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Absorption spectra are calculated for four model systems using two different methods for the calculation: The 
first is the standard linear response technique, while the second involves direct calculation of the energy 
dissipated in the sample interacting with the applied field, thus corresponding exactly to what is in fact 
measured experimentally. This latter technique, which we call the direct method, agrees with a linear 
response (as it must) for weakly applied fields for which the first-order perturbation analysis underlying linear 
response is in fact valid. For cases in which the system/field interaction is stronger, the linear approximation 
becomes poor, and the direct method, which includes the field-induced dynamics and in itself contains no 
approximations, is far better. The four systems considered consist of either single or coupled pairs of 
harmonic oscillators or two-level systems (spins) each in a thermal bath and coupled to the field by a 
displacement coupling. For both linear-response and direct calculations the system/field dynamics is solved 
exactly and the systemlbath dynamics treated using a semigroup technique. For the harmonic oscillators, for 
which the population in any single excited state can never become large, the nonlinear effects (those present in 
the direct but not in the linear response) are quite minor. For the two-leveI!spin/systems, however, 
substantial corrections to the linear-response result are found in the direct calculation. These include power 
(or saturation) broadening and the appearance, when the two spins are coupled strongly to each other and one 
is coupled strongly to the field, of a new line at the averaged frequency of the two spins. For even stronger 
coupling, the line shape becomes very complex (corresponding to the full15D algebra of the two spins plus the 
field), exhibiting several peaks and Fano antiresonances. The direct method, which is based on work of 
Lebowitz, seems to offer substantial advantages for the analysis of systems in which the applied field 
interactions are strong: This situation, common in microwave and magnetic resonance spectroscopy, is also 
relevant to high-energy laser studies. 

I. INTRODUCTION 

The standard approach to calculation of transport and 
response phenomena is the linear response theory de
veloped by Kubo in 1957. 1- 3 This is based on the as
sumption that the perturbed denSity matrix for the sys
tem in the presence of an external field can be treated 
by a first-order correction of the unperturbed denSity 
matrix: i. e., it corresponds, in a sense, to first-order 
time dependent perturbation theory. The assumption of 
weak system-probe interaction is valid for nearly all 
transport and spectroscopic measurements, since the 
field strengths involved are very small compared to the 
internal forces within the system (atom, molecule, and 
solid) being probed. There are, however, some condi
tions under which the assumptions of linear response 
theory may become invalid. These might include spec
troscopy with very high intensity lasers, where the sys
tem is driven far from its unperturbed state. It can 
also occur in magnetic resonance spectroscopy, when 
the applied resonance power is great enough to lead to 
saturation (as occurs, for instance, in the ENDOR ex
periment).4 Several important physical phenomena, in
cluding power broadening of the observed spectra and 
relaxation-limited absorption and broadening, can then 
occur, whose description within a linear-response pic
ture can become difficult. Under these conditions, an 
alternative description of the spectroscopy, one which 
directly calculates the actually measured quantity, 

power dissipated in the system when it interacts with 
the probe, is probably more convenient. Such a scheme 
has been outlined by Spohn and Lebowitz, 5 based on a 
direct calculation of the time dependence of the opera
tors of the composite (system plus probe). The aim of 
the present paper is to apply this Lebowitz scheme to 
calculate the spectra for two important model systems; 
one corresponding to vibrational spectroscopy of two 
coupled modes, the other to the magnetic spectroscopy 
of two coupled spins or the optical spectroscopy of two 
coupled two-level systems. We will study these spectra 
using both linear-response and direct methods, and from 
comparison of the calculated spectra, will be able to in
dicate specific deficiencies of the linear-response pre
scription. 

Previous studies of optical response in the nonlinear 
regime have appeared for a single system, either two
level6 or harmonic oscillator. 7 Several extra features 
of interest appear in the extension to pairs of systems 
which is our subject here. These include the efficiency 
of transfer from pumped to unpumped mode, the effects 
of slow relaxation (in the optically uncoupled mode) in 
broadening the line and fast relaxation in narrowing it, 
and in the appearance of new, joint features not present 
in either single system. These should be of use in de
scribing any of several physically important situations 
(a four-level laser system can be seen as a pair of two
level situations, V - V energy transfer can be thought 
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of, to a rough approximation, in terms of coupled oscil
lators). There are four chief advantages of the alge
braic technique which we employ: It is exact in the sys
tem dynamics, it treats relaxation (given the system/ 
bath coupling) in a rigorous way, it makes no assump
tions of linearity, and it does not depend on any pertur
bation expansion. The same general approach is also 
useful in more complex systems, in which exact solu
tion is impossible and consistent and higher-order ap
proximations are required. 

