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in an MCSCF wave function to assure it is a reasonable 
representation of a state of the system. For the nth state 
of a certain symmetry, these include the following: (i) the 
full Hessian has n - 1 negative eigenvalues, (ii) the 
MCTDHF is stable and has n - 1 negative excitation en- 
ergies, (iii) the state is the nth state in energy of a CI with 
MCSCF configurations. Ideally, all of these criteria should 
be fulfilled. However, there are cases where one or more 
of these are not fulfilled, e.g., near avoided curve crossings. 
Also new calculational results for the 21A1 state in CH2 and 
the second lZg+ state of Cz have been presented. 

Generalizations of Newton-Raphson and multiplicity 
independent Newton-Raphson procedures are presented 
and analyzed. We have shown how quadratic, cubic, 

quartic, ... convergence may be obtained with fixed Hes- 
sian-type approaches. Sample calculations are presented 
for convergence to the E3Z,- state of 02. 
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A brief discussion of the Kolmogorov entropy interpretation of classical mechanical chaos and quantum mechanical 
chaos is given. It is pointed out that if a quantum mechanical Kolmogorov entropy is constructed to be analogous 
to a classical mechanical Kolmogorov entropy, then, for the case that the spectrum of the quantum mechanical 
system is discrete, the Kolmogorov entropy vanishes and there is no chaos, irrespective of the behavior of the 
corresponding classical mechanical system. A simple model which illustrates the deviation between classical 
and quantum dynamics with respect to chaos is also discussed. 

I. Introduction 
Recent advances in the theory of classical dynamics, 

particularly those concerning the onset and nature of dy- 
namical chaos in Hamiltonian systems,l-s have stimulated 
two very different approaches to understanding the cor- 
responding quantum dynamics. One category of studies 
is concerned with the general relationship between classical 
and quantum mechanics: the nature of the transition 
between them, and the development of convenient and 
accurate algorithms for so-called semiclassical quantiza- 
tion."'-" The second category of studies is related to 

(1) See, for example, the set of papers of "Topics in Nonlinear 
Dynamics", AZP Coni. h o c .  No. 46, 1-403 (1978). 

(2) V. I. Arnold and A. Avez, "Ergodic Problems of Classical 
Mechanics", W. A. Benjamin, New York, 1974. 

(3) B. V. Chirikov, Phys. Rep., 52, 263 (1979). 
(4) G. Benettin, C. Froeschle, and J. P. Scheidecker, Phys. Rev. A ,  19, 

2454 (1979); G. Benettin, L. Galgani, and J. M. Steclyn, ibid., 14, 2338 
(1976). 

(5) A. Kolmogorov, Dokl. Akad. Nauk. SSSR, 124, 774 (1959). 
(6) V. A. Rokhlen, Usp. Mat. Nauk., 22, l(1967) [Math. Surveys, 22, 

(1967)l; V. A. Rokhlin, Izu. Akad. Nauk. SSSR, Ser. Mat., 25,499 (1961) 
[Am. Math. SOC. Transl., 39, (2), 1 (1964)l. 
(7) Ya. Sinai, Zzv. Akad. Nauk. SSSR Serv., Mat., 25,899 (1961); 30, 

15 (1966) [Am. Math. SOC. Transl. 39 (2), 83 (1964); 68 (2), 34 (1967)l. 
(8) Ya. B. Pesin. USD. Mat. Nauk.. 32 (4). 55 (1977) [Math. Suruevs. 

I . I ,  . I .  " ,  
32,'(4), 55 (1977)l.' A 

(9) See, for example, M. V. Berry, J. Phys. Chem., article in this issue, 
and ref 1 ~.~ ~. 

(10) M. C. Gutzwiller, J. Math. Phys., 8,1979 (1967); 10,1004 (1969); 

(11) C. Jaffe and W. Reinhardt, J. Chem. Phys., 71, 1862 (1979). 
(12) I. C. Percival, J. Phys. A ,  7,794 (1974); Adu. Chem. Phys., 36, 1 

(1977). I. C. Percival and N. Pomphrey, J.  Phys. B, 32, 97 (1976). 
(13) M. V. Berry, Phil. Trans. R. SOC. London, Ser. A ,  287,237 (1977); 

J. Phys. A ,  10,2083 (1977); M. V. Berry and M. Tabor, Tabor, Proc. R. 
SOC. London, Ser. A, 349, 101 (1976). 

(14) S. Chapman, B. C. Garrett, and W. H. Miller, J. Chem. Phys., 64, 
502 (1976); W. H. Miller, ibid., 63, 936 (1975). 

