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The finite time performance of quantum heat engines has been examined with emphasis on 
the classical, high temperature, limit. Two basic engine models were studied, differing 
by their consistency of working fluid: the harmonic engine, consisting of noninteracting 
harmonic oscillators, and the spin-j engine, consisting of noninteracting spin-j 
subsystems. The two models represent two distinct types of engines, with bounded vs 
unbounded Hamiltonians, and with creation and annihilation operators of the Fermionic vs 
the Bosonic type. The analysis is based on the time derivatives of the first and second 
laws of thermodynamics. Explicit relations linking quantum observables to thermodynamic 
quantities are utilized. The dynamics of the engines was modeled by the semigroup 
approach. The engines were optimized with respect to various target functions: power, entropy 
production, and efficiency, while subject to finite cycle duration. The main strategy of 
optimization was based on the Euler-Lagrange equation, and is similar to that previously 
applied by Salamon and Nitzan for the investigation of Newtonian engines [J. Chem. 
Phys. 74, 3546 ( 1981)]. The optimal cycles obtained at the classical limit are not of the 
Curzon-Ahlborn type, i.e., the internal temperature along the thermal branches is 
not constant. This result is in conflict with Newtonian thermodynamics, where the optimal 
cycles are of the Curzon-Ahlborn type. Nonetheless, some of the main features of 
Newtonian thermodynamics, such as the Curzon-Ahlborn efficiency at maximum power, are 
reproduced at the classical limit. This makes it possible to establish a “thermodynamic 
correspondence principle.” This principle asserts that the phenomenological Newtonian 
thermodynamic approach provides an asymptote of a theory based upon the more 
fundamental semigroup quantum approach. It is argued that the asymptotic nature of 
Newtonian thermodynamics is twofold since its validity is restricted by two demands: that of 
high temperatures and that of proximity to equilibrium. 

I. INTRODUCTION 

The adiabatic or the quasistatic constraint is a corner- 
stone in the elucidation of standard thermodynamic pro- 
cesses.’ This quasistatic constraint is the reason why time, 
although implied by the name thermodynamics, is absent 
from the standard derivations. The roots of thermodynam- 
ics can be traced to the study of the performance of heat 
engines by Carnot.2 The maximum efficiency of the con- 
version of heat to work, qc= 1 - TJTh, found by Cat-not, 
has been found to be generally universal, greatly exceeding 
the original assumptions. 

Recently, an attempt to remove the quasistatic con- 
straint has resulted in the emergence of a new field: “jnite 
time thermodynamics,” where the time duration of the pro- 
cess enters explicitly into the formulation3 The goal of this 
discipline is to seek universal limits resulting from the finite 
time mode of operating thermodynamical processes. Finite 
time processes, besides their practical importance as more 
realistic models than those provided by reversible thermo- 
dynamics, create a deeper understanding of how irrevers- 
ibility affects the performance of thermodynamical pro- 
cesses. The best studied model is that of the endoreversible 
heat engine.“13 Curzon and Ahlbom4 found the efficiency 
of such an engine at maximum power to be 
TcA=l- dm. Th e same result has been reproduced in 
numerous other studies.5-‘4 The question then arises in 

what sense this result is universal despite the fact that the 
original derivation was obtained for a specific model. 

In order to include time in the thermodynamic analy- 
sis, dynamical laws governing the system evolution must be 
assumed. Most of the studies have been based upon phe- 
nomenological heat transfer laws, in particular Newton’s 
law of cooling Q=K( T- T’)“13 (where Q refers to a heat 
current, T to the absolute temperature, and K to the heat 
conductivity; primed and unprimed quantities are related 
to the working fluid and the heat bath, respectively). The 
study of many models governed by the Newtonian law has 
provided a large body of results, often referred to as “New- 
tonian thermodynamics.“’ Some attention has also been 
given to other heat transfer laws, mainly the linear law of 
irreversible thermodynamics, Q= L ( l/T’ - l/T), and the 
Stefan-Boltzmann thermal radiation law, 
Q=cY( p-- T’4).15 Th ese laws can be derived as the re- 
sponse of the system close to equilibrium.‘6 The Newtonian 
heat conduction law is also limited to high temperatures. 
In almost all such studies only the effect of temperature is 
analyzed while other state variables are ignored or hidden 
inside the phenomenological constants (K, L, and CY). 

Due to the importance of the time constraint in the 
theory it would seem appropriate to base the studies of 
finite time thermodynamics on more fundamental dynam- 
ical laws. The quantum theory of open systems provides a 
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much more fundamental dynamical approach.17-21 The ap- 
proach has been applied to irreversible phenomena in 
quantum systems. ‘7*18*22-27 Furthermore, all the results of 
traditional irreversible thermodynamics and linear re- 
sponse theory are obtained when equilibrium is ap- 
proached. 23 The present sta te of finite-time thermodynam- 
ics is somewhat similar to that of irreversible 
thermodynamics, namely, it is a theory based on phenom- 
enological macroscopic laws which can be applied near 
thermal equilibrium, and at high temperature (i.e., at the 
classical limit). It is the edge of an iceberg about which we 
know very little. The quantum theory of open systems is a 
tool which can be used to uncover other parts of this ice- 
berg and thereby critically examine how good an approx- 
imation is provided by the results of the existing theory. 

temperature limit and involves a dependence on the mag- 
nitude of the external magnetic field as well as on the tem- 
peratures T and T'. 

In previous papers the dynamical semigroup approach 
of the quantum theory of open systems has been intro- 
duced into finite-time thermodynamics.28P29 One advantage 
of the approach is that it can describe processes taking 
place far from equilibrium. A point has to be made that the 
semigroup approach is not a completely universal theory 
since Markovity is assumed in its derivation.‘8-21 Another 
advantage of the semigroup approach is that it links quan- 
tum observables with thermodynamical quantities and thus 
allows an exploration of limitations imposed by quantum 
mechanics per se upon the finite-time performance of en- 
gines. 

The present study is a direct continuation to the study 
in Ref. 29, where the performance of a quantum engine, 
following a cycle of the Camot type, was studied. The 
quantum aspect was present in the working fluid which 
was constructed from many noninteracting spin-f sub- 
systems. The evolution of these subsystems was described 
by the quantum semigroup dynamical law. The power pro- 
duced by the engine was maximized in the Curzon- 
Ahlbom operation scheme. This model will be referred to 
as “the spin- f engine.” It was found that despite the dif- 
ferent assumptions concerning the dynamics, the charac- 
teristic results of Newtonian thermodynamics were ob- 
tained in the high temperature limit (i.e., “the classical 
limit”). Namely, the efficiency at maximum power is the 
Curzon and Ahlbom result obtained for the endoreversible 
engine, 