The Spohn and Lebowitz method, which we will refer 
to as the direct method (DM), calculates the power dis
Sipated from the applied field as it interacts with the 
system under illumination; this is a direct reflection of 
the experimental situation, in which the energy lost by 
the field is measured. We outline in Sec. II the linear
response (LR) and direct methods for calculation of 
spectra. In Sec. III, we define our model systems (two 
coupled oscillators and two coupled spins), and present 
the formal solutions for their spectra. In Sec. IV, we 
consider the limiting uncoupled cases (single spin or 
single oscillator). Then we present calculated spectra 
for several values of the parameters of the models (in
teraction strength between systems, applied field 
strength, temperature and relaxation rates, and unper
turbed system frequencies), and study the specific ef
fects, such as power broadening, saturation, and re
laxation narrOWing, which occur in these systems. 
Finally, we present in Sec. V some general remarks 
about these calculations. 

II. THE LINEAR RESPONSE AND DIRECT METHODS 
FOR CALCULATING LINE SHAPES 

In ordinary absorption spectra (vibrational, optical, 
or magnetic resonance), one measures the absorption 
of incident energy by the system. The power diSSipated 
is then the time derivative of the energy change of the 
radiation on passing through the sample. Following 
Flygare,8 we can write for Ill, the change in intensity 
of incident radiation, a limiting case of Beer's Law: 

(I) 

H ere A is the sample area, y the sample thickness, 10 
the incident intensity, AE the energy change in the 
beam, and y the absorption coefficient. Then for unit 
volume equal to Vo, 

power=d{AE)/dt=V010Y' (2) 

The absorption coefficient y is, in turn, related to the 
line shape function by9 

(
41TU\ 

y{u) = 7/L{u) , (3) 

where L{u) is the line shape function, c is the speed of 
light, and u is the electromagnetic frequency. The in
tensity 10 is simply 

10= cEV81T , (4) 

where E~ is the electric field intensity. By combining 
Eqs. (3), (2), and (4) we find 

or, taking Vo as 41T, we find 

(power) = 21TE~uL{u) . 

(5a) 

(5b) 

Equation (5) relates the power dissipated in the sample, 
which is calculated from the direct method, with the 
line shape L{u), usually found from linear response 
theory.I-3 Having the relationship between power and 
line shape, we now examine the calculation of each. 
Consider, then, a molecular species coupled to a bath, 
as well as to an external field. The system Hamiltonian 
is then written 

H=Ho +h(t) , (6) 

where H 0 includes the energies of the bare system and 
of the system-bath interaction, while h{t) is the field
system coupling. We can then write the total power as 

dE/dt=d(H)/df= (a:~t~ + (.f,. H) , (7a) 

with.f, the Liouville operator for the overall dynamics. 
Then we take 

(7b) 

where .f,H denotes the evolution due to the system Hamil
tonian while .f, D is the dissipative part arising from the 
bath coupling. Then, since 

.f,H· H =0 (7c) 

(since H commutes with itself), we have 

dE = laB) + (.f, . H) = dW + dQ • 
dt \at D dt dt 

(8) 

Here the last equality is simply the first law of thermo
dynamics, which is valid since there is a system/bath 
coupling. The one-to-one correspondence 

(ah{t)/at)- dW /dt , 

(.f, D . H) - dQ / dt 

(9) 

(10) 

is straightforward, since work is defined by the coupling 
of the thermodynamic system to the external world, and 
such coupling is available only through the h{t) term. The 
Liouville term (.f,D . H) describes the internal dynam-
ics of the field/system/bath composite, and results in 
production of heat (by degradation of applied field energy 
via the field-system and system-bath couplings). The 
quantity we wish to calculate is the power diSSipated in 
the system under illumination, which is given by Eq. (9) 
and is in fact directly measured in a spectroscopic ex
periment; calculation of Eq. (9) is the essence of the 
direct method. 

Linear response theory is based on the idea of weak 
system/field interaction; i. e. ,3 "The major conclusion 
of this theory is that it is only necessary to know how 
both systems [molecule and field] behave in the absence 
of coupling in order to describe the way one reacts to 
another." This is equivalent to saying that by study of 
the spontaneous correlations in the unperturbed mole
cule, one can study the dissipation of energy in that 
molecule when it is exposed to an external field (fluctua-
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tion dissipation theorem). 10 Operationally, this means 
that if the system/field interaction is written 

h(t) = E{exp(- iut la' +exp(iutla} , (11) 

where E is an interaction strength, u is the frequency of 
the field, and a' is a dimensionless creation operator 
for some generalized displacement in the molecule, 
then the vibrational line shape function I(u) can be writ
ten (in the classical limit) 

2f~ 
I(u) = ~4 e-! ut «a+ + a)(O)· (a+ + a)(t»o dt . 

1T 0 
(12) 

Here mo is the proportionality coefficient between the 
dipole moment M and the generalized displacement: 

(13) 

The ensemble average in Eq. (12) is, as indicated by 
the notation, to be performed over the system described 
by H 0: no field perturbations at all are present in the 
linear response line shape. Since the field is absent 
in Eq. (12), the linear response formulation clearly can
not describe phenomena such as power broadening or 
field-induced mixing. The relative importance of such 
effects clearly depends on the size of E: linear response 
should be correct when E becomes very small. 

When the radiative power applied to the system is 
large, the linear response approximation is expected 
to break down. Within the confines of standard theory, 
this is often dealt withl1 by introduction of Bloch equa
tions, 12 with phenomenological relaxation terms. The 
calculation of power dissipated, via Eq. (9), provides 
an alternative approach. 

