule-field interaction allow us 10=17)=[2)=|010), lve=14Je=19=|3)=|01D), |vg
apply the first Hadamard rotation and the subsequent unitary. 15 j_ = 17)=|4)=]100), |ve=15Jg=19=|5)=|101),
transform, representing one of the functions, in a single SteRy=16Jg=17=|6)=|110, and |vg=16Jg=19)=|7)
The former is associated with the amplitude transfer and th%|111>_
latter corresponds to the phase modificati&%sﬂamp| Y(t The unitary transformation, which represents a constant/
=0)). The evaluation of the function’s character is accom-balanced function, is induced in the molecule by the shaped

A. Using coherent molecular superpositions
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laser pulse via the Hamiltonian 1 0 0
~ _ 1©f(|O
A, o305 crof 0=0, 0,2 0 V0
A ~ UphsZampT| 0 (_1)f(\l>)
- Coflo Hy 0 .
H= ~ . (1)
c1Q4 0 Hep
N . 1 _a.o _al
. =1 1 0
The symbold) = u, e (t) exp(—iwgt) (k=0-7) are the am- X : (4)

plitudes acquired by the rovibrational levels on thestate él 0 1

following their excitation by a transform limited.e., phase-

unshapefpump pulse from the initial rovibrational level on

the A state. Each amplitud@, is determined by the transi-

tion dipole momentu, between the initial state and the ex- The right term of the right-hand sid&®HS), Uamp, repre-
cited statek, and by the spectral magnitudg(t) of the field  sents the function independent part, while the left term on the
at the specific excitation frequenay, between these two RHS, Ophsv is the unitary operation that encodes the func-

states. The time dependence of the spectral magnitude "fion values as phases. The use of perturbation theory does

flects the pulsed character of the field. The quantitgs not represent any principle limitations, since the theory of

=exp(—ig¢y) include additional phase factorg,, that are .
introduced to the excited rovibrational level by the phasecherent control, for a closed quantum system of a discrete

shaping of the pump pulse. In the current description thePEClrum, ensures that complete control can always be

. L - achieved even with strong field21].
influence of off-resonant coupling is neglected. THhg are o L .

. S . . . Each three-qubit binary function is given as a set of eight
the field-free Hamiltonians of the various excited rovibra-, .

tional levels, and they are equal to the energies of the level inary (0 or 1) values, each corresponding to a possible state,
.o L ~ L k)=|m)|n)|o), of a three-qubit input. There are 72 three-
i.e.,Hey="iwy . Similarly, Hy corresponds to the initial level

on theA state. Under weak field conditions, the excited Wavequit constant/balanced functions—2 constant and 70 bal-
. ) ) X ' anced. As mentioned above, a function’s value of 1 is repre-
function on the electroni& potential can be formulated by

first order perturbation theofyl8—20. After eliminating the sented by a phase value of 180° and a function’s value of 0

A-state dynamics by putting ;= 0, the excited superposition by a phase_ value of 0. Fo_llowmg the o_racle ope_ratlon for a
on theE state is given at time- after excitation, when the 91Ven function, a set of eight phases is determined. Those
pump pulse is over, 448] phases are then encoded experimentally into the pump pulse

that excites the molecular superposition. In practice, in the
! _ _ current experiment, we have chosen to encode these phase
|e(m)* 2 e e k). (20 values into the phase-shaped pump pulse as an increment
k=0 over a basic initial set of phases applied to the excited rovi-
As noted abovek= (vg ,Jg) while k) represents the rovibra- brational states, ¢(0)={¢,(,OE),JE 'vg=13-16,Jg=17,19.
tional Eigenfunction of statk on theE state. The molecule- This (I)(O) set of phases is actua”y part of the function inde-
field interaction excites each molecular level with a phasgendenta, coefficients introduced above. As a result of this
and am_plit_ude that are controlled experimentally by Shapi”Q)rocedure, the two constant functiorig=1{0,0,0,0,0,0,0,p
the excitation pulse. . . andf,={1,1,1,1,1,1,1 41, are represented by molecular su-
Following the formulation of the modified DeUtSCh'Jozsaperpositions havingb(® and ®(©+180°, respectively, as
algorithm [9], the present pulse shaping is carried out totheir¢k set of phaseésee abovk Since thé measured pijmp—
correspond to a functiohsuch that probe ionization signal is sensitive only to the relative phases
7 between the various wave packet components, i.e., insensi-
|he(7))oc Y, age™ ok —1)T1KD|k), (3) tive to a global phase of the wave packet, both constant
k=0 functions correspond to the same pump-probe signal. The