From the analysis of this model, it seems that some of 
the results obtained by Curzon and Ahlbom are more gen- 
eral than the original derivation suggests. To verify this 
observation this work studies the performance of quantum 
engines other than the spin-i engine when subject to oper- 
ation modes different from that of Curzon-Ahlborn. For 
example, a quantum engine was constructed from a work- 
ing fluid consisting out of noninteracting harmonic oscil- 
lators (Sec. II). It has been termed “the harmonic engine.” 
Section III presents the results of the maximum power 
analysis for the harmonic engine operated in the Curzon- 
Ahlbom scheme. It is found that the maximum power per- 
formance of the harmonic engine is very similar to that of 
the spin-i engine at both the high and low temperature 
limits. In order to generalize the model, the Curzon- 
Ahlbom mode of operation, which maximizes power for 
cycles of a certain type, is replaced by a more general 
optimization scheme originally presented by Salamon and 
Nitzan for the investigation of Newtonian engines’ (Sec. 
IV). The optimization is carried out by means of the 
Euler-Lagrange equation for three target functions: power, 
entropy production, and efficiency, and is applied to both 
harmonic and spin- i engines. It is shown that although the 
optimal cycle is not of the Curzon-Ahlbom type, the effi- 
ciency, time ratio, and ratio of the actual work to the re- 
versible work, at maximum power, are still given by Eqs. 
( 1.1 ), ( 1.2), and ( 1.3), respectively. The analysis of Sec. 
IV is generalized to spin-j engines u=&l,lf,...) in Sec. V. 
It is shown that the main results of Sec. IV are not affected 
by the generalization. The results are compared to the cor- 
responding results of Newtonian thermodynamics and are 
discussed in Sec. VI. 

II. THE HARMONIC ENGINE 

?1 max=l- !!mi (1.1) 

the time allocation to the hot and cold branches at maxi- 
mum power becomes 

(T&-h)max= &%i (1.2) 

and the ratio of work performed to the reversible work at 
maximum power becomes 

The harmonic engine is similar in construction to the 
spin-i engine. 29 The difference is in the working fluid which 
consists of many noninteracting harmonic oscillators. This 
is a major difference since these two cases represent two 
distinct system types which differ in the following re- 
spects:25 

( W/W,,),,,= l/2. (1.3) 

These results were obtained without further explicit as- 
sumptions concerning proximity to equilibrium. Further- 
more, the semigroup law of heat conduction is different 
from any of the phenomenological laws even at the high 

(a) The Hamiltonian of the harmonic oscillator is not 
bound while that of the spin-i is. 

(b) The creation and annihilation operators of the har- 
monic oscillator are of the Bosonic type while those of the 
spin-i are of the Fermionic type. 

The cycle of operation is of the Carnot type, i.e., made 
of two “thermal branches” connected by two adiabats. The 
oscillators are coupled to a thermal bath of constant tem- 
perature along each of the thermal branches. The bath 
temperature is given by /3, for the cold branch or Ph( <fl,) 
for the hot branch (fl= l/T where T is the absolute tem- 
perature in energy units). 

The Hamiltonian of the harmonic oscillator is de- 
scribed in the following form: 

H=oN=wa+a, (2.1) 
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where o>O is the oscillator’s frequency, N the number  
operator and at, a the Bosonic creation and annihilation 
operators (N=a+a; [a,aq=1).25 Comparing Eq. (2.1) to 
the Hamiltonian of the spin-f used in Ref. 29, H=oSz, 
where o  is proportional to the external magnetic field, re- 
veals that the oscillator’s frequency plays the role of the 
external magnetic field and that the oscillator number  op- 
erator N plays the role of the spin polarization operator Sz 
Both oscillator’s frequency and magnetic field are denoted 
by the same letter--o. The  distinction between them 
should be  evident from the context. Note, however, that 
the oscillator’s frequency must be  positive while the mag-  
netic field can become negative (not bounded vs bounded 
Hamiltonians). 

The  spin-4 fluid is carried along the cycle by changing 
the magn itude of the magnetic field over time.29 By anal- 
ogy, the oscillator frequency varies in time  carrying the 
harmonic engine along the cycle. 

The  engine’s operation is followed through the changes 
in the observables of the working fluid. Using the Heisen- 
berg picture for the rate of change of the operator X one 
obtains, 

k=i[H,X] +$+9,(X), (2.2) 

where L?‘,(X) is a  dissipation term (cf. Sec. III). H is the 
effective Hamiltonian, given by an  expression of the form 
of Eq. (2.1). In order to obtain the rate of change of energy 
we substitute X by H in Eq. (2.2), obtaining 

dE d 
dt=z (H) =&(N)+o(2’D(N)) =&z+wl;, (2.3) 

where n  = (N) . Equation (2.3) is the time  derivative of the 
first law of thermodynamics. The  instantaneous power is 
identified as P= (aH/&) =chn and the instantaneous heat 
flow is identified as Q= (L“,(H)) =&23*27-29 The work 
and heat inexact differentials are now given by 

dW=n dw, (2.4a) 

dQ=o dn. (2.4b) 

Very similar expressions where obtained from the spin-$ 
engine, namely, dW=S do, dQ=o dS, where S= (Sz).29 

For a  two level system, the temperature is always well 
defmed since it is a  parameter uniquely determined by the 
ratio of the populations at the two energy levels. In this 
sense endoreversibility does not present a  further assump- 
tion. The  Hamiltonian of the harmonic oscillator, however, 
is not bounded.  The population ratios for different pairs of 
energy levels may lead to different temperatures. Yet, fol- 
lowing the state of the oscillator via the expectation value 
n implies that the instantaneous maximum entropy distri- 
bution subject to the instantaneous value of n  and o  is of 
the Boltzmann type. This provides a  useful interpretation 
of endoreversibil ity6*7 along with a  well defined internal 
temperature, p’ through the relation: 

1  
n=eslo_l’ 

(2.5) 

n2 

nl 1 

FIG. 1. The reversible Camot cycle of the harmonic engine in the (o,n) 
plane. o  is the harmonic f requency and  n  the population. The cycle is 
composed of two reversible isotherms corresponding to the temperatures 
8, and  & (fl, >  &) and  of two adiabats corresponding to the populat ions 
n, and  n2  ( n2  > n, >  0). Positive net work product ion is obtained by going 
anticlockwise. The direction of the heat  flow and  of the work flow along 
each branch is also indicated. 

The population n is constant along the adiabatic (dQ 
=0) branches irrespective of the rate of change of w. The  
time  spent along the adiabatic branches may therefore be  
taken as zero. The  entropy, which for a  Boltzmann distri- 
bution is a  function of n only, also remains constant. Since 
n  > 0, work is performed on the fluid as w increases (op- 
posite to the spin-f engine where S < 0). The  increase in o  
also corresponds to an  increase in the temperature T’. 

The population n  increases as the frequency w de- 
creases along the hot thermal branch so that heat is ab- 
sorbed and work is performed by the fluid. The  opposite is 
true for the cold branch. The  heat and work flows run in 
counter directions along the thermal branches, opposite to 
the spin-f engine. 

The  reversible cycle of the Camot type is plotted in the 
(w,n) plane in F ig. 1. The  reversible isotherms are given by 
Eq. (2.5) with the temperatures fl’ =flh for the hot branch, 
and /3’ =/3, for the cold branch (where obviously Bh < 0,). 
The  two adiabats connecting the two isotherms are given 
by 

n=nl, n=n2, (2.6) 
with n,>n,>O. 