III. MODEL SYSTEMS: COUPLED SPINS AND 
COUPLED OSCILLATORS 

In most spectroscopic studies, a particular transition 
is strongly favored by the experimental conditions se
lected; e. g., in CO2 the asymmetric stretch will be 
strongly pumped by light polarized along the molecular 
axis, while the other two normal modes will not absorb. 
The other states of the species are, however, coupled 
to the pumped state pair, since, generally, the states 
prepared by optical (or magnetic resonance) interaction 
are not molecular eigenstates. Thus energy can flow 
between the states prepared by excitation and other 
molecular states (throughout this discussion, "state" 
means eigenfunctions of effective separable Hamiltonian, 
not molecular eigenstates). That is to say that the ex
cited state reached by electromagnetic excitation can 
decay. We wish to consider two model situations for 
such situations: The first describes two coupled two
level systems (for example a pair of spins), and the 
second two coupled oscillators (a model for vibrational 
energy transfer). 

The system evolution can then be described by time
dependent Hamiltonian; energy is not a constant of the 
motion, since it will flow into (or out of) the molecule 
via the electromagnetic field. The Hamiltonian is then 
written 

H =Ho + h(t) • (6) 

The system described by H exists in the presence of a 
heat bath (which can influence its dynamics and can ex
change energy) and a field (which can exchange energy). 

For the familiar case of two coupled oscillators, we 
have 

Ho=wla+ a+w2b+b + lJ.(a+b + b+ a) , 

h(t) = E(a e!ut + a+ e-!ut) . 

(14) 

(15) 

Here a+ creates a quantum of energy with frequency WI 

in mode 1, and b+ creates one of the frequency w2 in 
mode 2. The two modes are coupled by an energy
exchange term with strength IJ.. The electromagnetic 
field, of frequency u, couples only to mode 1, and the 
coupling strength is E (for dipole radiative coupling, 
E = Eo' M, where the molecular dipole is (a+ + a)M and 
Eo is the electric field). We have chosen atomic units 
(11 = 1) and neglected the (unimportant) zero-point energy. 

For the case of a pair of two level systems, we take 

H 0 = wla1 + w2a~ + IJ. {aiai + a;aj} • 

h(t)=E(aje-iut+aie!ut) . 

(16) 

(17) 

Here the a are the Pauli spin matrices, with normaliza
tion defined by 

(18) 

(19) 

Thus af measures the excitation state of spin of mode 1, 
while ar excites and at deexcites spin of mode 1. The 
two-level system described by Eqs. (16) and (17) is 
term-by-term comparable to the coupled oscillators de
scribed by Eqs. (14) and (15). The only formal differ
ence comes in the commutation relations 

[ai' aj) = 0/j , 

[aj, a;)=o!jaf, 

a~=a:=O 

(20) 

(21) 

(22) 

physically, this simply means that one can put any num
ber of quanta into the oscillator, but at most one quan
tum into the spin. 

We are now interested in solving for the spectra ex
pected for the model systems (14) and (15) or (16) and 
(17). For the linear response calculation, we simply 
take 

m2f~ 
I(u) = - e-!ut ({a+ + a)(t)(a+ + a)(O» 0 dt 

1T 0 
(23) 

for the OSCillators, and 

I(u) = M2 f" «ai + aj)(t)(ai + aj)(O)}o e-!ut dt (24) 
1T 0 

for the coupled spins, where M is the spin transition di
pole. These expressions are simply Laplace trans
forms. To find the correlation functions, for the field 
free case, we write the Heisenberg motion equations, 
generalized to include the effects of heat-bath relation
ships calculated (rigorously) using a semi group tech
nique, 13-16 as 

(25) 

J. Chern. Phys., Vol. 80, No.6, 15 March 1984 



R. Kosloff and M. A. Ratner: Beyond linear response 2355 

where ~ is any system operator (particularly a or a+) 

and (n) R is the relaxation contribution to the evolution. 
If the system/heat bath coupling is written 

HS-B =LBI VI • 
I 

(26) 

where VI is an operator of the system, and BI a bath 
variable, then 

(si l )R=2L y~ {VA~I V~ - [VAV~, ~IJ.l2} . (27) 
A 

The phenomenological constants h of Eq. (27) [com
pletely unrelated to the y of Eqs. (1)-(3)J are rigorously 
nonnegative; they can be evaluated in the weak-coupling 
limits. The form (27) is rigorous and exact for the 
coupling Eq. (26). For the present sample case, we 
assume that 

(28) 

for oscillators, and 

t~} i= 1 

VI = (29) 

t~} i=2 

for the spins, then Eq. (27) becomes simply 

(b+) R = - r. b+ , (30) 

(31) 

(32) 

(33) 

where r is a relaxation lifetime, and K in Eq. (33) is 
needed to assure a proper thermal average spin excita
tion: in the absence of a field or spin-spin coupling 

(34) 

The identification of K is then made by averaging Eq. 
(34) over an ensemble: in steady state (uz) must be zero, 
so that we obtain, from Eq. (34), 

From comparison with the Fermi distribution, then 

1 _ e-S"'t 
K = 2r(a6

) = r 1 + e-S"'t 

for f3- t =kB T. 

