
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

  



 

 

 



 

 

  



 

 

 

 

 

  



 

 

 

  



 

 



 

 

 

 



 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

  



 

 

 



 

 



 

 

 

 



 

 

 

 

𝑝̇𝑖 = −
𝜕ℋ

𝜕𝑞𝑖
           ,             𝑞̇𝑖 =

𝜕ℋ

𝜕𝑝𝑖
 



 

 

 



 

 

Time integration: 

𝛿𝑡



 

 

𝑟(𝑡 + 𝛿𝑡) = 𝑟(𝑡) +
𝑑𝑟(𝑡)

𝑑𝑡
𝛿𝑡 +

𝑑2𝑟(𝑡)

2𝑑𝑡2
𝛿𝑡2 +

𝑑3𝑟(𝑡)

6𝑑𝑡3
𝛿𝑡3 + Ο(𝛿𝑡4)

= 𝑟(𝑡) + 𝑣(𝑡)𝛿𝑡 +
𝑓(𝑡)

2𝑚
𝛿𝑡2 +

𝑑3𝑟(𝑡)

6𝑑𝑡3
𝛿𝑡3 + Ο(𝛿𝑡4) 

𝑟(𝑡 − 𝛿𝑡) = 𝑟(𝑡) − 𝑣(𝑡)𝛿𝑡 +
𝑓(𝑡)

2𝑚
𝛿𝑡2 −

𝑑3𝑟(𝑡)

6𝑑𝑡3
𝛿𝑡3 + Ο(𝛿𝑡4) 

𝑟(𝑡 − 𝛿𝑡)

𝑟(𝑡 + 𝛿𝑡) = 2𝑟(𝑡) − 𝑟(𝑡 − 𝛿𝑡) +
𝑓(𝑡)

𝑚
𝛿𝑡2 + Ο(𝛿𝑡4) 

𝛿𝑡

𝑓(𝑡) = −
𝑑𝑈(𝑟(𝑡)

𝑑𝑟
 

Ο(𝛿𝑡4)

𝑣(𝑡) =
𝑟(𝑡 + 𝛿𝑡) − 𝑟(𝑡 − 𝛿𝑡)

2𝛿𝑡
+ Ο(𝛿𝑡3) 

𝑟(𝑡 + 𝛿𝑡) 𝑟(𝑡)

𝑟(𝑡 + 𝛿𝑡) = 𝑟(𝑡) + 𝑣(𝑡)𝛿𝑡 +
𝑓(𝑡)

2𝑚
𝛿𝑡2

𝑣(𝑡 + 𝛿𝑡) = 𝑣(𝑡) +
𝑓(𝑡 + 𝛿𝑡) + 𝑓(𝑡)

2𝑚
𝛿𝑡



 

 

𝒓𝑟𝑒𝑝𝑙𝑖𝑐𝑎

𝒓𝑟𝑒𝑝𝑙𝑖𝑐𝑎 = 𝒓𝑟𝑒𝑎𝑙 + 𝒏𝐿 

𝒓𝑟𝑒𝑎𝑙 𝐿

𝒏

𝒓𝑟𝑒𝑝𝑙𝑖𝑐𝑎

𝑟𝐶 𝑟𝐶 < 𝐿/2

𝐿

𝒑𝑖 → √𝑇0 𝑇⁄ 𝒑𝑖



 

 

λ

𝑑𝜏 𝑑𝑡⁄ = 𝑠 τ

𝒑𝑖 = 𝝅𝑖𝑠       ,      𝒒𝑖 = 𝝆𝑖 

π

ℋ∗ =∑
𝝅𝑖
2

2𝑚𝑖𝑠2

𝑁

𝑖=1

+ 𝑈(𝝆) +
𝝅𝑠
2

2𝑀𝑠
+ 𝑔𝑘𝐵𝑇 ln 𝑠 

𝜕𝝆𝑖
𝜕𝜏

=
𝝅𝑖
𝑠2

 

𝜕𝝅𝑖
𝜕𝜏

= −
𝜕𝑈(𝝆)

𝜕𝝆𝑖
 

𝜕𝑠

𝜕𝜏
=
𝜋𝑠
𝑀𝑠

 



 

 