11, 1971 (1970); 12, 343 (1971). 

attempts to improve understanding of intramolecular dy- 
namics, in particular the relative rates of vibrational re- 
laxation, isomerization, dissociation, and other process- 
es.lgZo It is usually assumed that the onset of chaos in 
the classical mechanical model signals the onset of rapid 
intramolecular energy transfer in the corresponding 
quantum mechanical model. In turn this assumption 
presupposes that dynamical chaos in classical and quantum 
mechanical models of the same system occur under nearly 
the same conditions, e.g., nature of excitation and energy, 
and that the existence of chaos in a classical mechanical 
system implies the existence of chaos in the corresponding 
quantum mechanical system. In this brief note we will 
confine our comments to the second category of investi- 
gations. We will argue, referring the reader elsewhere for 
details,21 that the interference effects inherent to quantum 
dynamics render it different from classical dynamics. 
Indeed, when a common quantitative measure of chaos is 
employed, namely, the Kolmogorov it is found 
that a bounded quantum mechanical system cannot exhibit 
chaos even when the corresponding classical mechanical 
system does. This result implies that we must interpret 
the dynamical predictions derived from classical me- 
chanical models with considerable care, keeping in mind 

(15) D. W. Noid and R. A. Marcus, J. Chem. Phys., 62, 2119 (1975); 

(16) R. T. Seimm and J. B. Delos, J. Chem. Phys., 71, 1706 (1979). 
(17) G. C. Schatz and T. Mulloney, J. Phys. Chem., 83, 989 (1979). 
(18) K. S. J. Nordholm and S. A. Rice, J. Chem. Phys., 61, 203, 768 

(19) E. J. Heller, J. Chem. Phys., 72, 1337 (1980); Chem. Phys. Lett., 

(20) K. G. Kay, J. Chem. Phys., 72, 5995 (1980). 
(21) R. Kosloff and S. A. Rice, J .  Chem. Phys., 74, 1340 (1981). 

W. Eastes and R. A. Marcus, ibid., 61, 4301 (1974). 

(1974); 62, 157 (1975). 

60, 338 (1979). 
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the warning given by Einstein concerning the analysis of 
physical phenomena: “Everything should be made as 
simple as possible, but not simpler.” 

11. Kolmogorov Entropy. Classical Dynamics 
Consider, first, dynamical chaos in a classical mechanical 

Hamiltonian system. When chaos occurs the motion of 
the system is mixing, which is a much stronger condition 
than ergodicity and, indeed, implies ergodicity.2 In the 
regime where dynamical chaos occurs, a trajectory even- 
tually uniformly fills the accessible region of the energy 
surface, the correlations between dynamical variables 
vanish as t - 03, and two trajectories corresponding to 
infinitesimally different initial conditions separate from 
one another exponentially fast. The e-folding time for the 
exponential separation of trajectories is determined by the 
Kolmogorov entropy, a quantity first defined formally in 
an entirely different way.5 In that formal definition it is 
imagined that the system phase space is partitioned, and 
an information entropy22 is associated with that partition. 
The partition is then allowed to evolve under the equations 
of motion. Of course, the volume of each phase space cell 
defined by the partition is an invariant of the motion 
(Liouville’s theorem), but the shape of the phase space cell 
is not conserved. Consider one time step. To measure the 
distortion of the shape of the cell in phase space, under 
the evolution generated by the equations of motion, the 
product partition, consisting of all intersections of the 
initial partition and the evolved partition, is used to define 
a conditional information entropy;22 this conditional in- 
formation entropy is a measure of the overlap between the 
initial partition and the evolved partition. The procedure 
described can be generalized to account for distortion of 
the phase space cell in n time steps; the joint partition, 
which is the product of all the partitions produced by 
evolution for n time steps under the equations of motion, 
is then used to define the average information entropy per 
time step _for a given initial partition P(O) and evolution 
operator Ut by the limiting process 

h (P(O), ot) = lim - h (P(O)V otP(0)V.. . V ot”P(O)) 
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(1) 

n-m n 

The Kolmogorov entropy is defined by 

Rice and Kosloff 

sufficient to represent the kind of randomization on the 
microcanonical energy surface that is assumed in statistical 
models of reaction. 

(ii) If the spectrum of the time evolution operator ot is 
discrete, the Kolmogorov entropy is zero. 