(35) 

(36) 

By using Eqs. (30) and (32) in connecting with Ho of 
Eqs. (14) or (16), an exact solution to the linear-re
sponse line shape can be obtained. It is rather compli
cated, and arises from the form 

(37) 

Here aO and bO are the initial-time values of a, b. The analogous expression for the coupled spins is 

f '" -Iut +( )df- (iu + iW 2 + 2r 1 + r z)at(O) 
o e at t - -u2+iu(iW2+iwl+r2+3rl)+(iwl+rd(iw2+2rl+r2)+i~Kl+~2/4' (38) 

(There is an additional term, proportional to aiCO), 
which is unimportant, as it will vanish in the correla
tion function.) 

Thus the linear-response forms are straightforward, 
but complex. They may be made clearer by considera
tion of limiting cases, as will be given in Sec. IV, be
low. 

For the direct method, we require the evaluation of 
(h(t». This is most easily accomplished by transform
ing H into the rotating frame, rewriting Eqs. (14)- (17) 
in terms of 

a = e lMt a , 

{;+ = e- IMt b+ , 

at = ai e-Iut 
, 

a;= a; elut 

(39) 

(40) 

(41) 

(42) 

Then Eqs. (14) and (16) are unchanged, except that a 
replaces a, a replaces a, and {; replaces b, while Eqs. 

(15) and (17) become 

h(t) = €Ca+ + a) (oscillators), 

h(t) = €Cai + aD (spins). 

(43) 

(44) 

Then we wish to calculate the power dissipated in the 
steady state, or (h(f». This is quite easy: we just write 
the equations for the operators as 

(45) 

Note the Significant difference between Eqs. (12) and 
(45): in the linear-response case, the spectrum [from 
Eq. (12)] is calculated from the behavior of the system 
in the absence of the field coupling, while for the direct 
calculation, the driving term h(t) is included in the 
evolution. Clearly, in the appropriate limit of very 
small €, the two will become the same. 

The formula for the power is, from Eqs. (15) and 
(17) : 
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- Vi (t) = iuE:(ai - aD (spins), 

= iuE:(li+ -li) (oscillators), 

eq ui valently , 

{ 
2uE:lm(ai) (spins) 

power = 2u" 1m (a-+) ( I ) " osci lators • 

Here the rotating frame operators a and a are to be 
evaluated in the steady state. 

(46) 

(47) 

(48) 

(49) 

The equations of motion arising from Eqs. (48) and 
(49) using Eqs. (14)-(17) can become quite complex. 
There are two relevant operators (two coupled equa
tions) for the oscillator case Eqs. (14) and (15) and then 
the solution for steady state is simply found from the 
pair of coupled equations 

~=O=-i(wj-u)a-iilb-rj(i-iE, (50) 

b=0=-i(W2-u)b-iila-r2b. (51) 

This solution is 

Im(a) (steady state) 

_ Er2{r jr 2 - WjW2 + i>Z} + EW 2(w jr 2 + w2rl) 
- (il2+rjrZ-WjW2)2+(wjrz+wZrj)2 

(52) 

where Wj=Wj-U and W2 =w2 -u. 

The solution for Eqs. (16) and (17), with two coupled 
spins, is more complex. There are then a total of 15 
separate operators, and 15 operator equations of type 
(50). Fortunately, these 15 equations form a linear 
system, and one can write 

dO 
-=AO+C=O 
dt ' 

(53) 

where 0 is a column vector of the 15 operators, A is a 
coefficient matrix and C is the inhomogeneous part. 
The 15 operators are conveniently chosen as aj + ai, 
a1 - ai, a,(a; + ai), af(a; - ai), alai - a;a;:, ajai + a;ai, 
aj, aja; + aiai, aja; - aja2' a2', a; + ai, a; - a2' a2'(aj + ai), 
a2'(a1 - ail, a,a2'. Of these 15, only af and a2' have in
homogeneous parts, which are -Kl and -K2 [from Eq. 
(33 )], respectively. 

The 15 simultaneous equations cannot be easily solved 
in closed form, but for any choice of the parameters 
(w j , w2, T, il, E, r), the linear equation set (53) can be 
solved numerically. Some limiting cases, particularly 
the il- 0 limit corresponding to a single pumped oscil
lator or spin, can be compared with simpler systems. 
More generally, the linear response result can be di
rectly compared with the direct calculation from Eq. 
(53); for such a comparison it is merely necessary to 
divide by u. 

IV. RESULTS 

Having solved the equations of motion exactly, we 
can find the spectra for any of the models considered 
uSing either linear response or direct calculation of the 
dissipated power. 

A. Uncoupled oscillator 

We start by conSideration of the simplest case of a 
single harmonic oscillator linearly coupled to the field. 