𝜕𝜋𝑠
𝜕𝜏

=
1

𝑠3
∑

𝝅𝑖
2

𝑚𝑖
−
𝑔𝑘𝐵𝑇

𝑠

𝑁

𝑖=1

 

𝜉 = 𝜕𝑠 𝜕𝑡⁄ = 𝑠 𝑝𝑠 𝑀𝑠⁄ 𝑝𝑠

𝜕𝐪𝑖
𝜕𝑡

=
𝐩𝑖
m𝑖

 

𝜕𝐩𝑖
𝜕𝑡

= −
𝜕𝑈(𝐪)

𝜕𝐪𝑖
− 𝜉𝐩𝑖 

𝜕 ln 𝑠

𝜕𝑡
= 𝜉 

𝜕𝜉

𝜕𝑡
=
1

𝑀𝑠
(∑

𝐩𝑖
2

𝑚𝑖
− 𝑔𝑘𝐵𝑇

𝑁

𝑖=1

) 

𝜕𝐪𝑖
𝜕𝑡

=
𝐩𝑖
m𝑖

+ 𝛼𝐪𝑖 

𝑉̇ = 3𝛼𝑉 



 

 

𝜅𝑇

𝑃̇ = −
1

𝜅𝑇𝑉

𝜕𝑉

𝜕𝑡
= −

3𝛼

𝜅𝑇
 

(𝑃0 − 𝑃)

𝜏𝑃
= −

3𝛼

𝜅𝑇
 

𝜕𝐪𝑖
𝜕𝑡

=
𝐩𝑖
m𝑖

−
𝜅𝑇
3𝜏𝑃

(𝑃0 − 𝑃) 

𝐪 → s𝐪

𝐿 → s𝐿

𝑠 = 1 −
𝜅𝑇𝛿𝑡

3𝜏𝑃
(𝑃0 − 𝑃) 

𝜏𝑃
 𝑃0

𝜅𝑇
𝜏́𝑃 = 𝜏𝑃 𝜅𝑇⁄

𝜏𝑃

𝐿 = 𝑉1/3 𝐪𝑖 = 𝐿𝝆𝑖 𝐩𝑖 = 𝐿𝝅𝑖
𝐿

𝜕𝑡𝐪𝑖 = 𝐿𝜕𝑡𝝆𝑖 + 𝝆𝑖𝜕𝑡𝐿

ℋ∗ =
1

𝑉2/3
∑

𝝅𝑖
2𝑚𝑖

𝑁

𝑖=1

+ 𝑈(𝑉1/3𝝆) + 𝑃𝑒𝑥𝑉 +
𝝅𝑉
2

2𝑀𝑉
 



 

 

𝑃𝑒𝑥 𝝅𝑉 𝑀𝑉

𝜕𝐪𝑖
𝜕𝑡

=
𝐩𝑖
m𝑖

+
1

3𝑉

𝜕𝑉

𝜕𝑡
𝐪𝑖 

𝜕𝐩𝑖
𝜕𝑡

= −
𝜕𝑈(𝐪)

𝜕𝐪𝑖
−
1

3𝑉

𝜕𝑉

𝜕𝑡
𝐩𝑖 

𝜕𝑉

𝜕𝑡
=
𝒑𝑉
𝑀𝑉

 

𝜕𝒑𝑉
𝜕𝑡

=
1

3𝑉
(∑

𝐩𝑖
2

𝑚𝑖
− 𝐪𝑖

𝜕𝑈(𝐪)

𝜕𝐪𝑖

𝑁

𝑖=1

) − 𝑃𝑒𝑥 

𝑃𝑒𝑥



 

 



 

 



 

 

𝐵𝑂𝑖𝑗
𝛼′ = 𝑒𝑥𝑝 [𝑎𝛼 (

𝑟𝑖𝑗

𝑟0𝛼
)
𝑏𝛼

] 

