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V-RT TRANSFER: A STUDY OF TWO OPPOSING DYNAMIC CONSTRAINTS * 

Avia KAFRI and Ronnie KOSLOFF 

Department of Physical Chemistry, The Hebrew University, Jerusalem, Israel 

Received 20 December 1976 

A procedure for the estimation of the relative rates of energy transfer among the vibrotational states of a diatomic 
molecule in a nonreactive collision is presented. It is found that these rates are dominated by two opposing dynamical con- 
straints: 1. Inertia of the linear momentum of the relative motion. 2. The tendency to conserve the molecular angular mo- 
mentum. The detailed product distributions are constructed by a procedure which masimizes the entropy of the density 
matrix subject to the dynamical constraints. The results are compared to experimental measurements and quantum me- 
chanical calculations. 

1. Introduction 

When a molecule collides with an atom, a rearrange- 

ment of its energy may occur. How this energy is par- 
titioned among the vibration, rotation and translation 
is the subject of this investigation. The results present- 
ed in this paper, suggest that the internal energy parti- 
tioning is governed mainly by two opposing dynamical 
constraints: 

(a) The tendency to conserve the linear momentum 
of relative motion. 

(b) The inertia of the angular momentum of the col- 
liding molecule. 

Processes of energy transfer are of practical impor- 
tance in tieIds such as chemical reaction kinetics [I], 
gas dynamics [2,3], upper atmosphere phenomena 
[43, and even astrophysics [5,6]. Moreover, energy 
transfer collisions form an important class of elemen- 
tary molecular processes, and as such are of great the- 
oretical interest. 

For some systems, energy disposal has become 
available through experiment [7-l l] and through cal- 
culations, either by classical trajectoy studies [12], 
or quantum mechanical approximations 113,141. 
Nonetheless, there is a need for a simple theory by 
means of which detailed cross sections can be predict- 
ed and classified, and which preserves the physical 
picture of the molecular encounter. This was the ori- 
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gin of mechanical models such as the well known. 
Landau-Teller model for V-T transfer [ 151 or its 
elaboration to include V-R-T transition by Moore [16]. 

In this paper we want to present a procedure based 
on the information theoretic approach, which takes in-. 
to consideration dynamical characteristics of the mo- 
lecular encounter. The procedure is based on a maxi- 
mum entropy of a generalized density matrix. We 
make use of the correlation between reactants and 

products as constraints defining the joint distribution. 
As a direct consequence of the formalism the micro- 
scopic reversibility is built in. 

In the analysis of vibrotational (V-RT) detailed 
cross sections we notice a few significant features-The 
dominant fact is the shift of the most probable rota- 
tional number with the variation of Au (the change in 
the vibrational number). This is common for both re- 
active [17] and nonreactive collisions [7]_ 

More detailed examination of the shift reveals the 
following facts: 

(a) The shift increases with the initial rotation. 
(b) The shift is proportional to the reduced mass 

of the colliding partner, and inversely proportional to 
the molecular reduced mass. 

(c) The shift is invariant to small changes in the ini- 
tial translational energy. 

Another interesting feature is the increase of the 
rotational distribution width with [Au]. 

The outcome of our procedure is consistent with 
these observations. The resulting rotational and trans- 
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lational joint distribution of the prod& in nonreac- 
tive molecular collisions is of the form: 

=P(i’,Eili, ET;E) exp(- Xr2- oAi2), (1) 

when I’ is the Linear momentum transfer and A j is the 
angular momentum transfer. h and ct are coupling pa- 
rameters between the reactants and products. 

The method we have employed is discussed in sec- 
tion 2. A detailed exposition of the maximum entropy 
procedure in the density matrix formalism can be 
found in appendix A. 

Section 3 describes the product rotation and trans- 
lation distributions, subject to dynamical constraints. 
Section 4 gives a summery of approximate analytic 
expressions of vibration rotation distributions for 
thermal reactants. (In appendix B we present the de- 
tailed derivation of these formulas.) The connection 
to the exponential gasp law is also demonstrated in sec- 
tion 4. Section 5 compares and appIies the results of 
the investigation to experimental and computational 
results. 

2. General framework 

In molecular collisions there exist two limits of 
behavior. A statistical Iimit which can be defined by a 
lack of correlation between reactants and products. 
All the final states are equahy probable irrespective of 
the initial conditions, subject to conservation laws 
[ 18-211 (such as energy and angular momentum con- 
servation). The other extreme is a narrow delta func- 
tion distribution. The actual case is somewhere in be- 
tween these extremes. 