This is just the il- 0 limit of Eq. (14). The linear re
sponse form is then simply 

L(u) 11In.r. = ~2 [<a+ a)o 

x { rZ + rw _ u)Z + r 2 + (~ + u)2} + r2 + (~ _ U)2]. (54a) 

where <a+ a)o is the thermal oscillator population and r 
is a relaxation rate (inverse relaxation time) arising 
from the coupling to the heat bath. To compare with 
the direct method, we go to the rotating wave, and drop 
the (nonresonant) terms involving W +u, obtaining 

(54b) 

In the direct method, we find from Eq. (19) that (i+ is 
required. This can be found from the steady-state con
dition in the rotating frame: 

li = iua - iwli - rli - iE (55) 

or 

- -iE 
a= r + i(w -U) 

Then 

power = r2 + (u _ w)2 . (56) 

The r in Eq. (56) arises from the semigroup formalism 
of Eq. (27); in the case of weak system-heat bath cou
pling, it is exactly the phenomenological r of Eq. (54). 

The results Eqs. (56) and (54) appear different. How
ever Eq. (56) applies to the steady state, and in steady 
state the occupation number of oscillator excitations 
<a+ a) should really be taken as small (compared to unity) 
at low temperatures. Thus in steady state we find, by 
using Eqs. (56), (55), and (5) with the dipole radiation 
coupling 

E=-mEo , (57) 

that the ratio of calculated line shapes using linear re
sponse and direct methods: 

(58) 

Thus for the driven OSCillator, at steady state, both 
linear response and direct methods agree, and both 
[compare Eq. (54)] yield a simple Lorentzian line of 
width r centered at u =w. No power broadening is ob
served. This is easily understood: As the harmonic 
oscillator is pumped ever harder, the system can climb 
up the energy ladder to higher oscillator state; thus the 
first excited state does not build up enough population 
to inhibit absorption and cause broadening. For this 
case, the direct method enjoys no advantage over linear 
response (that is, the spectrum should be independent 
of field strength). 

B. Uncoupled two-level system 

The exact solution to the single driven two-level sys
tem of Eqs. (16) and (17), il- 0 is of interest in both 
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magnetic resonance and laser contexts, and is given in 
several places. 6 Again, the power dissipation is simply 
obtained from the condition of steady state in the rotat
ing frame: . . . 

o = (1. =(1_=a • . (59) 

Solving the three equations of motion for the spin opera
tors gives, in steady state, 

- -i€K[r+i(u-w)] 
a. == _ 2r3 _ 2r(w _ u)2 _ 2€2r • (60) 

Here K, which arises from the semigroup Eq. (27), is 
related to the steady-state excitation level [compare 
Eq. (35)] 

K 
(a.> == 2r (€ - 0) . 

[It enters the equation of motion for ~. as: 

~. ==Cr. = - ida. - a_) - 2ra. +K.] 

The power is obtained then, as 

(power) =2u€ Ima. , 

= €2uK/[r2 + C + (u - wf] 

(61) 

(62) 

(63) 

(64) 

Or, from Eq. (5), the direct calculation gives the line 
shape as 

L(u)/Dlrect =r(a)if2jfr2 +c+(w-uf]1r, (65) 

where it is the magnetic dipole moment (or spin mo
ment), and 

€ == -MHo, 

with Ho the magnetic field. 

The linear response result for a single two-level 
system is simply 

A2 ~ 

L(u) / LIn. R. = ~ ~ e- iut «a. + a_)(t)(a. + a.» dt 

= :: {«a.a_> + (a.a.» r2 + (~_ w)Z 

(66) 

+«a_a)+(a_a-»rZ+(~+u)2}' (67) 

USing the identities 

a.a_==t(1 +2a.) , 

a_a.=Hl-2a.) , 

this becomes 

(68) 

(69) 

(70) 

Then once more taking the ratio of the predicted line 
shapes in the rotating wave system, we obtain for 

L(u) I Un.r. _ (1 - 2a.> r2 + €2 + (u _ w)2 
L(u)I Dlr - 4(a.) r 2+(u_w)2 (72) 

Thus, except for a numerical factor and a thermody
namic average, the difference is due to an €2 term in 
the calculated power dissipation Eq. (65) which is ab
sent in linear response. Note that the €2 appears addi-

tively with r2 in Eq. (65)! Thus it is a broadening ef
fect. It is referred to as power broadening, and really 
amounts to an increasing of the frequency interval which 
is effectively pumped from being a delta function of w 
to a broader situation. This is due to system-field in
teraction causing a splitting of the energy levels of the 
bare system; these split levels are then probed by the 
field. Such a term cannot appear in linear response, in 
which the approximation is made that the field probes 
the fluctuations of the unperturbed system. The numeri
cal factor 

(1 (2;) 
4a 

which occurs in Eq. (72) is of some interest in under
standing the difference between linear response and di
rect methods. For the two-level system, 2(a.> is the 
population difference between upper and lower levels, 
while t(l - 2a.> is simply the population in the lower 
level. Thus for the transition near resonance (u ~ w), 
linear response, which is rigorous only at very weak 
fields, and therefore for small upper-state population, 
gives a Signal proportional to the lower-level population, 
while the direct method (more correctly) gives a Signal 
proportional to the population difference between upper 
and lower levels. 