Ill. A CURZON-AHLBORN ANALYSIS OF THE 
HARMONIC ENGINE 

A. The dynamical law 

To analyze the performance of the harmonic engine 
operated in finite time  the equation of motion that ‘deter- 
m ines the non-Hamiltonian evolution of n  along the ther- 
ma l branches has to be  solved. This is where the semigroup 
approach enters the analysis. The  ma in result of this ap- 
proach is that once Markovity is imposed on the evolution, 

0 
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the generator of the evolution (for the operator X in the 
Heisenberg picture) assumes the following general form: 

k=i[H,X] +$+&(x); (3.1) 

Y,(X) = c. r&vw,1+ W~~W,L a 
The operators H, X, and V, are defined in the Hilbert 
space of the system. Although the semigroup law is not 
universal, it provides a very good description of the dy- 
namics for a wide range of physical systems.‘7”8*22-27 

In this case the operator X represents an observable of 
the harmonic oscillator thermally coupled with a constant 
temperature heat bath. The operators V, are chosen as the 
Bosonic creation and annihilation operators a and at (im- 
plying that transitions will take place only between adja- 
cent energy levels) ,25 and H=oa+a [Eq. (2.1)]. Equation 
(3.1) thus obtains the following form: 

S=io[a+a,X] +t$+y+(s[X,a+] + [a,X]a+) 

+y-(a+[X,al+ [a+,Xla). (3.2) 

Substituting X=N into IQ. (3.2) and taking the expecta- 
tion values results in the population relaxation equation: 

n=(~D(N))=-2(y_-y+)n+2y+. (3.3) 

If o is constant, y- and y+ are also constant and the 
solution of Eq. (3.3) is given by 

n(t) =n,+ (n(0) -nq)e-2(y--y+)r, (3.4) 

where neq = y+/( y- - y+ ) is the asymptotic stationary 
value of n. This must correspond to the value at thermal 
equilibrium: neq= l/(p- 1). Comparison of the two 
yields the detailed balance relation: 

y- eso. -= 
Y+ 

(3.5) 

The knowledge of the specific values of y- and y+ requires 
a second relation that must be based upon a more detailed 
analysis of the bath and its coupling mechanism with the 
oscillator. 

It is assumed that Eq. (3.5) remains valid even when w 
is time-dependent. As a result, y- and y+ also become 
time-dependent. We now utilize the same simplified pa- 
rametrization of the bath proposed in Ref. 29, namely, 

y+ =ae@, y- =ae(l+d8@, (3.6) 

where q and a are constant parameters to be obtained from 
a more detailed model of the bath. Since y+, y- > 0, a > 0 
must hold. since for PO+ 00, y+ -0 and y- -+ CO so that 
y-/y+ =e@‘, 0 > q > - 1 must hold. The significance of 
this parametrization will be discussed in Sec. VI. 

Substituting Eq. (3.6) into Eq. (3.3) yields 

i=-2aeq8”[(P-1),-l]. (3.7) 

0 

FIG. 2. The Curzon-Ahlbom cycle l’-2’-+ 3’+4’- 1’. &, and 8: are 
the constant temperatures of the working fluid when thermally coupled to 
the hot (&) or cold (&) baths, respectively. The reversible cycle 
l-+2-+3-4- 1 with the same boundaries n,, nz, &, and 8, is also shown 
for comparison. 

From Eq. (3.7) the total time duration 7 for the harmonic 
engine to pass from 0; to wf along a given thermal path 
n(w) is obtained: 

1 
s 

*r (dn/dw)do 
r=-2a oi eq@[l-(eB”--l)n] * (3.8) 

B. The power 

The cycle of the Curzon-Ahlborn type4P9129 is plotted 
in the (w,n) plane in Fig. 2. The temperature of the work- 
ing fluid (8’) is assumed constant along each of the ther- 
mal branches. Equation (2.5) gives the relation between 
the population and the frequency where p’ is equal to fl; or 
fif(fli <pi) for the hot and cold branches, respectively. 
Substituting a thermal path of the form of Eq. (2.5) into 
Eq. (3.8) the time spent along a thermal path is obtained: 

1 
s 

In ( (“f+ 1 )/“f) 
r=2a {eQ”(e”-8) ( l-emx)}-’ dx, 

ln((ni+ l)/nj) 
(3.9) 

where a=fl/p’, x=p’w and ni, nf are the initial and final 
populations, respectively. 

The integrand in Eq. (3.9) is very similar to the cor- 
responding integrand obtained for the spin-4 engine.29 The 
only difference lies in the second brackets at the denomi- 
nator: for the spin-f engine it was ( 1 +e-“> rather than 
( 1 -eeX). This difference originates from the Bosonic na- 
ture of the harmonic oscillator compared to the Fermionic 
nature of the spin-f. As x become very large (at the so 
called “low temperature lim it”) the difference vanishes 
and the two engines exhibit the same performance. Thus, 
the results of the numerical analysis performed in Ref. 29 
for the spin-f engine applies, at this lim it, to the harmonic 
engine. This result is expected to be general since the be- 
havior of all nondegenerate systems can be interpreted in 
terms of a two level model at low temperatures. 
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The work per cycle of the Curzon-Ahlborn type is the 
same as that of the reversible Camot cycle operated be- 
tween #, and Pf: 

I$&= Yfz2Y?Ly ( &-$)2* 
We close this section with an examination of how good 

an approximation is provided by the classical results. This 
is done via the analogy to the spin-f engine where the clas- 
sical results constitute a good approximation for a large 
polarization range.29 The lim its of the time integral, 
namely, ln( (n + 1)/n) [Eq. (3.9)], approaches infinity as n 
approaches zero like ln( l/n). The corresponding lim it for 
the spin-f engine is -ln[( 1 +zS)/( 1 -Z)].29 Letting n 
=l+zS (so that n-0 as S-- f) it too approaches in- 
finity, as n approaches zero, like ln( l/n). Thus, the asymp- 
totic classical solution constitutes a good approximation 
for a large population range and breaks down only at very 
low temperatures.29 

- W t,,t= (l/D;-- l/~;Mdwd, (3.10) 

where Aa(ni,n2) > 0 is the total entropy input along the 
hot branch ( W  ~0 corresponds to work performed by the 
working fluid). The power function is obtained from Eqs. 
(3.9) and (3.10): 

P=2aAa(nl,nd ( i-i ) / 

I h((q+lVq) 1 

( 

e-T%+ e-Qahx 
--- 

In((n2+lVnz) 1 -eex e”P-8 &F-8 dx* ) 
(3.11) 

The power is maximized with respect to the values of the 
internal temperatures #Ii and /3h. Since the time integral in 
Eq. (3.11) could not be evaluated, a closed form expres- 
sion has not been obtained in the general case. Examina- 
tion of Eq. (3.11) reveals that this power function is dif- 
ferent from the corresponding expression obtained for the 
spin-i engine. 29 This difference vanishes at the low temper- 
ature lim it. We now turn to the performance of the har- 
monic engine at the opposite lim it, of high temperatures 
(the so called “classical lim it”). 