Our procedure improves the results of the statistical 
theory by in&ding dynamic correIations between the 
reactants and products. The method we use to include 
these correlations is to translate them to constraints 
on a generalized density matrix. Because of the sym- 
metry of the constraints, microscopic reversibility be- 
comes automatically built-in. In appendix A we give 
the detailed discussion of the formalism and the re- 
sults applicable to V-RT energy transfer. 

We have limited our discussion to atom-molecule 
colIisions, although an extension of the theory to 
molecule-molecule collisions is possible. 

In seeking variables to describe the collision, we 
look for the variables which are conserved when no 
interaction takes place. Vectors are preferable to 
scalars (Iike the internal energy) since they carry more 
information. 

Our first choice of variable is the relative momen- 
turn transfer 

r=p’-p (2) 

p and p’ are the initial and final momentum of the re- 
lative motion. 

In elastic scattering all physical behavior can be de- 
scribed by this variable, because as a vector quantity, 
it describes the angular distribution. 

The qualitative success of the Born approximation 
[22] to describe inelastic scattering leads us to the 
concIusion that the momentum transfer variable is a 
good choice. The Born approximation is a method to 
describe the molecular encounter by defming the 
probability amplitude of the momentum transfer_ 

Our next choice of variable is the angular momen- 
tum transfer: 

Ai= f-j, (3) 

i and /are the initial and final molecular angular mo- 
mentum. This is a natural choice because it is immedi- 
ately connected to the conservation of the total angu- 
lar momentum. 

3. Translational and rotational distributions, subject 
to dynamical constraints 

3.1. The momentum trcnsfer dism’bution 

The simplest assumption that can be made on the 
momentum transfer is that there is no preference to 
any angle in space because of symmetry considera- 
tions. (This assumption is similar to the random walk 
assumption.) Therefore, the first moment of the mo- 
mentum transfer vanishes. 

We maximize the entropy of the density matrix 
subject to the constraint of a known second moment 
oft, c t2 1 = y-1. 

In the classIcaI limit we obtain: 

P(t)dt=exp(-yt2)t2drdQ. (4) 

To obtain the distribution of the recoil energy con- 
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ditioned on the initial translation we first integrate 
over the spatial angles !J. We get to the scalar measure 
of the momentum transfer: 

r2 = [(.E#2 - &)1’2]2 (5) 

(cf. appendix A). 
To a good approximation the conditional transla- 

tional distribution is: 

P(E;lE=;E) = 

= PO(E;-IE~;E) exp 1-x [(E+>v2 - (ET)1’Z]2},(6) 

where X = 2~7. p(.Ei 1 ET ; E) is simply the prior dls- 
tribution function (see appendix A). (The parameter 
X can be estimated from the potential surface 1231.) 

We dispense with further discussion of the problem 
of the momentum transfer distribution since it can be 
found elsewhere [24-261. 

3.2. Tk?e rotation angular momentum distn‘bution 

To obtain the rotation angular momentum distrlbu- 
tion we used the same procedure as for obtaining the 
density matrix of the linear momentum. Again, we 
adopted the unbiased assumption that all directions in 
space of Aj transitions are equally probable, so that 
the first moment of A j vanishes 

(Aj) =O, tAj2> = cu-l_ (7) 

Subject to these moments, we obtain the condi- 
tional distribution (up to a normalization factor): 

icj’ 
P(j’Ij. E;, ET. E) = !& (2k+l) exP[-d(k+l)]- 

(8) 
Both the linear momentum transfer and the angular 

momentum transfer distributions depend on a tem- 
perature-like parameters 1-l and (u-l. When hand OL 
tend to zero, the distributions become statistical. 

3.3. Joint distributions of the products 

3.3. I. The joint distribution tmnslation rotation 
The rotation and translation are dependent vari- 

ables, therefore the joint distribution is constructed 
from a marginal translational distribution and a con- 
ditioned rotation. 