For both of the simple systems, harmonic oscillator 
and single spin, the differences between direct power 
dissipation and linear response are straightforward: 
For the oscillator, there is no difference, while for the 
single spin the differences are power broadening, not 
found for the linear response approximation, but present 
in the true system dynamics and final-state counting. 

C. Two coupled oscillators 

Since the single driven oscillator does not show power 
broadening, we do not antiCipate power broadening for 
the coupled-oscillator model of Eqs. (14) and (15). 
From the simple coupled oscillator expression without 
relaxation or driving, we expect resonance at 

(73) 

This is, essentially, just what is observed. The line 
shape is independent of €, and the linear response and 
direct power dissipation calculations agree for all 
values of the field strength. Additionally, the signal is 
predicted to depend on temperature only through the de
pendence of the relaxation constants r on T [compare 
Eq. (52)]. The only features of interest come from the 
relative sizes of jJ. and (WI - w2), which will determine 
how strongly the modes mix, and the effects of relaxa
tion. 

On comparing, for instance, the power dissipation in 
Figs. 1 and 2, we see that for weak damping, if IJ./(wl 
- w 2) = t, the resonances appear very near the unper
turbed frequencies [Eq. (73) predicts 598 and 652 em-I], 
and because the coupling is weak, energy from the field 
is absorbed only very weakly at w 2 ~u. When jJ. be
comes equal to (WI - w 2), the splitting is much larger 
(Fig. 2; predicted frequencies of 681 and 569) from Eq. 
(72), and the absorption is rather strong at u = 681. 
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FIG. 1. Direct method (DM) calculation of the power dissipa
tion for a two-oscillator system [Eqs. (14) and (15)]; only the 
first oscillator is coupled to the field. The parameters are 
indicated: r 2 =r2 =0.5 em-I, wI=600 em-I, w2=650 em-I, 
Il. = 10 cm-I , € = 10 em-I, and T = 200 em-I. The linear response 
(LR) and DM results for Figs. 1-5 are in agreement. 

It is interesting to note that unless energy is dissi
pated into the bath (i. e., unless r *0), there is no ab
sorption of power from the field. This is reasonable 
thermodynamically, since we are in a steady-state 
situation, and no energy can be absorbed by the system 
at steady state unless there is also an energy dissipa
tion channel. 

When the coupling between the "silent" modes (not 
directly field coupled) and the heat bath increases, the 
effective coupling between mode 2 and the field de
creases, and the absorption near w2 goes away (Figs. 
3-5). This may be understood semiclassically in terms 
of an interaction time: The decrease of lifetime as r 2 

increases means that there is no time for the coupling 
between modes 1 and 2 to be effective. The result is 
that, as r 2 increases with fixed values of the other 
parameters, one passes from weak, narrow absorption 
at W2 to a strong wide peak near the resonances of Eq. 
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FIG. 2. As in Fig. 1, but the oscillator coupling Il. has been 
increased, leading to larger splitting and a stronger relative 
absorption at the high-frequency peak. 
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FIG. 3. As in Fig. 2, but with oscillators closer in frequency 
and stronger damping in the second oscillator. 

(72) (Fig. 3) to a shoulder on the side of the main peak 
near WI (Fig. 4) to, finally, a narrow line Wi (Fig. 5) 
when r 2 exceeds iJ.. 

The behavior of the coupled harmonic oscillators is 
straightforward. It shows no special effects due to 
strong fields both because the spectrum is unbounded 
from above so that no population congestion occurs, 
and because the levels are all evenly spaced, so that no 
strong resonances or localization of energy in specific 
states, can occur. The last feature disappears when 
more realistic models (such as coupled Morse oscilla
tors) are considered. 

D. Two coupled two-level systems 

Both the linear response result Eq. (38) and direct 
calculation (simultaneous solution of the 15 steady -state 
equations described at the end of Sec. III) are rather 
complex in this case, and features are best discerned 
by actual comparison of calculated power dissipation. 
When the coupling to the field E is weak, one expects 
the linear -response and direct calculations to yield the 
same results. We have therefore renormalized the COn
stants out of the linear response result; Fig. 6 shows 
the two predicted power dissipation spectra for the 
weak-field case; they are, indeed, nearly identical. 
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FIG. 4. As in Fig. 3, but even stronger damping of w2 • 

J. Chem. Phys., Vol. 80, No.6, 15 March 1984 



R. Kosloff and M. A.Ratner: Beyond linear response 2359 

ex", 
Wo :z .... 
~ x 

481. 

321. 

160. 

G1 = 0.5 
G2 = 200 
OMI = 600 
OM2 = 620 
XMU = 20 
EPS = 10 
TEM = 200 

0.20 +----,...--::=:::....-,----'=--r------, 
500. 550. 599. 649. 698. 

FREQUENCY 

FIG. 5. As in Fig. 4, but strongly overdamped second oscil
lator leads to narrowing of peak at wI (relaxation decoupling). 