111. Kolmogorov Entropy. Quantum Dynamics 
Consider, now, the quantum mechanical description of 

a system which undergoes the classical mechanical qua- 
si-periodic-to-chaotic-motion transition. We wish to an- 
swer three questions concerning this system: 

(i) Is there an analogue of dynamical chaos in the 
quantum mechanical description? 

(ii) If the answer to (i) is yes, how rapidly does an ar- 
bitrary initial state approach the state with quantum dy- 
namical chaos? 

(iii) If the answer to (i) is yes, and we know the answer 
to (ii), can we invent a means to prepare the system that 
exploits phase memory and interference effects in such a 
manner as to alter the time evolution of the system on a 
scale that permits other processes to compete with vibra- 
tional redistribution? 

At the present time it is possible to give an answer to 
(i), but not to (ii) and (iii), although the answer to (i) which 
is provided by the work of Kosloff and Rice21 has impli- 
cations for the answers to (ii) and (iii). 

In order to answer question (i) we must select a criterion 
which signals the transition to chaotic behavior, which 
means we must decide what we mean by chaotic behavior 
in quantum mechanics. And, to make the relationship 
between the two descriptions as direct as possible, the same 
criterion must be used to define dynamical chaos in clas- 
sical and quantum mechanics. Because of differences in 
the conceptual structures of classical and quantum me- 
chanics, it appears that only the Kolmogorov entropy can 
serve as a common objective criterion for the existence of 
dynamical chaos. We will not discuss the several subjective 
criteria which have been proposed for the purpose of as- 
certaining the existence of quantum dynamical chaos.l8aU 
It suffices, for the purposes of this paper, to note that all 
of these criteria retain for all t the interference effects and 
phase relations characteristic of the quantum dynamics, 
and therefore none of the criteria define the conditions 
which lead to mixing, as does the criterion for classical 
dynamical chaos. Moreover, none of the suggested criteria 
are directly comparable with an objective criterion for 
classical dynamical chaos. 

The preceding statement concerning the apparently 
unique property of the Kolmogorov entropy as an objective 
indicator for dynamical chaos will be considered by some 
to be a dogmatic assertion, particularly in view of the 
arguments advanced by Heller.lg The controversy turns 
on several issues, one of the important ones being our 
emphasis on the need to use a common measure for the 
description of chaos in classical and quantum mechanical 
systems. One example of how we interpret “common” is 
the following. In classical mechanics chaos is, or is not, 
a property of a system with a specified energy, and exam- 
ples are known for which chaotic and quasiperiodic dy- 
namics alternate as the energy is varied.28 It seems clear 

hK sup h(P,ot)  
P 

that is, by that partition which maximizes the average 
information entropy per time step for given Ut. 

To the best of our knowledge, the Kolmogorov entropy 
provides the only quantitative measure of dynamical chaos. 
And, despite the abstract nature of the formal definition, 
Pesen’s theorem,8 which relates the Kolmogorov entropy 
to an integral over phase space of the Liapanov charac- 
teristic numbers of a trajectory, both connects the concepts 
of overlap of successive partitionings of phase space and 
exponential separation of trajectory pairs and provides an 
alogrithm for the calculation of the Kolmogorov entropy. 
Note also that the definition of the Kolmogorov entropy 
implies that it refers to an asymptotic state ( t  - m )  of the 
mechanical system. 

For our purposes the two most important properties of 
the Kolmogorov entropy are the following: 

(i) If hK > 0, the system is in a state of dynamical chaos. 
If h K  = 0 the motion of the system is quasiperiodic or, in 
exceptional cases, weakly mixing. At the present time it 
does not appear that the condition of weak mixing is 

(22) A. Ash, ‘Information Theory”, Wiley-Interscience, New York, 
1965. 

(23) R. M. Stratt, N. C. Handy, and W. H. Miller, J .  Chem. Phys., 71, 
3311 (1980). 

(24) I. C. Percival, J.  Phys. E, 6, 1229 (1973); N. Pomphrey, J. Phys. 
E, 7, 1909 (1974); I. C. Percival and N. Pomphrey, Mol. Phys., 31, 97 
(1976). \ - - .  -,- 

(25) D. W. Noid, M. L. Koszykovski, and R. A. Marcus, J. Chem. 

(26) J .  S .  Hutchinson and R. E. Wyatt, Phys. Rev. A, 23, 1567 (1981). 
(27) R. Ramaswamy and R. A. Marcus, J. Chem. Phys., 74, 1379 

Phys., 72, 6169 (1980). 