In a single collision we have the vector equation of 
the total angular momentum conservation: 

J=lfj=Z’+j’. (9) 

Consequently, AI = - Aj.Likewise, any probability 
moment of eq. (9) must hold 

(All’) = ((- A j)n>_ (10) 

From symmetry consideration (A j> vanishes, and 
the second moment equation gives us the desired cor- 
relation between translation and rotation: 

(AZ*)=((bXp-b’Xp’)*) (11) 

(b and b’ are the initial and final impact parameters). 
If the correlation between b and p is neglected and 

we assume that lb*) is proportional to the total cross 
section, using microscopic reversibility of the detailed 
cross sections: 

(b2)p2 = (b’2>p’2, define b2 - IIv - ((b’Xbf2))“*, (12) 

we get 

tAZ2>=((b-b’)2)pp’+b&,t2. (13) 

Hence the Aj correlation parameter is given by 

(w-1 = Q (.E+.)“* + cl+, 

Q = 2p(Ab2), c=2pb,2v. (14) 

We can identify the two sources of orbital angular 
momentum transfer, the first being a change in impact 
parameter, namely a measure of the unisotropy of the 
potential surface, and the second caused by linear mo- 
mentum change. 

To obtain the joint distribution translation and ro- 
tation we multiply eq. (6) with eq. (8). Treatingj in 
the classica limit, we obtain: 

P(j: E;_(j, E-@) 

= p( j’, .f?k I i, ET; E) exp (- Xr2 -@Ai”), (1) 

and @‘(“, Ei [j, ET;E) can be approximated by the 
usual prior: N(2j’tl)(Ei_) u2. It should be emphasized 
that the exponent in eq. (I) obeys microscopic revers- 
ibility_ 

Treating the angular momentum transition as a vec- 
tor quantity we have to take into consideration cer- 
tain restrictions on orientation. A list of orientational 
correlations has been collected by Case and Hershbach 
1271. In the absence of relevance our formal way of 
attacking the problem ensures the existence of all the 
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geometrical coirelations. However, it is a different 
case when there are new orientational correlations be- 
tween reactants and products. An example is helicity 
conservation on which there is a large amount of the- 
oretica1 and computational material, proving that in 
many cases, the product helicity has a strong correla- 
tion to the initial one [28,29]. In appendix A we give 
an example of a distribution derived under the as- 
sumption of helicity conservation. 

3.4. Rigid rotor rotation distributions 

When a rigid rotor collides with an atom, the two 
terms in eq. (1) operate in essentialIy the same direc- 
tion. This is easily seen by noting that t and A j are ap- 
proximately the same variables since 

E;.+Ek=ET+ER, Iti = (2/2)‘/2l(E;)1’2-(E.r)~2l 

= (2Er)V2i(EK)1’2-(ER)lj21 = (2p4p1j’-jl. 

(15) 
This is the situation at low energies and small mo- 

mentum changes so that a single term in the exponent 
of (I) suffices. This term can also be approximated by 
the equation: 

P(E&$?) (16) 

=~(~~IER;E)exp{[Xi(2E~B,c)-1]lAERI}, 

which is the exponential gap law well documented for 
R-T energy transfer [30,31]. At high collision ener- 
gies, approximations (15) and (16) deteriorate and 
both terms in (I) need to be explicitly present, where 
E; =ET fER - E;. 

3.5. ?7re joint distribution rotation vibration 

We get this distribution by a change of variable. 
In the rigid rotor approximation: 

Ef=ET+Av+AR, (17) 

whereAv=EU-E:andAR=ER-E’R_ 
Examining eq. (1) we find that the first term PJ’2 

prefers transitions in which the internal energy is con- 
served (Au + AR = 0). On the other hand, the term 
aA j2 prefers angular momentum conserving transi- 
tions. This competition between the two dynamical 
constraints is the origin of the shift of the most prob- 

able rotation with the change in the vibrational ener- 
gy. To demonstrate this phenomenon explicitly, we 
have expanded the exponent to the second order in 
Au and AR around the gIoba1 maximum (the elastic 
transition). The result is 

P(Av,ARIE,,ET;E)=@(E;.E;;E) (18) 

X expC-(~J4ET)[(ARc~AV)2/rCI + (1-G) At?]}, 

where 

& = Xa&&l(l+haB,E,). (19) 

B, is the molecular rotational constant, a is defined 
by eq. (14). 

In the classical limit (for high values of jj’) we can 
neglect the contribution of PO. Therefore, the most 
probable rotation is obtained when: 

AR = - $Av. 

Because 0 d $J < 1, this equation describes the two 
limits of the competition between the minimum mo- 
mentum transfer when I,LI =l and the minimumj trans- 
fer when 9 = 0. 