wherea, denotes the complex amplitude for a lekedn the ~ SPecific set of phase® used here is®©={¢{),,
electronicE state, which is independent of the specific evalu-=298.1°, ¢{3;=352.0°, ¢{3,,=215.9°, ¢{7)=137.9°,
ated (constant/balancediunction. Note, not all thea, are  ¢{%,~169.7°, ¢{2 ~337.6°, ¢@;~192.1°, $%,q
necessarily equal. The term-@) (%) introduces the func- =0°}. These values were chosen such that the ionization of
tion dependent phase factor. The 0 and 1 values of the funehe corresponding Liwave packet at 5 ps delay time after its
tion are encoded as a phase of 0° or 18@., a+1 or —1  excitation will result in aglobal maximum of the measured
facton, respectively. As a result the expansion in first ordercoherent signal. This is based on previous detailed coherent
perturbation theory provides a model for arbitrary phase andtudies we have conducted on, [19,20. The 5 ps time was
amplitude transferld=U ,,J.mp, from the initial A-state  chosen arbitrarily. The balanced function (o f7,) will

level onto theE-state rovibrational wave packet. It can be result in rovibrational wave packets having sets of relative
viewed as follows: phases that are different frod@(®), such that the correspond-
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ing amplitudes of the wave packet ionization signals at 5 ps I Constant - f, , f,
delay time will be significantly lower than the global maxi- E Balanced - f_, f,
mum signal. Hence, the identification of the function’s char- /J\ E*\ [\ Py

acter can be made by measuring the signal amplitude at this S “\.f\f‘ N '.‘v{,\)e‘\g
single predetermined delay time, after a calibration control T ’ \\/

experiment to measure the global maximum siginal, for
the wave packet witlb(?) is initially performed one time
only.

R Balanced - f_, f,

Hi -
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B. Experimental technique Iy

Balanced - f_, f,

The molecular excitation scheme of the experiment, with HK AN
the relevant potential energy curves of,Lland Li; , is w/\\/l\u/\ /\ MV}/\'\,"”
shown in Fig. 1. The experimefi9,20 is conducted in a MRSV SIA Y AAAS Y AR
static cell, heated to 1023 K, that contains a lithium metal I
sample with Ar buffer gas at about 3.7 T@#93.3 P& Using 3 i}

a cw_s_lngle—frequency dyg laser, an |_nd|V|duaI stat?—tqr-state 54 N A \-,/ \_n /v\ ,-\ }
transition, from a rovibrational level in the groun Eg \WASVARNAVYARAYIE \/
state to a rovibrational level in the excitéd'S | state, is
induced on some of the thermally-populated ground state — —
o : . 2 3 4 5 6 7 8
lithium dimers. As a result, a small fraction of the overall Pump-Probe Delay Time (ps)
molecular ensemble is populating the single rovibrational P y P

stateA '3, (va=14,J,=18) as a pure initial state. The in-  F|G. 2. Pump-probe ionization transients originating from vari-
formation that represents a function is encoded into a phas@us tailored wave packets representing various three-qubit constant
shaped femtosecond laser pulse using a pulse shaping setepbalanced functions. Thig andf, are the two constant functions,

It employs a liquid crystal spatial light modulati28 inde-  while all the otherf; are balanced. The function’s character
pendent pixelsto control the spectral phase of the various (constant/balanceds evaluated by measuring the signal level at a
frequency components of the pulse. The wavelength resolwsingle delay time of 5 ps.