(1981). 
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of the following: Consider an ensemble of identical systems 
in a state defined by the density operator ji At each of 
the times t,, t2,  ..., t,, ... a sample is extracted from the 
ensemble and the observable A measured; after each ex- 
traction of a sample the remainder of the ensemble is 
allowed to evolve undisturbed. It is a feature of this 
sampling method that measurements at different times do 
not interfere with each other. In general, if H is a Hilbert 
space, {P) the set of orthogonal projections on H, and] is 
a density operator with unit trace, then the triple (H,{Pj,p) 
is the quantum probability counterpart to the classical 
probability space (I',Q,p), where in the classical case the 
elements of I' correspond to the possible outcomes of a 
random experiment, the sets in D correspond to random 
events, and the measure p(A)  for A E D gives the proba- 
bility that the random event occurs. In terms of this 
counterpart we have the following strong theorem:32 

If (I',Q) is a measurable space, there exists a Hilbert 
space H and a a-isomorphism T, from D to the set {Pj of 
orthogonal projections on H. For any probability measure 
p on (I',!2) there exists a density operator p such that p(Q) 
= Tr [T,(D)p] for every fl E I'. For any class of random 
variables If,} oq (I',Q) there exists a class of observables 
{A,} such that PA(E) = T,[f,-'(E) J for every E contained 
in the Bore1 subsets of I'. 

In terms of this theorem, the Kosloff-Rice definition of 
the quantum mechanical Kolmogorov entropy 

h K  E SyP h(O,A$) (3) 

is in one-to-one correspondence with the lclassical me- 
chanical Kolmogorov entropy. In (3), h( U,A,p) is the av- 
erage information entropy associated with measuring the 
observable A 

to us that an analogy between classical and quantum 
mechanical chaos based on the behavior of wave packets, 
which represent quantum mechanical states with a dis- 
persion in energy, necessarily exploih aspects of the system 
dynamics that differ from those used in the rigorous 
definition of classical mechanical chaos, and to that extent 
is subjective. Of course, it may be that there is a more 
general objective criterion for chaos than nonzero Kol- 
mogorov entropy, and that this more general criterion can 
be applied to both classical and quantum mechanical 
systems, but we do not know of such a criterion. 

Kosloff and Rice2' have proposed a quantum mechanical 
generalization of Kolmogorov entropy. Their analysis is 
based on an interpretation of the prescription used to 
define the classical mechanical Kolmogorov entropy, 
namely, the successive partitioning of the system phase 
space r. The microstate of a classical mechanical system 
can be represented by a point r in the phase space r, and 
the evolution of the microstate by the trajectory r(t) that 
satisfies the equations of motion for the given initial 
conditions. Any particular partition, P(O), which consists 
of a collection of nonempty nonintersecting sets that 
completely cover r, also defines a set of macrostates of the 
system, each macrostate consisting of all the microstates 
whose representative points lie within one of the sets of 
points of I' generated by that particular partition. Thus, 
a partition P(O) of the phase space can be thought of as a 
specification of the set of all possible outcomes of an ex- 
periment which, a t  time to, determines the macrostate of 
the system. Put another way, the possible outcomes of an 
observation of the macrostate of the system are mapped, 
by the definition of the partiton P(O), into the corre- 
sponding sets of points which represent those macrostates. 

The partitioning of the phase space I' leads to the con- 
sideration of a classical probability space; in this proba- 
bility space a random variable corresponds to a measurable 
quantity for the random experiment. If B is some subset 
of the possible outcomes, and f is a random variable, f-'(B) 
is the event that f has a value in B and pf pu-'(B)] is the 
probability of that event, where pf is the distribution of 
f and the expectation value of f is Sf dp. In classical 
probability theory, successive observations do not interfere 
with one another and the corresponding random variables 
commute. 

The interpretation of the partitioning of phase space as 
a measurement of the macrostate of the classical me- 
chanical system led Kosloff and Rice to construct an 
analogous measurement procedure for a quantum me- 
chanical system. In quantum mechanics the probability 
that an observable A has a value in the set B when the 
system is in the state descrjbed by the density operator 
5 is Tr  @PA(B)) where &PA(B) = 1 is the relsolution of 
the identity operator for Thus Tr (5PAB) is the 
distribution of the observable A in the state represented 
by 5, and comparison of the classical and quantum me- 
chanical definitions shows that observables correspopd to 
random variables, and their projection operators P A @ )  
correspond to events. I t  can be shown that any finite 
number of observables can be treated as random variables 
if and only if they commute.32 Kosloff and Rice meet this 
condition by defining the measurement process to consist 

(28) M. K. Ali and R. L. Somorjai, Physica, lD, 383 (1980). 
(29) J. von Neumann, "Mathematical Foundations of Quantum 

(30) H. Krips, J. Math. Phys., 18,1019 (1977); Found. Phys., 4,181, 

(31) A. Gleason, J. Math. Mech., 6, 885 (1957). 
(32) S. Gudden, "Stochastic Methods in Quantum Mechanics", North 

Mechanics", Princeton University Press, Princeton, NJ, 1968. 