C. The performance in the classical limit 

An asymptotic high temperature expression for the 
power is obtained by a procedure similar to that employed 
in Ref. 29, with the exception that the time integral is 
expanded to second order in /3w and /3’w since the contri- 
bution of first order terms vanishes. This leads to 

PC,= 
2a ln(n2/nl) ah/fih-%& (3.12) 

n2--n1 l/(a,- 1) - litah- l) * 

The temperature term in this expression turns out to be 
identical to the corresponding temperature term obtained 
for the spin-i engine.29 The performance of the two engines 
therefore coincides in the high temperature lim it as well as 
in the low temperature lim it. Thus, the maximum power 
performance of the harmonic engine is characterized by the 
following quantities, in analogy with the spin-f engine:29 

(3.13a) 

(3.13b) 

(3.13f) 

IV. THE OPTIMAL CYCLE OF THE SPIN4 ENGINE 
AND THE HARMONIC ENGINE AT THE CLASSICAL 
LIMIT 

A. Statement of the problem 

The problem is described in terms of the harmonic 
engine. The two constant reservoir temperatures flh and fl, 
(flhh<fi& and the upper and lower values of the popula- 
tions n, and n2( n2 > n, ) are imposed as constraints. For a 
given set of values of these four parameters a reversible 
cycle that maximizes efficiency is uniquely defined. This is 
the well known Camot cycle (Fig. 1). An additional con- 
straint is now imposed-a fixed finite total cycle duration 
r. The cycle that optimizes various target functions is 
sought, subject to the given values of the above five con- 
straints: nl, ?z2, @h, &, and r. The optimizations pursued 
here are power maximization, entropy production m inimi- 
zation (equivalent to loss of availability m inimization), 
and efficiency maximization (equivalent to effectiveness 
maximization) .9 

Stating the problem in terms of the spin-f engine 
amounts to the replacement of the populations n2 and ni by 
the polarizations S2 and Si. 

B. General strategy and results 

(3.13c) 

(3.13d) 

The general strategy is similar to that employed by 
Salamon and Nitzan in Ref. 9 for the investigation of New- 
tonian engines. The main idea is to divide the optimization 
into two steps. In the first step the heat exchange along a 
single thermal branch is maximized subject to a fixed du- 
ration (“one branch optimization”). In the second step, 
the optimal time allocation and total cycle duration, cor- 
responding to various target functions (all monotonic 
functions in the heat exchanges), are found (“total cycle 
optimization”). The strategy is described in detail below in 
terms of the harmonic engine (the transformation to the 
spin-$ engine is done by replacing n with S). The analysis 
is restricted to the high temperature lim it. The results ob- 
tained by employing this strategy for the harmonic and 
spin-f engines are summarized in Tables I-IV. The reader 
is referred to them as the paper proceeds. 

(3.13e) 
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TABLE I. One branch optimization. 

The general equation 
of motion 

The equation of motion 
at the classical lim it 

The Euler-Lagrange 
equation 

The optimal path 

The optimal a)(~) 

The optimal 
thermal branches 

The reversible isotherms 
at the classical lhnit 

The optimal heat exchange 

Harmonic engine 

A = - 2ur+[(d- - 1)n - 11 

d=-k(Bcun-1) 

12a-A 
ruGrl)=jj~ 

A2 =A2n ) A>0 

n*(r)= \rii;+=r ( %  1 
n,(r)= *-vfT ( 

1 l- 
@s--K fi+fi;Nf 

P)A(f)“Bk I arh 
( 
*++E-fif 2 

rh 1 

e&(f) = A- l+E$ &ip‘ L% ( ; GG-@if SC r 
1 @ i-Gil &v*(n)= ---- : f%n Bharh 4X 

cU&j= -- r+fi-Gi 1 
f&n &arc \fT; 

1 QP=- 
Bn 

Spin-1 engine 

S =-ar’b”[2(1+rb”)S+r~--11] 

s = - a(4S + &u) 

~(S,L+-’ Ba <$ + 40s) 

i2=B2, B>O 

s2-Sl 
&O)“&  t --y--I 

S2-& 
S,(f) = s, - - f 

cc 

@*(O=--$j-[~t4a(S~ t vf)] 

S&(@) - - a l,,-~ 

&W = - a l/Qvtp 
e 

Se-- i!" 

Au 6 
QhP--- 

A Bharh 

4.4 

4.5a 

4sb 

4.6a 

4.6b 

4.7a 

4.7b 

4.8 

4.9a 

4.9b 
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TABLE I. (Continued. ) 

The values of 6 and Aa 

The - w > 0 boundary 

The a, > 0 boundary 

The a, > 0 boundary 
cuts the - w > 0 boundary if: 

6 = 2(fi-\liij;)2 os;6soo 

Au = Ir~(n&~) ,O~AU~~OO 

6 - (sl-&y .oL5ss;vI 

Au = 2(4-S;) ,O<Au<f 

4.10a 

4.10b 

SC, Q flh ltL<ay 1A 
( ) Bc 4.11 

a’9 > K(+G-WI) 
a, < 0 is not allowed 

1 l-S& 
aq ’ ;i S2/& 

l-+JG 
2,iq&j- < l-2 

W& < 1 Bh - -- 
1 +&Is, I% 

7. One branch optimization (Table I) 

(I) The general semigroup equation that governs the dy- 
namics of n(S) presents the starting point [Eqs. (4.1)]. Its 
form in the high temperature, classical, lim it is obtained 
[Eqs. (4.2)]. [Note that n) 1 and 1 S ( (1 at the high tem- 
perature lim it and that - I< q < 0 so that n -qz n and 
2( 1+2q)S+ 1 z 1.1 Then, the frequency w is extracted as a 
function of n and ri(S and S): o=w(n,li) [w=o(S,S)] in 
Eqs. (4.3) (this can be done analytically in the high tem- 
perature lim it). 
(II) The Euler-Lagrange equation is solved for the path 
ni( t) (Si( t) ) that maximizes the total heat exchange along 
the ith thermal branch of duration Ti, 

ei= j)&z,ri)ri dt, (4.31) 

with the boundaries n (0) = ninitial, n (pi) = nfind (S( 0) 
=Sinitial, S(Ti) =Senal). i is h or c for the hot or cold 
branches, respectively. Since o is not explicitly dependent 
on time, the Euler-Lagrange equation has the following 
form:30 

; w(n,ri)li-n g (liw(n,ti)) =o. 
1 1 
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This equation reduces to Rqs. (4.4) in our case. Each of 
these equations yields two solutions: one with an increasing 
n(S) and the other with a decreasing n(S) corresponding 
to the hot and cold branches, respectively [Eqs. (4.5)]. 
Substituting the expressions for the optimal nh( t) and 
n,(t) [Sh(t) and S,(t)] in Eqs. (4.5), into Eqs. (4.3), the 
explicit expressions for the optimal tih( t) and me(t) are 
derived [Eqs. (4.6)]. Explicit expressions for the optimal 
paths in the (w,n) ( (w,S) ) plane can also be obtained [Eqs. 
(4.7)]. The shift of the optimal thermal paths from the 
reversible isotherms [Eqs. (4.8)] is obvious and they coin- 
cide when rig CO, as expected. 