𝛼 𝜎𝜎 𝜎𝜋 𝜋𝜋 𝑎𝛼 𝑏𝛼
𝑟0𝛼

𝐵𝑂𝑖𝑗
′ 𝜎𝜎 𝜎𝜋 𝜋𝜋

𝐵𝑂𝑖𝑗
′ = 𝐵𝑂𝑖𝑗

𝜎′ + 𝐵𝑂𝑖𝑗
𝜋′ + 𝐵𝑂𝑖𝑗

𝜋𝜋′ 

𝐵𝑂𝑖𝑗 = 𝐵𝑂𝑖𝑗
𝜎′ ∙ 𝑓1(∆𝑖

′, ∆𝑗
′) ∙ 𝑓4(∆𝑖

′, 𝐵𝑂𝑖𝑗
′ ) ∙ 𝑓5(∆𝑗

′, 𝐵𝑂𝑖𝑗
′ ) 

∆𝑖
′

𝑓1(∆𝑖
′, ∆𝑗

′) 𝑓4(∆𝑖
′, 𝐵𝑂𝑖𝑗

′ )

𝑓5(∆𝑗
′, 𝐵𝑂𝑖𝑗

′ )

𝐸𝑅𝑒𝑎𝑥𝐹𝐹 = 𝐸𝑏𝑜𝑛𝑑 + 𝐸𝑠𝑦𝑠𝑡𝑒𝑚 + 𝐸𝑙𝑝 + 𝐸𝑜𝑣𝑒𝑟 + 𝐸𝑢𝑛𝑑𝑒𝑟 + 𝐸𝑣𝑎𝑙 + 𝐸𝑝𝑒𝑛 + 𝐸3−𝑐𝑜𝑛𝑗
+ 𝐸𝑡𝑜𝑟𝑠 + 𝐸4−𝑐𝑜𝑛𝑗 + 𝐸𝐻−𝑏𝑜𝑛𝑑 + 𝐸𝑣𝑑𝑊 + 𝐸𝐶𝑜𝑢𝑙𝑜𝑚𝑏 



 

 

𝐸𝑏𝑜𝑛𝑑 = −𝐷𝑒
𝜎 ∙ 𝐵𝑂𝑖𝑗

𝜎 ∙ 𝑒𝑥𝑝[𝑝𝑏𝑒1(1 − (𝐵𝑂𝑖𝑗
𝜎)

𝑝𝑏𝑒2
)] − 𝐷𝑒

𝜋 ∙ 𝐵𝑂𝑖𝑗
𝜋 − 𝐷𝑒

𝜋𝜋 ∙ 𝐵𝑂𝑖𝑗
𝜋𝜋 

min
𝑝∈𝑃

𝑓(𝑝) 



 

 

𝛿𝑠 𝑠 ± 𝛿𝑠



 

 

𝑁 ≲ 5 − 10

𝜓𝑗 Ψ

𝑁

𝐻 ≡ 𝑇 + 𝑉 + 𝑈 



 

 

𝑇 ≡ −
1

2
∑∇𝑗

2

𝑗

,    𝑉 ≡∑𝑣(𝑟𝑗)

𝑗

,    𝑈 =
1

2
∑

1

|𝑟𝑖 − 𝑟𝑗|𝑖≠𝑗

 

𝑣(𝑟𝑗)

𝑛(𝑟)

𝑣(𝑟𝑗)

𝑛(𝑟) → 𝑣(𝑟) 

𝑛(𝑟) 𝑁

𝐻

𝑁

𝑛(𝑟) 𝑣(𝑟)

𝑛(𝑟)

𝐸𝑣(𝑟)[𝑛(𝑟)] ≡ ∫𝑣(𝑟)𝑛(𝑟)d𝑟 + 𝐹[𝑛(𝑟)] 

𝐹[𝑛(𝑟)] ≡ min(Ψ𝑛(𝑟), (𝑇 + 𝑉)Ψ𝑛(𝑟)) 

Ψ𝑛(𝑟)

𝑛(𝑟)

𝐸𝑣(𝑟)[𝑛(𝑟)] ≥ 𝐸𝑣(𝑟)[𝑛0(𝑟)] ≡ E 

𝑛0(𝑟) 𝐸

𝑛(𝑟) = 𝑛0(𝑟)

𝐹[𝑛(𝑟)]

𝐹[𝑛]

𝐹[𝑛(𝑟)] = 𝑇𝑠[𝑛(𝑟)] +
1

2
∫
𝑛(𝑟)𝑛(𝑟́)

|𝑟 − 𝑟́|
drd𝑟 + 𝐸𝑥𝑐[𝑛(𝑟)] 