381 (1974). 

Holland, Amsterdam, 1979. 

(4) 

and 0 is the time evolution operator of the system. 
h(A,,p,) depends on the combined density operator p ,  
representing the correlated state of the system for all times 
t l ,  t2,  ..., t,, and the combined observable operator A,  
representing the observable A for all times tl ,  t2, ..., t,. In 
analogy with the classical mechanical case, the definition 
(3) calls for choosing from the set of all possible operators 
cor_re?ponding to observables that which maximizes 
h(U,A,$). This definition of h K  is very general and does 
not depend on how chaos is generated. 

Because of the one-to-one correspondence between the 
classical and quantum mechanical Kolmogorov entropies, 
the inference that the Kolmogorov entropy is zero when 
the time evolution operator has a discrete spectrum is valid 
in both quantum mechanics and classical mechanics. This 
simple property of the Kolmogorov entropy implies the 
possibility for an important difference between classical 
mechanical and quantum mechanical motion on the same 
potential surface. Thus, if we consider the motion of a 
bounded system, the spectrum of the quantum mechanical 
evolution operator is always discrete, whereas that of the 
classical mechanical evolution operator is discrete in the 
quasiperiodic domain and continuous in the chaotic do- 
main. Therefore, for bounded motion on the same po- 
tential surface, chaotic classical mechanical motion does 
not have a quantum mechanical analogue, at least insofar 
as chaos is defined by the existence of a nonzero Kolmo- 
gorov entropy. 

In one sense the preceding argument that the quantum 
mechanical motion in a bounded system cannot be chaotic 
is trivial, since it is only a reexpression of the+wel€-known 
fact that a system with a discrete spectrum must be almost 

1 h(O,A,fi) E ) i  -$,,in) 



2156 

periodic. In another sense, that same argument is pro- 
found, in that i t  reminds us that interference effects and 
phase relations distinguish quantum mechanics from 
classical mechanics, and unless these are washed out dif- 
ferences between the two kinds of dynamics will persist. 
Furthermore, recognition of the importance of the discrete 
spectrum permits us to focus attention on that aspect of 
the preparation of the system most likely to lead to 
avoidance, or postponement, of dynamical chaos, namely, 
control of the phase of the excitation, possibly by multiple 
pulse techniques. Finally, recognition of the importance 
of the discrete spectrum leads to the expectation that in 
real molecules it should be possible to observe and exploit 
interference phenomena and quasiperiodic dynamics until 
the radiative widths of the levels overlap, and even then 
there ought to be residual interference effects so long as 
there are resonances in the continuum, i.e., the continuum 
is not smooth. 

IV. A Model Calculation 
There are now several examples in the literature illus- 

trating the lack of sensitivity of quantum dynamics to 
passage of the corresponding classical dynamics from 
quasiperiodic to We refer the reader to the 
original papers for the details of these calculations, as well 
as for the arguments used to interpret apparent “KAM- 
like” behavior observed in some calculations.21 To make 
the abstract arguments of sections I1 and I11 more explicit, 
we consider a simple model proposed by Casati, Chirikov, 
Ford, and I ~ r a e l e v , ~ ~  along with interpretations of its be- 
havior due to Kosloff and Ricez1 and Chirikov, Israelev, 
and Shepelyan~ky.~~ 

Chirikov and co-workers have studied the classical and 
quantum dynamics associated with the abstract “standard 
mapping” defined by 

p 
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p + K sin n 

f = x + p = x + p + K sin x ( 5 )  

The phase space for these mapping is periodic in both x 
and p ,  and there is a critical value of K, namely, Kd above 
which the motion is chaotic and unbounded, while for K 
< Kcrit there are chaotic regions of complex structure 
bounded in p embedded in the domain of quasiperiodic 
behavior. Numerical calculations give the value Kcrit N 

0.989. 
As shown below, the abstract mapping (5 )  is equivalent 

to that defined by the classical Hamiltonian 

Rice and Kosloff 

m12w02 cos 8 aT(t/T) Ps2 
2m12 

H=-- 

m 

sT( t /T )  = C cos (2~nt /7‘)  (6) 
n=-m 

which describes a pendulum of fundamental frequency wo 
= & / l ) 1 / 2  subject to periodic “kicks”, with period T. The 
following text, drawn mostly from the work of Chirikov 
et a1.,35136 compares the quantum and classical dynamics 
of this model system. 