4. The rotation vibration distribution for thermal 
reactants 

We first consider thermal reactants of which the 
initial translation is coupled to a heat bath (when 
fl= ~//CT). In principle, the constants X, a and c in 
eqs. (1) and (14) are energy dependent. If the varia- 
tion of parameters is moderate, or tie know the ener- 
gy dependence of the constraints, we can integrate 
numerically eq. (1). However, simple analytic expres- 
sions are more convenient. This can be achieved by 
finding an analytic approximation for the temperature 
averaging integrals which is possible for a few limiting 
cases (for details see appendix B). 

4.1. R-T transition 

In this case: 

P(ARIER;P)=a(ARIE,;p)exp(-~~RIAR\), (20) 

where 

8, = [(I + ~&$~)ifl~,E~]‘/~, 
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in cases where the expansion of eq. (18) is valid. If the 
momentum transfer term dominates then: 

eR =+ [-1+(1+4h/P)“2{1+[~~~Be(aX/P+c)]-~}], 

when X//3 + 4 the two BR coincide. 

He+H, (MO) 

4.2. V-T transition 

In this case we have a double integration on Ek 
and ET and we obtain: 

P(A~IE~;P)=~(A~~~~~)~x~(-PAIA~~), 

when A = [(l - $)A1112/fl. 

(21) 

Reviewing the set of formulae for the rotational 
and vibrational distributions for thermal reactants we 
observe that they are the exponential gap law as dis- 
cussed by Procaccia and Levine [3 1,321. Both param- 
eters BR and A can be obtained by the synthesis meth- 
od of Procaccia and Levine [3 1,321. The temperature 
dependence of A and OR predicted in eqs. (20) and 
(21) is qualitatively the same. 

5.1 ’ ’ ’ ’ ’ I 
.2 .4 .6 .6 1.0 

nElE 

5. Application to experimental and computational 
results 

As was seen in the above paragraph, our functional 
form resembles the exponential gap law closely. We 
therefore did not see a need to repeat resuks which 
have been confirmed by numerous cases [31,32]. We, 
however, have considered only the cases where the 
exponential gap law is not adequate. 

Fig. 1. Surprisal plots of the detailed yield function y = (ET)“% 
(u=l,j=O+u=O,j’) for the system He+Hz, for five different 
initial energies. The (* ) relcrs to the calculation of Alexander 
and McGuire [ 131 for the MO potential. The x’s are reproduc- 
ed through eq. (22) where the fitted parameters are summar- 
ized in table 1 and are the same for all energies. The surprisal 
is 2 = log y/y0 where y” = c (ET E’ )I’* _ The initial transla- 
tional energiesare: (1) 4.99 X lo- eV; (2) 1.098 X 10W2 eV; 7 

(3) 2.398 X 10” eV (4) 5.398 X IO-* eV; (5) 1.140 X 10-l eV. 
E is the total energy above the ground state. The difference 
between this surprisl and that of Alexander [33] is in the 
(2i’+l) term which we omitted from our pre-esponent P” 
(see text). 

5.1. Fixed energy calculations 

A vast number of quantum mechanical calculations 
has been recently worked out for molecular hydrogen 
relaxation processes [ 13,141. In this paper we have 
considered the coupled state calculations of Alexander 
and McGuire on the He+H2 and He+D2 reactions [14]. 
We focus our attention on the vibration rotation re- 
laxation cross sections of the u=l, j=O state to the 
u’=O,j’ states. 

In the coupled states calculation [14] only helicity 
conserving states are gathered into the S matrix.‘For 
i=O only nz’=O exists. In eq. (8) only one term is left 
over and we obtained for the surptisal: 

I=Xr%Kj’(j’+l)+ho. (22) 

Figs. l-4 present the surpirsal plots of the cross se& 
tions for different initial energy for different potential 
and collision partners. The graphs compare the com- 
puted results from ref. 1141 -to those computed by the 
use of eq. (22). 

As was previously noticed qualitatively [7,14,16] In order :o determine the coupling parameters we 
and as presented in section 3 there is a competition separate the different contributions to the surprisal. 
between the minimumj transfer and the minimum mo- When we examine the energy level scheme we find 
mentum transfer. This result we have confirmed quan- that the ~1, j=O state is almost resonant to the ~0, 
titatively in what foUows. j=S state. Effectively the momentum transfer term 
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Fig. 2. Surprisal plots of the detailed yield function for the 
system He+ D2 in the MO potential. All conditions are the 
same as for fii. 1. 