tion of the pulse shaping setup is4.2 cmi 't per pixel, and

the accuracy of a phas®-360) applied with the spatial ~ giant signal level and a part that depends on the pump-probe
light modulator is better than 1°, depending on the partlculalaemy time[19,20. Currently, the measurement was averaged
phase value. The interagtion of this shape.d _pulse with the Liover 10 pump-probe sequences at a specific pump-probe
molecules, populated in the selected initialaG14,Ja  gejay time. The pump and probe pulses originate from a
=18) state, results in a function-dependent tailored COhere”Iti:sapphire laser systef@00 kHz repetition ratewith ~160
superposition(wave packeton theE 'S4 electronic state s dyration, 12430 cit central spectral frequency;150
(pump step, which for three-qubit functions is composed of cm~1 pandwidth, parallel polarizations, and energies-6f5
(ve=13-16,J=17,19)(eight states The wave packet ex- and~1.0 uJ per pulse, respectively.
citation can be described within the weak field lifi8]. The experimental conditions are such that the decoher-
Using a second(unshapejl femtosecond pulse, this ence of the wave packet occurs on a time scale longer than 5
function-dependent excited wave packet is probed after @s |t is primarily due to collisions between the Imolecules
preselected delay time through the ionization of the mol-ang Ar and Li atoms, which result in pure dephasing and/or
ecule. The resulting pump-probe photoionization sidi@l  state-changing transitions. The decoherence time scale is at
and electron currenis the measured experimental quantity. |east three orders of magnitude longer than the excitation

Itis measured using a pair of biased electrodes located insidgocess that encodes the quantum information.
the lithium cell and a lock-in detection system. All the laser

beams(cw, pump pulse, and probe pulsare periodically
modulated using mechanical choppers. The measured signal
contains a well-identified component that originates only Figure 2 displays several pump-probe ionization tran-
from those molecules that have undergone excitation andients out of the complete set of measurements. They origi-
ionization due to the timely ordered absorption of three phonate from various phase-tailored molecular wave packets,
tons: the first from the cw laser, the second from the pumpeach corresponding to a different three-qubit constant/
laser pulse, and the third from the probe laser pulse. Overalhalanced function. For clarity, the transients in the figure are
although most of the molecular ensemble is thermally poputranslated vertically to separate one transient from the other.
lating the ground electronic state of,l.ithe experimental The baselines of all the measured transients, indicated in the
technigque allows an ionization signal to be obtained thafigure by the thin horizontal solid lines, are of the same
originates only from those molecules that performed thevalue. Similar to the pair of constant functiorisee Sec.
quantum computing operation. The subensemble containingA), following from the insensitivity of the measured ion-
these molecules is in a pure coherent quantum state. In geization signal to a global phase of the wave packet, each
eral, the measured ionization signal is composed of a cortransient actually corresponds to either of two functidis,

lonization Signal (arb. units)

Balanced - fg , fm

Ill. EXPERIMENTAL RESULTS
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and f;, related asfi:f_j, i.e., 0 and 1 exchange in their order to create common grounds with other methods of

logical representatioffor example,f5 andf, given below.  Physical implementation of quantum computation.

Such a relationship means thatfif corresponds to a set of N conclusion, we experimentally implemented the modi-
phasesd', f, corresponds tabi=d' +180°, i.e., an addi- fied Deutsch-Jozsa algorithm for three-qubit functions using

tional 180° global phase. The transient shown in all Ioanelﬂolecular rovibrational pure states controlled by shaped

. mtosecond pulses. Quantum information representing the
by the das_hed lines co_rresponds to _the constant fl.mCt'an (function character is encoded into the relative phases of rovi-
or f,), while the transients shown in thick solid lines eachbr

. . . ational levels that constitute the nuclear wave packet on

correspond to a different pair of balanced functions. Thethe E IS’ state of the Li molecule. The encoded guantum
) . . . g .

Tg{]gto%a(l)agclecli }]f“”?'frﬁ 1p rleieg toecci) pm tfhe_ {fggliri 1&2{e information is measured directly using a weak probe field.

60('} T ’_’{1’ 0 0.0 6‘_1 1}'1‘ : '—j{l’ 1'0 0 05111’] T This allows, in general, keeping the encoded quantum infor-
1YY 6 VU, Vv,Y, 4,4, 7 4, V, VU, U, 4, 4, 8 H H H H

(0,011,100 fom{11.1,0,1,0,00 and fi={0,00, mation primarily undamaged for further quantum operations.