Classical Mechanics. The equations of motion are 

(33) E. Nelson, “Dynamical Theories of Brownian Motion“, Princeton 

(34) B. A. Waite and W. H. Miller, J. Chem. Phys., 74, 3910 (1981). 
(35) G. Casati, B. V. Chirikov, J. Ford, and F. M. Israelev, Lect. Notes 

Phys., 93,334 (1979). (‘Stochastic Behavior in Classical and Quantum 
Hamiltonian Systems”, G. Casati and J. Ford, Ed., Springer-Verlag, 
Berlin, 1979). 

(36) B. V. Chirikov, F. M. Israelev, and D. L. Shepelyansky, preprint. 

University Press, Princeton, Nj, 1967. 

ps = -m12w02 sin 8 ST(t/T) 

O = ps/mP (7) 

Let 8, and be), be the values of 8 and p s  just before the 
nth “kick”. Integration of the equations of motion for a 
time T gives 

= (Po), - m12w02T sin 8, 

8n+1 = 8, + (Ps)n+lT/m12 (8) 

With the definitions Pn = (ps),T/m12, K = w ~ P ,  eq 8 
reduce to 

P,+l = P, - K sin e,, 
8,+1 = 8, + P,+l = 8, + Pn - K sin 0 ,  (9) 

which is in the form of the standard mapping ( 5 ) .  
In the limit T - 0, for which the time between “kicks” 

vanishes, the gravitational potential acts continuously, and 
the motion becomes that generated by the integrable 
pendulum Hamiltonian. As T increases away from zero 
the motion increasingly deviates from that of a pendulum, 
and eventually becomes chaotic. When K w:!P is small, 
most mapping orbits continue to lie on simple invariant 
curves (KAM theorem); for 0 < K < 1 the momentum 
variation is bounded with lAPl a K112. Numerical calcu- 
lations show that some of the simple invariant curves 
persist as K approaches unity. For K > 1 all the previously 
existing simply invariant curves disappear and most 
mapping orbits become chaotic point sets. For K >> 1 
numerical calculations imply that the P motion is de- 
scribable by a random walk diffusion equation of the form 
(P2) = (ICz/2)t, with the average computed over many 
orbits having different initial conditions (or over many 
segments of the same orbit) for integer time t = n mea- 
sured in units of the period T, and for initial value P = 
0. The diffusion of P is to be expected since we can write 

(10) 

For the case Po = 0, (P, - Po)2 averaged over 8, and &, each 
taken to be a uniformly distributed random variable, gives 
just (Pa) = (P)(n/2). The numerically computed angular 
momentum distribution for K >> 1 is consistent with this 
diffusion process in that it has the time-dependent 
Gaussian form 

n-1 

j,k=O 
(P, - Po)2 = K2 C sin 8, sin 8 k  

f(P) = [ K ( ~ t ) ’ / ~ ] - l  exp(-P2/K2t) (11) 

corresponding to P, = Po - KEY:; sin 8, being a sum of 
independent random variables. 

Quantum Mechanics. Since the Hamiltonian of the 
kicked pendulum is also that of a perturbed rotator, the 
system wave function can be expanded in terms of free 
rotator wave functions: 

(12)  
1 ”  $(O,t) = - An(t)eins 

Over any period T between “kicks” the free evolution leads 
to only a change in phase of the expansion coefficients 

A,(t + 7‘) = A,(t)e-iEnT/* 
= An(t)e-in2r/2 (13) 

with E, = n2h2/2m12 and r = hT/m12. On the other hand, 
during a “kick” 

fir n=-m 
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which can be integrated over the infinitesimal duration of 
the “kick” to yield 

+(e,t+P) = +(9,t+T)eikcoso (15) 

mlZw?T/h. After expansion of both sides of (15) 

A,(t+TC) = C A,(t)in-rJn_,(k)e-ik“/2 (16) 

with J, the ordinary Bessel function of the first kind. We 
note that one “kick”coup1es approximately 2k levels, so the 
sum defining the mapping of A,  contains about 2k terms. 