A!‘* vanishes and we are left withonly the j transfer 

term. Conversely, in the ~1, j=O + v=O, j=O transition 
only the momentum transfer exists. 

Fig. 5 demonstrates the linear dependence of the 
u=l, j=O + ~0, j=O surprisal on the squared momen- 
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Fig. 3. The same BS fig. 1 for the HO potential. 
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Fig. 4. The same as fe_ 1 for the MO-SG potential. 
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Fig. 5. Surprisal plot of the detailed yield fonctiony(u=l. 
j=O + u=O.i=O) versus the momentum transfer (for the MO 
potential). The absence of the rotational transfer term en- 
ables us to determine the dependence of the surprisal on the 
momentum transfer. One straight line is sufficient both for 
the D2 points as well as l Je Hz points. This suggests that X is 
mass invariant. The points denoted by q  , * correspond to ET 
= 0.214 and 0.414 eV, respectively. 
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Fig. 7. Detailed normalized rate constants for the collision 
Art Liz (u=ZJ=31). The solid line v~as reproduced from the 
measurements of Enen and Otinger 171. The dashed lint dis- 
plays the fitted distribution based on eq. (1) when the initial 
translation was averaged numerically on a BOkzmann ensemble. 
The fitted parameters are summarized in table 3. 

tion for each vibrational change is noticed clearly. AS 
a representative case we display a quantitative fit of 
the vibrotational distribution derived by a numerical 
integration of the initial translation in eq. (1) (aver- 
aged over a Boltzmann distribution). The same param- 
eters were used for the two initial u, j states (table 2 
summarizes the fitted parameters). The small differ- 
ences between the fit and the experimental data is 
witbin the experimental error set by the authors, 
(20% for V-V transitions.) Partly it may be caused 
by secondary reIaxation processes [7]. In what fol- 
lows we focus our attention on the major features of 
the distributions. 

ArtLI W4.j=24) 

5 _ AV=*P 

Fig. 8. The same as fig. 7, for the initial conditions Ar+ Lia 
(~4, j=24) we used the same fitted parameters for both 
initial conditions. 

5.2.2. The shift 
As can be seen in fig. 7 and 8 the two initial j 

states reproduce different shifts of the maximum rota- 

Table 2 
A summary of the parameters used for the fit of tire viira- 
tional distribution function for the system Liz t A, 

hch(cm) Awea) U?)/r; tb2) ((Ab2))“2/ru b, (tAb2))‘/z 
(A*> (A) 

1.1x1o-3 3 29 80 0.16 0.45 

we is the harmonic vibrational energy separation. 
ro is the equiliirium diatomic distance. 
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Table 3 6. Concluding remarks 
A comparison between the predicted and measured shift for 
different colliding partners and initial conditions [based on 
eq. (1911 

System State * ti 
measureda) predicted 

Liz + Ar j=31u=2 0.55 0.47 
Liz + Ar b, j=24u=4 0.34 0.34 
Liz + Xe j=31 u=2 0.51 0.51 
Liz + Xe j=24v=4 0.35 0.38 
Lip + He j=31 u=2 0.34 0.23 
Liz + He j=24v=4 0.20 0.15 

a) The measured values are from ref. [ 71. b, Reference. 

tional states within the vibrational manifold. In our 
fit we have used the same potential parameters to de-. 
scribe the two distributions. This brings us to the 
conclusion that the difference in the shift is a conse- 
quence of the change in the initial rotational state, in 
accordance with eq. [I9 ]_ The larger shift for higher 
initiali simply reflects the increase of rotational 
energy spacing. 

The competition between the propensity to con- 
serve the angular momentum and the tendency to 
conserve linear momentum, has been found to play a 
major role in the determination of the vibrotational 
distribution. We have presented a consistent procedure 
based on the maximum entropy of a generalized dens- 
ity matrix, the outcome of which has a simpIe func- 
tional Form. The parameters X, a, c have a physical 
significance. Therefore, they can be estimated From 
general features of the molecular interaction. This en- 
ables us to predict detailed product state distributions. 
On the other hand, our procedure provides an oppor- 
tunity to estimate and to classify the dynamical Fea- 
tures of the molecular interaction such as the stiffness 
oFintramoIecular potential, the directionality of the 
potential surface and especially the total cross section 
out of raw data. 
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Appendix A 

A. I. Procedure for obtaining detailed cross sections in 
the density matrix scheme 

The reason that the translation does not appear in 
eq. (19) is that it plays two opposite roles which can: 
ccl each other out. First, it increases the orbital angu- 
lar momentum and hence the-j changes, but it &O 

makes a momentum change easier because I? is a de- 
creasing function of the initial translational energy. 