The striking result is that the optimal thermal 
branches are not of the same form as the reversible iso- 
therms with p replaced by /3’, even at the high temperature 
lim it. This result is in conflict with the corresponding re- 
sult of Newtonian thermodynamics where the optimal cy- 
cle is of the Curzon-Ahlbom type.’ This difference results 
from the fact that the rate of heat flow in our models 
depends on w as well as on /3 and 0 [cf. Eqs. (2.4b), (2.5), 
(4.2), and Ref. 291. The internal temperature along an 
optimal thermal branch will be constant as long as the rate 
of heat flow depends on p and p’ solely (since the relevant 
Euler-Lagrange equation then turns into an algebraic re- 
lation for p’). Once an explicit dependence upon another 
state variable (w) is introduced, a nonconstant internal 
temperature is obtained along the optimal thermal branch. 
(III) Next the optimal value of the heat exchange, Q, is 
evaluated, for the optimal population ni( t) [polarization 
Si( t)]. This results in the expressions for Q,(r,) and 
Qh(rh) given by Eqs. (4.9). Two new functions are intro- 
duced, S and ha, which are defined in Eqs. (4.10). ha > 0 
is the total entropy exchange along one thermal branch. 
6/aTi is the total entropy production along the ith thermal 
branch. The variable S measures the “distance” between 
the adiabats. It shows that the deviation from the reversible 
path increases with this “interadiabatic distance” 6, for a 
given duration r+ S also turns out to be equal to the square 
of the thermodynamic length in the entropy representation 
(cf. Sec. VI). We shall treat nl and n2 (S, and S,) as 
constants and concentrate on r/, and rc as adjustable vari- 
ables. The picture in the (rh,rc) plane turns out to be sim- 
ilar to that obtained in Newtonian thermodynamics. 
(IV) With the explicit expressions for Qi(7i) at hand, the 
important boundaries can be evaluated. These boundaries 
can be viewed as curves in the (rh,r,) plane (subject to 
fixed S and ha). 

( 1) The most important boundary is that of positive 
work production: - W=Q,+Qh> 0. It is given by Eq. 
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TABLE II. Total cycle optimization: Maximization of power. 

The optimal time allocation 

The maximum power as a function of z 

The entropy production 

at maximum power 

The efficiency at maximum power 

The optimal 7 for maximum power 

The maximum power at 7 = z* 

The entropy production at r = 7’ 

The efficiency at z = C* 

W/w, at r=z’ 

P;’ !+(+LJ 

A f&=1- 7 
T c 

w; 1 -a- 
wrcu 2 

4.16 

4.17 

4.18 

4.19 

4.20 

4.21 

4.22 

(4.11) and plotted in Figs. 3 and 4 (for the harmonic and 
spin-i engines, respectively). It is a hyperbola in the (r,,,r,) 
plane, similar to Newtonian thermodynamics.’ 

(2) The frequency o may become negative along the 
hot branch [Eqs. (4.6a) and (4.7a)]. w < 0 is physically 
realizable for a spin system and amounts to a change in the 
field’s direction. This is not true for the harmonic oscillator 
where the frequency must be positive. The boundary o > 0 

is given by Eqs. (4.12) and it is plotted in Figs. 3 and 4. It 
COI’tStitUkS a line parallel to the rh axis. Equations (4.13) 
give the necessary condition for an intersection of the w > 0 
and the - I+‘> 0 boundaries. In the case of the harmonic 
oscillator the o > 0 boundary replaces the - W> 0 bound- 
ary whenever the latter lies lower than the former in the 
(~~~7,) plane (cf. Fig. 3). 

Few remarks concerning the possible extension of the 
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TABLE III. Total cycle optimization: Minimization of entropy production. 

The optimal time allocation 

The minima1 entropy production as a function of s 

The power at minimum entropy production 

The efficiency at minimum entropy production 

hot branch to negative values of w (in the case of the spin-: 
engine) are in place: 

(a) Q.=oS changes sign when the field’s direction 
changes (S is always positive along the hot branch). The 
working fluid therefore releases rather than absorbs heat 
along the negative w zone of the hot branch. This is a 
“price” we pay in order to reach the upper polarization 
within the allowed duration rti 

(b) fib may become larger than 0, for small rh. It may 
even become negative when the hot branch extends to neg- 

TABLE IV. Total cycle optimization: Maximization of efficiency. 

0 
fr 
rh E -1, r, = rh = 5 

2 

46 
&‘G 

m=l-&ar+WA~ 
j& a? - 2WAo 

4.23 

4.24 

4.25 

4.26 

ative values of w. Negative temperatures at internal equi- 
librium are meaningful only for bound systems.31 In this 
case the classical limit should be generalized to 10’0 I< 1. 

The fact that the optimal thermal branches are not of 
the Curzon-Ahlborn type, so that the internal temperature 
is not constant along them, suggests that cycles consisting 
of crossing thermal branches may still produce positive 
work and therefore be optimal for a certain setup. Such 
cycles indeed occur. An example of such an optimal cycle, 
corresponding to the spin-f engine, is presented in Fig. 5. 

The optimal time allocation 

The maximum efficiency 
as 8 function of 7 

The entropy production 

at maximum efficiency 

The power at maximum efficiency 

r 1 6 r+l 6 -- rc=7j-zz , fh=z 2aAa 

rll’l-$g-g 

46 r 
=:r=; 

r2- -& 
( r 
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‘CC 

-I 

FIG. 3. The time allocation lines for maximum power, minimum entropy 
production, and maximum efficiency performances, plotted in the ( rOr,,) 
plane, for the harmonic engine. The boundaries o > 0 and - IV> 0 are 
also shown (o > 0 and - W  > 0 above these curves). The zone of negative 
work production and/or negative frequencies is shaded. An additional 
line indicates the fixed total cycle duration constraint r=~~+7;- The 
parameters of the harmonic engine are a= 1, &/&=0.25, n,=25, and 
tt2 = 225. The o > 0 boundary cuts the - IV> 0 boundary in this case so 
that the area under the o > 0 boundary is forbidden. 

The optimal thermal branches are parallel to the reversible 
isotherms in this case [both are linear in the classical lim it, 
cf. Eqs. (4.7) and (4.8)]. The cycle in Fig. 5 also demon- 
strates how the hot branch may extend to negative values 
of w, although crossing thermal branches does not neces- 
sarily imply this. The cycle is composed of two subcycles: 
one producing work (white in Fig. 5) and the other con- 
suming work (shaded in Fig. 5). The two subcycles are 
presented by similar triangles in the (w,S) plane. Their 
area is equal to the work produced (white) or consumed 
(shaded). If the vertex where the shaded and white trian- 

Max P --- ----- --_____) 

FIG. 4. The time allocation lines for maximum power, minimum entropy 
production, and maximum efficiency performances, are plotted in the 
( r”rr,,) plane, for the spin-i engine. The boundaries o > 0 and - IV> 0 are 
also shown (o > 0 and - W  > 0 above these curves). The zone of negative 
work production is shaded. The dashed curve indicates the boundary 
below which the thermal branches cross one another. An additional line 
indicates the constraint r=r,,+r= The parameters are o= 1, Bh/B,=O.l, 
and S,/S, = l/4. 

o<o 0 

3 
2 ’ 

F 

S* 

%  

FIG. 5. A possible optimal cycle of the spin-f engine with crossing ther- 
mal branches and a hot branch that extends to negative values of o 
( 1 -+ 2 - 3 - 4- 1) . The reversible isotherms at the temperatures ph and PC 
are also indicated. 

gles touch is at the m iddle of the (S1,S,) interval [i.e., 
S*= (S, +Sz)/2, cf. Fig. 51, the two triangles become 
identical and W=O. This is none other than the - W> 0 
boundary and the corresponding geometrical calculation 
indeed reproduces Eq. (4.11). The power production of 
cycles containing crossing thermal branches may be im- 
proved by replacing S, with S* (the value of S where the 
crossing takes place, cf. Fig. 5). This corresponds to the 
relaxation of one constraint-namely, the adiabat equation 
S=Sz. The upper value of S thus becomes a control 
bounded by S, < S < SZ. Similar arguments should apply to 
the other target functions, although the geometrical inter- 
pretation may be less transparent. 