Some of the coupled-spin behavior can be fairly sim
ply understood by comparison with either uncoupled 
spins on the one hand or with coupled oscillators on the 
other. When the mode-mode coupling IJ. is fairly weak, 
the dominant effect of increased € is just to broaden the 
absorption near u = WI; this is simple power broadening, 
just as occurred for the single spin (Fig. 7). We also 
observe for coupled two-level systems, just as for 
coupled oscillators, that decoupling between the modes 
can be induced by making the lifetime (r 2)"1 short; this 
is shown (for coupled modes) in Fig. 8. The effect of 
temperature is simple: the constant K is related to the 
steady-state excitation value by Eq. (61), and therefore 
(for weak fields) the Fermion population at equilibrium 
requires 

(74) 

This (rather weak) dependence can be seen by compari
son of Figs. 9 and 10. 

If the coupling IJ. is decreased no oscillator strength 
is transferred to w2, which therefore loses the absorp-
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FIG. 6. DM (no circles) and LR (circled curve) power dissipa
tion for two coupled two-level systems [Eqs. (16) and (17»), 
with only the first coupled to the field. The field coupling € is 
small, so that the two calculations agree. 
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FIG. 7. As in Fig. 6, but only DM curves, showing increase 
of power broadening with increasing field coupling €, in € > r 
limit. 

tion peak (compare Figs. 11 and 12). 

Although increasing the relaxation rates r 1 and r 2 

normally would be expected to broaden the absorption 
line, there are ways in which increase of the relaxation 
rate can apparently decrease the linewidth. The first of 
these is the effective decoupling of the two modes, which 
is shown in Fig. 8, and which truly is a narrowing and 
has already been discussed. The second is simpler, 
occurs even for a single spin, is of some historical in
terest, and is only an apparent narrowing. If the re
laxation r is very small, there is no way for the system 
to dissipate power into the heat bath. Then the two
level system will reach a steady state in the applied 
field, but no further energy will be diSSipated and no 
signal will be observed; the line is not narrowed, but it 
is not seen. This simple situation occurs both in the 
linear response and direct calculations, and it was the 
choice of sample with extremely long relaxation time 
(small r) which prevented Gorter from discovering nu
clear magnetic resonance. 17 
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FIG. 8. As in Fig. 7, but showing effects of relaxation de
coupling. As r 2 goes from «iJ. to g! iJ. to » iJ., the line starts 
narrow, then broadens and shifts toward wI, finally narrowing 
again for r 2 » iJ.. 
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FIG. 9. As in Fig. 6, but with stronger field and intersystem 
coupling. Note broadening of DM response. 

As expected, the behavior of the linear response re
sults diverge strongly from the correct direct result 
when E is fairly large (compare Figs. 13-16). There
fore we now focus on the direct calculation to examine 
the behavior of a strongly pumped situation. There is 
one rather striking observation which is, really, quite 
unexpected; this is the central peak which occurs close 
to the average of wI and W2' This central peak requires 
both large Il (compared to wl -w2) and large E to occur; 
if Il is too small or E is too small it is absent. For
mally, this behavior comes about from the coupling of 
three of the 15 equations for the operators at the end of 
Sec. III. These three equations of motion (in the rotat
ing frame) are 

a/at(ai + ai) =i(u + w)[aj - ail 

-illatlai -ail-rl(aj +ai) , (75) 

a/at[af(ai - ai)l = i(u + w2)[at(a2 + ai)l - iEajai - iEa2ai 

+ iE(a2ai + aiaj) - iW 4(aj + ai) 

+ K I (ai - ai) - (2r 1+ r2)a·(ai - ai) , (76) 

a/a tajai = i(2u + wI + w2)aja2 - iEatai - (r I + r 2)ajai. (77) 

The operator (ai + ai) itself enters into the power (or 
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FIG. 10. As in Fig. 9, but for lower temperature; note very 
small influence of T in this regime. 
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FIG. 11. As in Fig. 7, but smaller field coupling and greater 
W2- W j. 

line shape) expressions. It is coupled via Il to af(ai 
- ai), which in turn is coupled via E to ajai. The equa
tion for o-jo-i contains a factor (2u + wI + w2), and this 
goes to zero, resulting in strong absorption, for I u I 
= (WI + w2)/2, the averaged frequency. Physically, if 
the two spins are strongly coupled (via Il) and at the 
same time coupled to the radiation field (via E), the 
photon is apparently in some way split between the spins. 
We are not aware of any experimental situation in which 
such a central peak has been seen, though it would seem 
that the magnetic resonance situation (in which the power 
broadening is easier to bring about) would be a reason
able place to look for it (see below). Such a central 
line cannot occur in the linear response calculation 
since only two equations are coupled, hence only two 
resonance frequencies can emerge. 

The central peak is (from 75-77 and 44) second order 
in E, first order in Il, while the overall line is first 
order in E. Thus for small E (linear limit), the central 
peak cannot appear. On the other hand, when even 
larger values of E are considered, the effective opera-
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FIG. 12. As in Fig. 11, but with much decreased intersystem 
coupling Jl-the second spin is now not seen, since it cannot 
effectively take oscillator strength from system 1 via Jl. 