. This is important in the context of future implementation of
1,0,1,1,3. The complete set of measurements contains re- ore complicated algorithms.

sults for all the 70 three-qubit balanced functions, measure The present task is carried out in the framework of what

at 5 ps delay time. In all cases, as can z_als_o b_e seen thﬁe consider as coherent parallel computation using quantum
figure, measuring the coherent signal originating from the

A ; ; elementg22]. The quantum nature of the molecule is still
lonization of the wave packet at the single delay time of 5 PShot fully utilized for a more efficient computation. For ex-

provides the answer to whether the evaluated function is Conémple one quantum property that can be used to advantage

stant or balanced. The_transnents in the flgure_ are shOV\_/n OVEL the fact that the molecular eigenstates actually span several
the full 2—8 ps delay time range only for clarity. The signal

litude at 5 ps that ds to functié df . internal molecular degrees of freedom—electronic, vibra-
ampiitude at 5 ps that corresponds 1o Tunclitgandls 1S iona) and rotational; this might allow conditional manipula-

the closest oneé, among all the 70 balanced f“’?c“ons’ to th‘L*;r'on and quantum projection operations. Nevertheless, this
signal amplitude at 5 ps of the constant functiorig &nd

S . . work is a very first step in exploring thexperimentapoten-
f,). Thus, overall, considering the experimental signal-to y b P g b b

ise levels with th di b h tial of using the present molecular platform for small-scale
nmie b_el_ve SfWII; the corresponding errorb ars,ht € PreSeoplem-specific  quantum computation. The problem-
probability of of ta,|n|ng a correct answer about the constant pecific approach is different from the universal quantum
balanced function’s character is greater than 99% for any o

. ; ) : omputation approach. It means that single or very few
the three—ngn fL.mCt'OnS' The key ingredient of the read-ou, ses will be designed specifically to induce complete uni-
procedure is a direct single access to the overall set of rel

. h ded in th brational " ary transformations, without the decomposition into a circuit
tive phases encoded In the rovibrational SUPerposition. ¢ hasjc universal gates that act on one and two qubits. For

most unitary transformations, such decomposition is ex-
IV. DISCUSSION AND CONCLUSIONS pected to produce a very inefficient quantum circuit. That is,

The present implementation of the Deutsch-Jozsa algot-h_e number of elements in the circuit grows e_xponentially
rithm allows straightforward extension to multiqubit binary With n- By small scale we currently refer to a Hilbert space
functions beyond three qubits. This requires an increase iROMPOsed of up to hundreds of quantum molecular eigen-
the number of rovibrational levels composing the excitegStates. This seems to be the experlment_ally accessible part of
superposition, 2 levels forn qubits. However, from the way (€ Very large complete molecular Hilbert space, which
the functions are encodege., always half the levels are present experimental capabilities can handle. One route for
phase 0 and the other half 180an increase im does not larger scale computations is the development of much more
require an increase in the desired experimental Signa|_tos_ophisticated ultrafast molecular excitation schemes, involv-
noise, i.e., there ino need to ionize more Limolecules. It is ing, for example, well-c_ontrolled. Rabi cycling ProCESSES.
worth noting that using laser pulses sfL700 cm* band- Another route to explore is a hybrid of the present technique,
width (i.e., ~10—15 fs transform-limited duratiomvill allow which is based on the manipulation of internal molecular
the direct simultaneous coherent excitation, from a singlé€grees of freedom, with other techniques for the manipula-

selected Lj rovibrational state of thé state, of about 5060 10N Of external degrees of freedom involving, for example,
rovibrational states centered spectroscopically around th&@PPed molecules or molecular iofis5-17.
current excitation region of thE state.

The present method can be generalized for testing func-
tions that map any even numbernf? of inputs into one This work was supported by the Israel Science Founda-
binary (two-valued output, and not only 2inputs. We have tion, the National Science Foundation, and the Army Re-
chosen to work here with functions having idput values in  search Office.
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