Another interesting Feature is the increase of the 
width of the vibrotational distributions when depart- 
ing from the resonant u state. Examining eq. (13) we 
identify this phenomena to be a consequence of the 
increase of the angular momentum transfer cu-1 =(A12) 
with the increase in the momentum transfer t. 

A scattering event is defined by a set of dynamical 
variables which commute with the asymptotic hamil- 
tonian of the entrance and exit channels. The interac- 
tion POtetltiaI generates correlations among Mriables 

of the different channels. Therefore it is convenient 
to describe the scatter& event in the tensor product 
of the asymptotic variables [36]. In any experiment 
the dynamical variables are to some extent random. 
Moreover, the interaction may be unknown or random. 

The large b,2, z= 80 A2 Found in our fit (the esti- 
mate of the total cross section) is consistent with the 
mea&red large inelastic cross section of x 60 A2. 

The density matrix of von Neuman 134,351 is tai- 
lored to deal with a random state vector. In order to 
deal with the random nature of the molecular encoun- 
ter we introduce a generalized density matrix defined 
on the tensor product space. In this space the prob- 
ability distribution of a dynamical variable n is: 
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p(a) = Tr(u - p)/Tr(p), where cz is the projection oper- 
ator of the variable a in the tensor product space, p is 
the density matrix, Tr denotes the trace operation. 

Lacking any prior information on the interaction 
we obtain the familar statistica theory [27,18,19] by 
using the procedure of von Neuman of equating the 
diagonai elements to one and zero otherwise. This en- 
sures that the statistical density matrix is invariant un- 
der the transformations of the base set. The choice of 
boundary conditions will make a selection of the sta- 
tistical theory. (For example, a time box or a space 
box.) The statistical theory plays the role of degener- 
acy in the statistica mechanics of stationary states. 
(An excellent discussion of the problem can be found 
elsewhere [20,21].) 

Dealing with the density matrix one can define a 
normalized submatrix in which part of the indices are 
fued. Evaluating the trace’of this submatrix, we ob- 
tain the conditional distribution, subject to the selec- 
tion of these variables. 

Our next step is to include all available informa- 
tion in the construction of the density matrix. We fol- 
low the well known procedure of Jaynes [37 J of ob- 
taining the canonical distnlutions, which was first in- 
troduced into the moIecuIar dynamic domain. by Ben- 
Shaui, Levine and Bernstein [3840]. We maximize 
the entropy of the density matrix Tr(pln p) subject 
to certain constraints which we have on the collision. 
The dynamical constraints imposed by the interaction 
do not commute with the asymptotic observables. 
Namely, a correlation exists between the magnitude 
and phases of the variables of the different channels. 
The P matrix (the squares of the elements of the S ma- 
trix) Lost information on relative phases. Therefore the 
derivation of the probability distribution through 
maximizing the entropy of the P matrix is not adequate. 

The generalized density matrix is equivalent to the 
S matrix, since the information of the relative phases 
exists in nondiagonal elements of the density matrix. 
A convenient way of solving the maximum entropy 
procedure is to describe information as probability 
moments of the physical variables that take place in 
the chemical encounter_ 

The analytic behaviour of the S matrix ensures the 
convergence of the procedure to the exact solution, iF 
we have enough moments. This procedure enables us 
to use general features of the interactions to construct 
the probabiii-ty distributions. On the other hand, meas- 

ured distributions can be used to gain knowledge on 
the interaction potential. To minimize the computa- 
tional effort we sought the moments that converge 
the density matrix as fast as possible. The preferred 
variables are those which define a correlation between 
the entrance and exit channels. When these correla- 
tions are turned off, our procedure reduces to the 
prior yield function [20,41]. 

For convenience we summarize the main results of 
the Jaynes procedure for the density matrix [42,43]. 
Define (an) = Tr(o, - p) the density matrix which leads 
to maximal entropy is given by p= exp (C&a,). In 
the representation where on is diagonal the Lagrange 
multiplier h, is given by h, z - ((u,,))-~ in the classi- 
cal limit. 

A.2 i%e final translational distribution conditioned 
on the given initial variables 

As we noticed in section 2 we chose the momen- 
tum transfer t = p’ - p to define the correlation be- 
tween the initial and final translation. 