We can actually determine the eigenvalue spectrum for 
this kicked pendulum modelz1 since there are two per- 
iodicities that generate constraints on the quantum dy- 
namics. The periodicity of the potential in 9 constrains 
changes in Po to multiples of the basic wave vector of the 
system; that basic wave vector corresponds to an angular 
momentum po = h. In addition, the periodicity of the 
potential in time leads to a constraint on energy transfers, 
all of which must be a multiple of the unit energy Eo 
h / T .  If E(n) is the energy prior to the nth “kick” 

with k 
in free rotor functions, and some algebra, one finds 

m 

,=--OD 

1 
-(mgo + 
2m12 

= m2E0 + E(”) 

with ml and m2 integers. This equation plays the role of 
a selection rule, defining for each initial state 
which values of ml and m2 are allowed. The composition 
of the final set of states, that is its distribution with respect 
to ml and m2, is very sensitive to the values of (Po), and 
E(”) and to the value of T. In this sense the quantum 
mechanical spectrum appears to retain the sensitivity to 
initial conditions characteristic of the corresponding 
classical solution in the chaotic domain. Note that when 
t = 4~ the motion of the system is periodic and the average 
energy grows proportional to t2; in this case Eo = p?/2m12, 
and unit energy and unit angular momentum are trans- 
ferred under the perturbation. 

Comparison of Quantum and Classical Mechanics. We 
can now compare the classical dynamics and quantum 
dynamics of the kicked pendulum. We have already noted 
that in the domain where the classical motion is chaotic 
the angular momentum distribution has the time-de- 
pendent Gaussian form (11). When the definitions of 7, 
P, and K are used, and the fact that Po = nh, the quantum 
mechanical version of (11) is 

f (n)  = [ k ( ~ t ) ’ / ~ ] - ’  exp(-n2/k2t) (18) 

where t is integer time measured in units of T. If the 
quantum mechanical motion mimics the classical me- 
chanical motion, we must find the following behavior: 

p(n) E IAnI2 .-+ f ( n )  (19) 

Let X = n2/k2t, fN(n)  = k(Tt)1/2f(n), pN(n) = k(at)’i2p(n). 
Then if the quantum dynamics is chaotic 

pdn)  = f d n )  = exp(-X) (20) 
In the classical mechanical chaotic domain we have 

so a plot of 4E/p will be linear in t. The average energy 
of the quantum mechanical system, in units of h2/m12, is 

If the quantum dynamics is chaotic we expect ( E )  0: t .  
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Flgure 1. Dependence of perturbed rotator energy on time as de- 
scribed in classical mechanics and quantum mechanics. 
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Flgure 2. The distribution function over the unperturbed levels of the 
rotator as described in classical mechanics and quantum mechanics. 

Chirikov and c o - ~ o r k e r s ~ ~  have carried out numerical 
calculations to compare the classical mechancal and 
quantum mechanical descriptions of the kicked pendulum; 
some of their results are shown in Figures 1 and 2. It is 
clear that only for very small values o f t  is there agreement 
between the classical and quantum mechanical behavior; 
as t increases the deviation between the two types of dy- 
namics increases. This finding is in agreement with the 
general prediction obtained from consideration of the 
classical and quantum mechanical Kolmogorov entropy. 
When t is small, the uncertainty broadening is larger than 
the average energy level spacing, and the system dynamics 
correspond to the existence of a continuum. In this limit 
the existence of classical mechanical chaos is mimicked in 
the quantum dynamics. However, as t increases the un- 
certainty broadening decreases and becomes smaller than 
the average energy spacing. In this limit, wherever the 
spectrum is discrete the quantum mechanical Kolmogorov 
entropy is zero no matter what the corresponding classical 
dynamics, hence the disagreement between the two kinds 
of dynamics as t increases. 

Chirikov has suggested36 that the apparently chaotic 
transient behavior for small t might occur on a time scale 
which dominates observable dynamical behavior. Clearly, 
this suggestion must be tested for particular systems, 
classes of observations, possible competing processes, etc. 
However, we note that even for t small there seems to be 
a difference between the classical and quantum dynamics 
when the spectrum is discrete. The fact that the predic- 
tions of classical and quantum mechanics diverge as t 
increases implies that phase memory has not been lost in 
the apparently chaotic domain in which the uncertainty 
broadening exceeds the mean level spacing, and therefore 
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even for small t the apparent quantum dynamical chaos 
is rather different from classical dynamical chaos. 