 

 

𝑇𝑠[𝑛(𝑟)]

𝑛(𝑟)

𝐸𝑥𝑐

𝐸𝑥𝑐

𝐸𝑣[𝑛]

(−
1

2
∇2 + 𝑣(𝑟) + ∫

𝑛(𝑟́)

|𝑟 − 𝑟́|
d𝑟́ + 𝑣𝑥𝑐(𝑟) − 𝜖𝑗)𝜑𝑗(𝑟) = 0

𝑛(𝑟) =∑|𝜙𝑗(𝑟)|
2

𝑁

𝑗=1

  ,     𝑣𝑥𝑐(𝑟) = 𝛿𝐸𝑥𝑐[𝑛(𝑟)]/𝛿𝑛(𝑟)

𝑣𝑥𝑐(𝑟)

𝑣𝑥𝑐
𝐸𝑥𝑐[𝑛(𝑟)]

𝐸𝑥𝑐[𝑛(𝑟)]

𝐸 =∑𝜖𝑗

𝑣

1

−
1

2
∫
𝑛(𝑟)𝑛(𝑟́)

|𝑟 − 𝑟́|
d𝑟d𝑟́ − ∫𝑣𝑥𝑐(𝑟)𝑛(𝑟)d𝑟 + 𝐸𝑥𝑐[𝑛(𝑟)]

𝜖𝑗 𝑛

𝜑𝑗 𝜖𝑗

𝑣(∞) = 0

𝜖𝑁
𝐸𝑥𝑐

𝐸𝑥𝑐[𝑛(𝑟)]



 

 

𝐸𝑥𝑐 = 𝐸𝑥 + 𝐸𝑥

𝐸𝑥𝑐 = 𝐸𝑥𝑐[𝜌, ∇𝜌, 𝜙]

𝛼 𝛽 𝜌 → 𝜌𝛼 , 𝜌𝛽

 𝜌

∇𝜌

𝐸𝑥𝑐 =∑∬
𝜙𝑖
∗(𝐫)𝜙𝑖(𝐫

′)𝜙𝑗(𝐫)𝜙𝑗
∗(𝐫′)

|𝐫′ − 𝒓|
𝑖𝑗



 

 

𝐸𝑥𝑐
B3PW91 = 𝐸𝑥𝑐

LDA + 𝑎0(𝐸𝑥
HF − 𝐸𝑥

LDA) + 𝑎𝑋Δ𝐸𝑥
𝐵 + 𝑎𝐶Δ𝐸𝐶

𝑃𝑊91

𝑎0 = 0.20 𝑎𝑋 = 0.72 𝑎𝐶 = 0.81

𝐸𝑥𝑐
PBE0 = 𝐸𝑥𝑐

PBE +
1

4
(𝐸𝑥

HF − 𝐸𝑥
PBE)

1

𝑟12

1

𝑟12
=
[𝛼 + 𝛽erf (𝜇𝑟12)]

𝑟12
+
1 − [𝛼 + 𝛽erf (𝜇𝑟12)]

𝑟12



 

 

𝛼 𝛽 𝜇

𝐸𝑥𝑐
LR 𝐸𝑥𝑐

SR 1

𝑟12

𝐸𝑥(𝑟12) = 𝐸𝑥𝑐
LR (

𝛼 + 𝛽 erf(𝜇𝑟12)

𝑟12
) + 𝐸𝑥𝑐

SR (
1 − [𝛼 + 𝛽erf (𝜇𝑟12)]

𝑟12
)

𝐸𝑥𝑐
LR

𝐸𝑥𝑐
SR

𝛼 𝛽 𝛼 + 𝛽

𝐸𝑥𝑐
LR 𝐸𝑥𝑐

SR

𝛼 = 0. 𝛽 = 0.46

𝜇 = 0.33𝑎0
−1 𝑎0 𝛼 + 𝛽

𝑓(𝑥, 𝑦, 𝑧) = 𝑁𝑥𝑙𝑥𝑦𝑙𝑦𝑧𝑙𝑧𝑒−𝑎𝑟
2

𝑙𝑖



 

 



 

 

 

 

 

 

 