If we have no information on the detailed dynam- 
ics, we necessarily have the symmetry that will cancel 
out the first moment oft 

Assuming a known second moment oft: 

1 r2> = 7-l. (A-2) 

We then construct the momentum transfer submatrix, 
subject to the above constraints: 

prs = N6 (f - 7) exp (- yt2), (A-3) 

where N is the normalization factor, N-l = Tr(j+f) 
which can be evaluated analytically [26] and is depen- 
dent on p, E through the limits of the integration. 

When we have information on angular correlations 
(for example a high polarizing potential) we construct 
simultaneously the joint angular and translational dis- 
triiution. This construction is complicated because 
not all of the variables commute_ A solution of the 
maximum entropy density matrix procedure under 
such conditions un be found elsewhere [42]. Obvious- 
ly, in the classical limit this problem does not exist. 

In order to obtain the translational distribution, 
we change variables top, p’ and R, !Z? is the scattering 
angle. We average over SC? for each specified p and p’. 
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(This is equivalent to the trace operator over the sub- 
space of the spatial angIe CL) 

To obtain the probability distribution of Ei condi- 
tioned on a given value of ET we sum over the inter- 
nal variables j, m, j, m’ and get : 

P(,&@-*;E) = (A-5) 

=PO~~~IEI)exp{-_X(~*)1’2 - (E+)‘L2]2]2, 

where ?, = 2~7, g is the reduced mass of the relative 
motion and 
z={1-exp[-h(ETE~)~21J2112~(ETE;‘)V2_ 

In the limit when ET or .E; or X tend to zero, Z tends 
to 4. In cases of statistical rotations we obtain for the 
classical limit 

@(E;. I ET ;E) = 47r~3’2N(E;)vz(G-E~). 

in this section we evaluate the rotational distribu- 
tion in cases where a correlation between the internal 
angular momentum in the reactants and products 
channel exists. In addition, we defiie he&&y to be 
the component of the total angular momentum J 
along the relative distance R in the atom-diatomic 
molecule: 

h =J-R/\R =j*RfiR\, h’=j’-R’J\R’\. (A.6) 
The change of the helicity during the collision is given 
by Aah = h-h’. We present the correlation between 
the molecular angular momentum in the entrance and 
exit channeis by the two constraints: 

(AjI=O, (Aj2)=C1+i”o, (A.7, AZ) 
where Aj = j’- j. 
The averaging process in (A.7) and (A.&) is carried 
over all J values. 

Since Ah and Aj do not commute, we prefer to 
deal with the distribution of j’ conditioned on a given 

Ablr, in order to avoid laborious algebra (421. As an ex- 
ample we shall deal with the case of a sharp helicity 
conservation, namely: 
P(h, h’) = 6,,. . VW 

This is the case of coupled states approximation [Mf. 
We start from the statistical assumption, namely 
where the dynamical constraints (A,7), (A.8) and 
(As) are turned off. The submatrix under considera- 
tion is obtained by the von Neurnan procedure, namely 

pjmi’nL 9 = 6 - 6 -.:, 6 Jj JJ mrii 6m’G?- (A-10) 
y-1- 
fl,lj’I?i’ 

Now we turn on the helicity dynamical constraint 
(A.9). We defiie a coordinate system where the z axis 
is paraiIel to the initial linear momentum. The density 
matrix at a given initial and final translational energy 
and at a scattering a&e Sz is given by: 

where DJ mI,,,,2 (a) are the Wigner matrices [43] and m 
is the initial heiicity. 

ln cases where there is a lack of correlation the 
density matrix is reduced to the unity matrix. If we 
turn off the constraint of the helicity conservation, 
then by using the orthogonality relation of the Wigner 
matrices 143 ] 

s f$& @)I$-++ (52) dSL. 

=&. _ 6 
1112 7ll~Ill~ &rn2 m> @il+ I )- (A.12) 

integrating over the scattering angles and carrying the 
summation over Iz’, i’will bring us back to the statis- 
tical p. namely (A.10). 