J. Chern. Phys., Vol. 80, No.6, 15 March 1984 



R. Kosloff and M. A Ratner: Beyond linear response 2381 

192. 

129. 

64 8 

Gl = 5 
G2 = 5 
OMI = 600 
OM2 = 650 
XMU = 50 
EPS = 20 
TEM = 200 

o . 98 --l--._-!IE2;!::::=::----,----~---=:.."..., 
500. 550. 600. 649 699. 

FREOUENCY 

FIG. 13. As in Fig. 6, but now both /I, and € are large. Note 
significant difference between LR curve (with circles) and DM 
curve (line), particularly the appearance of the third, central 
peak in the latter. This central peak is second order in € 

and first order in /1" so it requires significant values of both 
to be seen. 

tor algebra which is coupled to the field becomes closer 
to the full 15-function system. Then the number of ex
citations coupled to the field gets large, with concomi
tant complex line shapes (Fig. 16), including features 
which strongly resemble Fano antiresonances. 18 

V. REMARKS 

The importance of nonlinear response to applied fields 
has long been recognized; in the simplest form of power 
broadening or saturation broadening it occurs in stan
dard texts on microwave spectroscopy, 19 laser phys
ics, 16 and magnetic resonance. 4 Generally, however, 
spectroscopy is described from the viewpoint of per
turbation theory: this leads, in the density matrix 
formalism, to linear-response theory. 1-3 USing this 
approach, the line shape is linearly proportional to the 
field strength €. Extensions beyond the validity range 
of linear response theory are generally of three types: 
most commonly, Bloch-type equations are employed to 
describe non-Hamiltonian evolution of the system vari-
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FIG. 14. As in Fig. 13, but only DM shown, with weaker 
damping. Note strong, sharp central peak. 
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FIG. 15. As in Fig. 14, but showing more power broad.ening. 

abIes; for certain cases, restricted sets of motion equa
tions are studied; for optical excitations, a power series 
in the field is developed2o in which the coefficients are 
the higher order polarizabilities. In the particularly 
important case of microwave saturation, a solution is 
obtained by calculation of the power dissipated in the 
photostationary state l9

; it is precisely this latter ap
proach which underlies the calculations presented here. 

. There are many advantages to the linear-response 
formalism 2: it is fairly easy to use for nonthermal per
turbations, it is well defined in both quantal and classi
cal systems, and it is easily understood in fluctuation/ 
dissipation termslO: the diSSipated energy in a pertur
bation experiment is proportional to the spontaneous 
fluctuations in the unperturbed system (at identical fre
quency). On the other hand, linear response will fail 
for the situation in which the system-field coupling, 
which we have characterized by €, approaches in value 
the other characteristic energies of any given system. 
This situation, common in microwave studies and mag
netic resonance, is also relevant for modern experi
ments with high-energy lasers. Linear response will 
also fail when conSidering any of the nonlinear spec-
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FIG. 16. As in Fig. 15, but for weak damping (small fl. 
Note Fano-type (antiresonance) line shape, with very rounded 
shape near primary frequency wI' 
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troscopic techniques (CARS, four-wave mixing, CSRS, 
and coherent Rayleigh scattering) in which several pho
tons are in fact involved. The direct calculation of the 
dissipated power, which was proposed by Spohn and 
Lebowitz5 and is expanded upon and pursued here, offers 
several important advantages for calculating the absorp
tion spectrum: It calculates the very same data (power 
dissipated) which is measured experimentally, it is not 
based on any perturbation expansion, and therefore can 
be extended to arbitrary values of the system and bath 
coupling parameters. It is as easy to implement calcu
lationally as the linear-response method, and it can be 
combined with the semigroup analysis l3 -

15 of the system
bath Hamiltonian and self-consistent decouplings of the 
operator algebra as generated by a selected equilibrium 
density matrixl6 ,21 to handle even very strongly coupled 
situations. Further applications, notably to the impor
tant model system of an oscillator coupled to a spin, 
are in progress in our laboratories and will be reported 
soon. 

Of the particular features observed in the present 
calculations but not in linear response, some (power 
broadening) are experimentally well known, while others 
(notably the predicted central peak for the coupled-spin 
system) have not, to our knowledge been observed. In 
the case of microwave or magnetic resonance spectra, 
for which the field interaction can be quite strong (as 
evidenced by the power broadening), we expect that this 
peak can easily be found. 

Dick and Hochstrasser22 have recently developed a 
density operator technique for calculation of nonlinear 
spectra, and have even included the effects of several 
Fourier components, rather than simply a single one 
[at frequency u as in Eqs. (15) and (17) J. Their tech
nique differs in several details from that presented 
here, notably in being based on Liouville, rather than 
Heisenberg, equations of motion; also bath coupling 
terms and the semigroup formalism are not included in 
their treatment, which finds density matrix elements 
of the molecule/field system. Each approach has its 
advantages; both should be of real use in the nonlinear 
regime. 
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