2. Total cycle optimization (Tables II-IV) 
(I) The three target functions considered here are power 
(P), total entropy production (8) and efficiency (7). All 
three constitute monotonic functions of Qh and Q,:9 

(4.33a) 

x= - (&?h+&Q,>s (4.33b) 

77=1+Q&?h- (4.33c) 
Substituting Eqs. (4.9) into these equations and optimizing 
with respect to rc and rh subject to the constraint r=rc 
+rh, the optimal time allocations corresponding to each of 
the three target functions is obtained. The results of such 
an optimization along with expressions for P, Z, and 77 at 
the different optimal time allocations are presented in Ta- 
bles II-IV. 

The information in Tables I-IV is presented graphi- 
cally in Figs. 3 and 4. The maximum power time allocation 
[Eq. (4.14)] deserves special attention. It is identical to 
that obtained in the analysis of cycles of the Curzon- 
Ahlborn type [Eqs. (3.13d)], although the optimal cycle is 
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not of the Curzon-Ahlborn type. Furthermore, this result 
is obtained prior to the optimization with respect to the 
value of r (cf. Sec. II below). The latter is automatically 
included in the Curzon-Ahlborn analysis where the total 
cycle duration is not imposed as a constraint. No other 
maximum power quantity possesses such a similarity to the 
results of the Curzon-Ahlborn analysis, prior to the opti- 
mization with respect to r [cf. Eqs. (4.15)-(4.17) and 
(3.13)]. 
(II) Relaxing the constraint imposed upon r results in 
trivial results in the case of entropy production minimiza- 
tion and of efficiency maximization. The optimal values of 
these target functions are obtained at the limit r+ CO [cf. 
Eqs. (4.24) and (4.28)] and correspond to the reversible 
Carnot cycle, where q= 1 -/3,Jflc and X=0. The case of 
power maximization is different since r + CO corresponds to 
P-+0. Maximizing Pp [Eqs. (4.15>] with respect to r yields 
a finite optimal cycle duration given by Rq. (4.18) (the 
results of the optimization with respect to T are indicated 
by *). The expressions for Pp, vp 2, and WJ W,,,, when 
evaluated at optimal 7*, are given by Eqs. (4.19)-(4.22). 
These results should be compared with the analogous re- 
sults of the Curzon-Ahlborn analysis [Eqs. (3.13)]. We 
first note that F$>eL. This is because the optimal cycle 
has less constraints than the Curzon-Ahlborn cycle. It 
produces the same amount of work per cycle [cf. Rqs. 
(4.22) and (3.13e)] but does it faster. However, the effi- 
ciency at maximum power is still given by the famous 
expression found by Curzon-Ahlborn CEqs. (3.13~) and 
(4.21)] and the value of the work ratio W/W,,, equals f at 
maximum power for both cases [Eqs. (3.13e) and (4.22)]. 
It has already been shown that the time ratio at maximum 
power is the same as that obtained in the Curzon-Ahlborn 
analysis [cf. Eqs. (4.14) and (3.13d)l. These expressions 
seem to be general for the maximum power performance at 
the classical limit as a whole, rather than limited to the 
original Newtonian description of Curzon and Ahlborn. 

The cycle of duration fl [Eq. (4.18)] which is allo- 
cated according to Eq. (4.14) is shown in Fig. 6 for the 
case of the harmonic engine. The cycle is plotted in the 
(T,n) plane, where T=/3-‘. It is compared with the cycle 
that maximizes power in the Curzon-Ahlborn operation 
scheme [Eqs. (3.14a) and (3.14b)]. The optimal cold and 
hot thermal branches cross the corresponding Curzon- 
Ahlborn branches at the same value of n or S, for a given 
total cycle duration (cf. Fig. 6 for example). In the case of 
the harmonic engine, the value of n at the crossing point is 
given by [S/(Aa)*l(~/7*)*, while in the case of the spin-: 
engine, the value of S at the crossing point is given by 
f(S,+S*) (T/7*). 

C. Comparison of the optimizations 

The section is closed with a list of inequalities obtained 
from a comparison of the three optimization results: 

(7-Jq’)P< (Ghh)q< (~JqJ2= 1, (4.34a) 

PP>P~>P~, (4.34b) 

rlt,>%>rlP, (4.34c) 

+T h 

FIG. 6. The cycle 1+2-+3 +4- 1 is obtained for the harmonic engine 
when power is maximized with respect to the cycle duration, T. The cycle 
is plotted in the ( T,n) plane (T=b-’ is the absolute temperature and n 
is the population). It corresponds to a cycle duration 7* [Eq. (4.18)] 
which is allocated between the branches so that T,/T,,= m [Es. 
(4.14)]. The cycle u-+b-+c+d-.a maximizes power in the Curzon- 
Ahlbom operation scheme. T&, and TA,cA are given by Eqs. ( 3.13a) and 
(3.13b). Also shown is the reversible cycle with isotherms at the temper- 
atures T, and T,,. The plot was generated for nt=25, nz=225, T,=l, 
T,=4, and (I= 1. 

8,<ZPdT. 

V. GENERALIZATION TO SPIN-j ENGINES 

(4.34d) 

Consider an engine with working fluid consisting of 
spin-j subsystems (j= f, 1, li,...). The energy is given by E 
= WS where - j<Sa (S= (Sz) ) . The semigroup equation 
for the evolution of Sz has a similar form to that of the 
spin-i engine: 

Sz=Y+ (S- [SZS, I+ [LS,lS+) 

+y-(s+Isz,s-l+ [S+,S,lS-1. (5-l) 
Using [Sz,S+]=S+,[Sz,S-]= -S-,[S+,S-]=2Sz, and 
S-S+=S*- Si - Sz, Eq. (5.1) transforms into 

S,=-2(y++y_)SZ-2(r_--+)(S2-S~). (5.2) 

Taking the expectation value of Eq. (5.2) the equation of 
motion for S is obtained: 

s=-2(y++y-)S--2(y---y+)(j(j+l)--M), 
(5.3) 

where M=(Si) and (S*)=j(j+l). 
Substituting y-=ae(‘+9)Bo and y+=aeQp* into Eq. 