V. Concluding Comment 
The use of modern nonlinear mechanics in the inter- 

pretation of intramolecular energy transfer is in its infancy, 
yet it has already yielded a prediction concerning the 
difference between classical and quantum dynamics which 
challenges our understanding of the relative importance 

of competing molecular processes. It is clear that we have 
much to learn and, because of the subtleties of the dy- 
namics of nonlinear systems, we should avoid undue haste 
in making approximations about the dynamics of, or 
drawing analogies between, the behavior of different sys- 
tems. 
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Some consequences of classical chaos for semiclassical quantization, the correspondence principle, and molecular 
energy randomization are outlined. It is suggested that for many of the classically chaotic systems of current 
interest that the short to intermediate time motion is not actually very much different than for quasiperiodic 
orbits. This allows introduction of the concept of approximate constants of the motion (or vague tori). The 
existence of such approximate constants is used to quantize the classical motion, and to set up a framework 
for definition and calculation of mode-mode energy transfer constants. Preliminary results of calculation of 
such a rate constant are given. The possible relation of this calculation to quantum dynamics is briefly outlined 
in the two limits of "large" and "small" values of Planck's constant (an essential consideration for understanding 
such results). 

I. Introduction 
A .  The Background. In this overview I will be pres- 

enting work in several areas of classical and semiclassical 
mechanics, connected by the common theme of attempting 
to understand and/or exploit the phenomenon of chaotic 
classical dynamics for the understanding of intramolecular 
energy flow. I will be summarizing work carried out in 
collaboration with several student (C. Cerjan, C. Holt, C. 
Jaffg), postdoctoral (R. B. Shirts, J. 0. Eaves), and faculty 
(J. T. Hynes) collaborators and associates over the past 
few years. Without their intellectual input and stimula- 
tion, assistance, hard work, and cajoling, much of what is 
described here would have remained undone. What is 
presented here is what I would describe as a descriptive 
and geometric view of the results of this collaboration, 
combined with several speculations and conjectures. 

B. Geometry of Phase Space and Outline of Problems. 
Figure 1 shows a classical trajectory on the HBnon-Heiles 
coupled oscillator surface, and its corresponding Poincar6 
surface of section, which is defined in the figure caption. 
The Poincar6 section indicates that the trajectory flow is 
on an invariant manifold with the topology of a two-torus 
embedded in the four-dimensional phase space.'B2 The 
surface of section has cut the doughnut, and Figure 1b 
shows the two resulting closed curves, where the surface 
(x  = 0) intersects the two-dimensional surface. This phase 
space picture is the starting point of all that follows, in that 
(1) the invariant tori self-define the classical "modes" of 
vibration on the potential surface; (2) the tori provide a 
vehicle for semiclassical quantization;2 and, (3) absence of 
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the tori3 (i.e., classical chaos) forces us to ask a wide range 
of questions. The questions raised by the existence of 
classial ~ h a o s * ~ ~  include the nature of semiclassical quan- 
tization, the correspondence principle (i.e., does classical 
chaos have anything to do with quantum mechanics?), the 
basis for classical statistical theories of unimolecular de- 
composition, and the classical description of intramolecular 
rate proce~ses.~-~ 

In this lecture several of these points will be discussed. 
In section 11, after a brief review of "quantization on tori", 
it is pointed out that even in the case of complete classical 
integrability many problems remain in semiclassical 
quantization. It is contended that solution of these 
problems at  the level of purely integrable dynamics will 
go a long way toward alleviating anxiety with respect to 
quantum implications of classical chaos. Put another way, 
it is not the generic type of complexity of classical dy- 
namics which should concern us, but, rather, the scale of 
(whatever) complexity compared to h .  We can then di- 
rectly approach the question of chaotic dynamics of 
physically reasonable classical systems, noting that for the 
most thoroughly studied (HBn~n-Heiles,~ Barbanis,6 

(1) For example, V. I. Arnold, 'Mathematical Methods of Classical 

(2) I. C. Percival, Adu. Chem. Phys., 36, 1 (1977). 
(3) Reviews with introductory remarks about "chaotic" motion are as 

follows: M. V. Berry in "Topics in Non-linear Dynamics", S. Jorna, Ed., 
American Institute of Physics Conference Proceedings No. 40, AIP, New 
York, 1978, p 16, and references therein; J. Ford, ibid., p 121; J. Ford, 
Adu. Chem. Phys., 24,155 (1973). R. H. G. Helleman in "Fundamental 
Problems in Statistical Mechanics", Vol. 5, E. G .  D. Cohen, Ed., North- 
Holland, New York, 1980, p 165. 

(4) Many of these topics are discussed by other contributors to this 
issue of J .  Phys. Chem. 

Mechanics", Springer-Verlag, New York, 1978. 
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