(5.3) results in 

~=-2ae980[(1+P)S+(P-l)(j(j+1)--M)]. 
(5.4) 

In the high temperature limit Eq. (5.4) becomes 

S= -2a[zS+Po(j(j+ 1)--M)]. (5.5) 
If /3’ is the internal spin temperature, then S is given by 

T 
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s- -i(j+ 1) - FP’@  for integer j, 

(j+f) U+ 1) 
s=- 3 P’w for half integer j, 

at the high temperature limit. Equations (5.6) are obtained 
by a first order expansion in p’w. Expanding M to first 
order in fl’w, leads to 

M&j(j+l) (5.7) 
in the classical limit. Substituting Eq. (5.7) into Eq. (5.5) 
yields 

1 
w(S,S) ,3 ~ 

i 
-’ (S+4aS) . 

4j(j+ 1) Pa 1 
Equation (5.8) is the generalization of Eq. (4.3) (which is 
reproduced for j=i) . The spin-j expression differs from the 
spin-1 expression by the factor of 4j( j+ 1)/3, which 
slightly modified the results of the optimization. The opti- 
mal Qi obtained from the one branch optimization is then 
given by 

Q&3 l 
4 j(j+ 1) Q i”” 

The expression obtained for the entropy production 
along the ith thermal branch, S/aT, resembles the expres- 
sion obtained by Salamon and Berry for the lower bound 
on entropy production in terms of the thermodynamical 
length.33 The latter is given by Zi)EL*/7, with L the ther- 
modynamical length of the ith path in the entropy repre- 
sentation, 7i the duration of the ith path, and E a mean 
relaxation time. We shall now prove the consistency be- 
tween these two expressions, for the case of the spin-i en- 
gine. It is most natural to evaluate the thermodynamic 
length in terms of statistical mechanisms in this case.34 The 

(5.9) square of this length, L*, then turns out to be equal to 6 at 
the classical limit. E is most naturally related to a-’ which 
actually defines the time scale of the thermal relaxation. 
Thus, we arrive at the conclusion that the two expressions 
are consistent. 

where j and 4 denote the spin number. The time allocation 
lines for the three target functions and the boundaries in 
the (TV T,,) plane remain the same as those given in Tables 
II-IV for the spin-f engine. The dserence caused by dif- 
ferent values of j is explicit in the expressions of P and Z, 
since they are linear in Q, and Qh. This difference only 
amounts to a multiplying factor, which can be interpreted 
as the increase in heat capacity. The Curzon-Ahlborn ef- 
ficiency and the equality ( w*/ Wrev)p= i still holds at 
maximum power since they depend on the quotient of two 
expressions, each linear in Q, and Q,,. 

VI. DISCUSSION 

A. Comparison with Newtonian thermodynamics 

Most of the present work has been dedicated to the 
exploration of the performance of quantum engines at the 
classical limit. This limit is important since it constitutes a 
bridge between Newtonian and quantum engines. Further- 
more, the classical approximation turns out to be satisfac- 
tory for a relatively large temperature range for both the 
harmonic and spin engines. Some of the results of Sec. IV 
are compared with the corresponding results of Newtonian 
thermodynamics’ in Table V. Although the optimal cycle 
is not of the Curzon-Ahlborn type, the Newtonian optimal 
heat exchange assumes a form similar to that of the clas- 
sical limit optimal heat exchange, in the limit of ri>Aa/~ 
[Eqs (6.1)]. Thus, for the quantum engine to approach the 
Newtonian description, two limits must be approached: 
that of high temperatures and that of a long cycle duration. 
Once the Newtonian expression for the optimal heat ex- 
change is substituted with its asymptotic long time approx- 
imation, all the results of Sec. IV are reproduced by replac- 
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ing the heat conductivity K with the quantum expression 
a( ho)*/& Substituting a( ha)*/6 for K, the above limit, 
ri)Aa/K, is transformed into (6/aTi)(Au. This attributes 
an explicit meaning to the condition for working close to 
the reversible limit, namely, that the entropy production 
should be much smaller than the entropy exchange. The 
correspondence between K and a( Au)*/6 is also consistent 
with the expression derived by Salamon et al. for the min- 
imal entropy production of Newtonian engines for a single 
thermal branch, &= (AcT)*/KT~~* Substituting a( Au)*/6 
for K the classical limit expression for the minimal entropy 
production, 6/ar, is reproduced. 

The explicit quantum mechanical nature of the engine 
is manifested by the dual character of w. On the one hand 
+i~ defines the energy level structure of the engine, but on 
the other hand o is a frequency so that w-l defines an 
intrinsic time scale. Our description implicitly assumes an 
instantaneous response of the bath to changes in the fre- 
quency w of the system. Solvable models of reservoirs show 
this to be valid for +a-‘. For example, an excited two 
level system weakly coupled to a thermal radiation field in 
the vacuum state will first relax by exciting all the field 
modes. It takes a while before a resonance between the 
system and the bath is established, which is a manifestation 
of the time-energy uncertainty principle.25 Our model as- 
sumes that the time duration is long enough so that reso- 
nance conditions are established instantaneously. This 
means that the time duration at each branch has to be 
much larger than this intrinsic time scale: 7i,W-l. 

In order for the Newtonian model and the classical 
limit of the quantum model to coincide, another inequality 
has to be obeyed, namely, 7i, (S/aAa). It should be noted 
that the Newtonian model should also comply with the 
inequality 7i>O-’ since it also assumes an instantaneous 
“recognition” of the state of the engine by the reservoir. 
An interesting question is which of the two inequalities is 
stronger. ~/AU depend upon nl and n2 (S, and S,). For 
the spin-f engine, S/ha increases from 0 to l/2 as S,/S, 
decreases from 1 to 0. This is reasonable since it takes more 
time to pass a bigger polarization difference and still be 
near equilibrium. If S,/S, is not very close to 1, a/ho is of 
the order of 1 and the Newtonian approximation is valid 

For the harmonic engine ~/AU increases 
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TABLE V. Comparison of Newtonian engine with quantum engines operated at the classical limit. 

Q, 

Q, 

The -w>oboundary 

The time allocation for 

maximum power 

PP 

. 
TP 

The time allocation for 
minimum entropy production 

The time allocation for 
maximum efficiency 

‘I, 

The cIassical limit 
of quantum engine3 

Au 6 --- 
Bh Bw=h 

Au 8 ---- 
8, Bd=c 

k&L. < + 1-9 
8, SC Ch ( > 5 

$f 261+ d- 
aAu 

I- 
d- 

Bc 
8. 

l- d- ak 
PC 

48 - 
OI 

Newtonian engines 0 * 

ho 1 

Au 1 --- 
B Ar.7 = I-- 

rs, 

Au r,=s+zy 

4(A& 
k-r 

Au r, = q + -;- 

Eq. 

- 

6.la 

6.lb 

66 

6.3 

6.4 

6.5 

6.6 

6.7 

- 

6.8 

63 

E 

6.10 

6.11 

$ x is the heat couductivity. The same value for both thermal branches is assumed. 
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from 0 to 00 as n/n, increases. Here too, unless n/n, is 
very close to 1, S/ho is at least of the order of 1 and the 
sufficient condition for the Newtonian approximation to be 
valid reduces to the same inequality, namely, ri)u-t. 

The model presented in this paper remains valid for 
one branch durations consistent with w - ’ (ri(a- ‘, 
whereas the Newtonian model fails for durations short rel- 
ative to a-‘. The frequency w must be very fast compared 
to the rate of heat flow for this difference to be significant. 
Taking a reservoir consisting of a thermal radiation field as 
an example, we obtain a==~~, with a0 as a measure of the 
strength of the coupling with the reservoir.25 If a-l is 
much larger than a-‘, 
ao40-2. 

the following inequality must hold: 
This condition may be interpreted as a weak cou- 

pling limit, and it is well known that semigroup dynamics 
can be explicitly derived at this limit.‘* 

B. The significance of the parametrization of the 
bath in terms of 9 and a 

We next consider the significance of the simplified pa- 
rametrization of the bath type in terms of the parameters a 
and q [cf. Eqs. (3.6)]. Indeed, other parametrization 
schemes can be suggested, such as y+=p(w)/(@“-I), 
y- =pk4@“/@“- l), w h ere the prefactor p(o) is pro- 
portional to some power of w originating from the density 
of states of the reservoir. An expression of this type has 
been derived in the weak coupling limit when the reservoir 
consists of a thermal radiation field, with p(o) cc o3 (Ref. 
25). As pw increases, the exponential term in this expres- 
sion approaches the exponential term in Eq. (3.6), with 
q+ - 1. Furthermore, the power dependence of the pref- 
actor term on o is much weaker than the dependence in the 
exponential term. Therefore approximating the prefactor 
by a constant (a) is appropriate. However, one must not 
forget that the alternative parametrization suggested above 
is true for a specific bath type (i.e., a thermal radiation field 
or a thermal elastic phonons field). The parametrization in 
terms of q and a is more versatile and less obligated to a 
specific reservoir type. An analogy may be drawn in this 
respect to the use of Ahrenius law for the parametrization 
of the rate coefficient in chemical kinetics. 

The results obtained in the classical limit do not de- 
pend on q. The parameter q is reduced at the level of the 
one branch optimization, so that the results do not change 
even if the two reservoirs correspond to different values of 
q. However, the pre-exponential term a does not vanish at 
the high temperature limit. The parameter a actually de- 
fines the intrinsic time scale of heat exchange between the 
engine and the reservoir. Throughout the present study the 
same value of a was assumed for both branches. This has 
been found to be justified for reservoirs whose dynamics 
has been explicitly solved, such as the harmonic and 
Heisenberg reservoirs. 1*v25 However, if a assumes different 
values for different branches the optimization results are 
corrected. The important parameter turns out to be the 
square root of the ratio of the pre-exponentials, x 
= m= (ai is the value of the pre-exponential term along 
the ith branch). x simply adjusts the results to the different 
time scales involved. For example the maximization of 

power then yields 

(;),=xjlg* 

(6.13) 
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(6.12) 

C. Summary 

To summarize, three approaches for analyzing finite- 
time thermodynamic processes were compared: 

( 1) The maximization of power for quantum engines 
operated along cycles of the Curzon-Ahlborn type (Sec. 
III and Ref. 29). 

(2) The Newtonian thermodynamic approach.’ 
(3) The optimization of various target functions for 

quantum engines by means of Euler-Lagrange equations 
(Sets. IV and V). 
The three approaches are interlinked: The third is the 
quantum semigroup analog of the second, and the second 
contains the Newtonian analog of the first. The main con- 
clusions are 

(a) The performance of the harmonic engine coincides 
with that of the spin-i engine at the low temperatures limit. 
This conclusion was explicitly reached in the first approach 
(Sec. III), but is expected to be general since any nonde- 
generate multilevel system reduces to a two level system at 
very low temperatures. This observation presents the basic 
motivation for studying spin-f quantum engines of different 
generic types in the future. 

(b) The three approaches share some common fea- 
tures at the high temperature, “classical,” limit. The first 
approach limits an overall comparison to the results ob- 
tained from power maximization with unconstrained total 
cycle duration. The most prominent common feature is the 
Curzon-Ahlborn efficiency at maximum power [Eqs. 
(3.13~) and (6.7)]. Other common features are the tem- 
perature terms in the expressions for the maximum power 
[Eqs. (3.13f) and (6.6)] and optimal duration [Eqs. (6.5)]. 
The appearance of these features in all three approaches 
suggest that they are more fundamental than previously 
realized. It therefore seems likely that features such as the 
Curzon-Ahlborn efficiency can be associated with maxi- 
mum power performance at the classical limit per se. 

(c) The first and third approaches share further com- 
mon features, although the optimal cycle is not of the 
Curzon-Ahlborn type. These common features are the 
time allocation at maximum power which is given by the 
square root of the reservoir temperatures [Eqs. (3.13d) 
and (4.14)], and the ratio of work to reversible work at 
maximum power which is given by l/2 [Eqs. (3.13e) and 
(4.22)]. In fact, it has been shown in Ref. 29 that the time 
allocation in Eq. (4.14) may even be reproduced for New- 
tonian engines if some assumptions concerning the semi- 
group analog of the coefficient of heat conductivity are 
made. This time allocation was derived in the third ap- 
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preach prior to the optimization with respect to the total 
cycle duration, and it therefore seems even more funda- 
mental than the Curzon-Ahlborn efficiency. 

(d) The third approach is the quantum semigroup an- 
alog of the second, Newtonian, approach. The main differ- 
ence between the two lies in the optimal cycle itself. The 
latter is not of the Curzon-Ahlbom type according to the 
third approach, even when the classical lim it is ap- 
proached. Furthermore, different optimal paths are found 
for each working fluid [cf. Eqs. (4.7)]. The optimal path 
seems to be most sensitive to the replacement of the dy- 
namical law and the constituents of the working fluid. It 
therefore seems unlikely that universal features will be 
found in the path itself. Yet, the different paths that max- 
imize power generate the same Curzon-Ahlbom efficiency 
[Eqs. (6.7)], and very similar expressions for the optimal 
cycle duration [Eqs. (6.5)] and maximum power [Eqs, 
(6.6)]. The same holds for the different paths that m ini- 
m ize entropy production, which generates similar expres- 
sions for the m inimal entropy production [Eqs. (6.9)]. The 
match between the two approaches is improved once we 
approach a second lim it, namely, that of long cycle dura- 
tions. This results from the fact that the validity of New- 
tonian conduction is conditioned by both high tempera- 
tures and proximity to equilibrium. 

The above observations establish a “thermodynamical 
correspondence principle.” The latter indicates that New- 
tonian thermodynamics is self contained as both classical 
and near equilibrium lim it within an analysis based on the 
semigroup approach. We can approach these lim its one 
after the other and thus distinguish the results due solely to 
the classical lim it from results conditioned by the addi- 
tional lim it of proximity to equilibrium. Following this 
strategy in the present study we have demonstrated that 
some of the results of Newtonian thermodynamics can be 
derived at the classical lim it, using the more fundamental 
semigroup approach to model the dynamics. These results 
are not conditioned by proximity to equilibrium and seem 
to be of more fundamental and universal nature than pre- 
viously realized. 
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