In order to carry out the maximum of entropy 
procedure consistent with the dynamical constraints 
(A-7) and (A.8) we change the representation from 
jmjhz’set into#‘AjMset (Mis thez component of _ 
Aj). The transformation is carried out by the use of 
Clebsch-Gordan coefficients [43) 

ljmj’m’)= ~(jmj’rn’lii’Aj~)ljj’Aj~). (A.13) 
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In this representation the density matrix consistent 
with (A.9) and at a given scattering angle R is given by: 

-- ---,-, X D,$i(-fi)(jnrjin’l jj’AjniXj?AjMl jmjm ). 
(A. 14) 

The distribution function of Ai consistent with (A.7) 
and (A.8) which leads to maximal entropy is given up 
to a normalization factor by: 

P(Aj) = exp (- CYA~~). (A.15) 

Therefore the desired density matrix consistent with 
the constraints (A.7), (A-8) and (A.9) is derived by 
multiplication of the right-hand-side of (A.14) with 
(A-15), since (A. 14) is diagonal in A j and X2. The 
density matrix defined above is functionally depen- 
dent on the scattering angle through the Wigner ma- 
trices and (Y. In cases where a: is a slow varying func- 
tion of S2 as compared to D,‘,,,,,, (s2) use can be made 
of the orthogonality relation (A.1 1). 

In such a case we have: 

By the use of the orthogonality of the Clebsch- 
Gordan coefficient we finally get: 

PjfA j,v = Sj~ Ski; ~~j~j S&f*f - exp [-aAj(Aj+l) (2j’+l)-l]_ 
]YAIW (A-17) 

To compute the probability distribution of j’ condi- 
tional on j we take the trace of the density matrix, i.e. 
sum over m fi and A j, &j. For an initially unpolarized 
beam, we have 

P(i’li. -+ ET;@ (A-18) 

i+j 

=li=T_il.(2k+l)exp [--ork(J~+1)](2j’+l)-~. 

The origin of the factor (2j+l)-’ is the strict con- 
straint of the hellcity conservation. If we turn off con- 
straints (A.7) and (A.8) the trace is equal to 2j+l- 
states :cr eachj andj’ pair. On the other hand, if 
there is no restriction on the final helicity imposed by 

the reactants channel, the factor (2j’+l)-1 is cancelled 
out as can be seen from (A. 10). 

In cases where the correlation between the h&city 
of the reactants and products is not as strict as up to 
a 6 function, the construction of the distribution func- 
tion is analogous. The main modification needed is 
the substitution of (A.9) by the relevant joint distribu- 
tion P(!z?z’). This will affect the stage of summation 
over the values of the initial and final helicities. An- 
other complication can arise if 01 is not a slow varying 
function of 52. Therefore one cannot use the orthogonal- 
ity of the Wigner matrices. However these problems 
can be overcome by numerical integration and summa- 
tion. 

In cases where the distributions of the helicity 
change Ah and the change in the molecular angular 
momentum Aj are broad enough, we can use the clas- 
sical approximations [26] and need not care about the 
commutation relations of Ah and A j. 

Appendix B 

B. 1. Temperature averaging integrals 

The purpose of appendix B is to obtain simple 
analytic expressions for detailed rate constants or 
cross sections of which part or all of the initial degrees 
of freedom are coupled to a heat bath. We also want 
to display the limits of applicability of our results. 

The procedure employed is the steepest descent 
method_ We follow the discussion of Morse and 
Feshbach [44] but modify it slightly to be applicable 
to our purpose. 

The general form of the integral we want to ap- 
proximate is 

I= s f(x) exp [J(x)1 dx, (B-1) 
x0 

when f(x) and J(x) are analytic functions of x and 
J(x) has only one maximum f in the region x0 CC=+. 

The method of approximation is based on expand- 
ing the integrant around the principle value Z. 

We define Z as the solution of 

J’(Z) = 0. 

We then define: 

GJ* = J(zz) -J(x). 

(B.2) 

03.3) 
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Substituting (B.3) and (B3) into (B-l), we get: 

I= exp [J(Y)] sf p(w)] exp (-w’)(dx/dw) do, 
“0 (B-4) 

when 

wu = [J(Z) - J(xo>]@. 

Our next step is to expand f[x (o)] (dxjdo) in a 
MacLorren series in w and we integrate each term 
separately. 

Our approximation consists of the first term: 

I = exp[J(Z)] ~(zZ)[~~/J”(Z)J~~ [1+erf(w0)]/2,(B.5) 

where er f(x) is the standard error function 431. 

8.2. criteria for a good approximation 

In order to eliminate ah odd terms in the expan- 
sion w. has to be large: 

J(2) - J(xo) 9 1. (B-6) 

We estimate the remaining terms of the expansion 
by the ~2 term. For (B.5) to be a good approxima- 
tion, we want this term to be small: 

2 f’(Z) J”‘(2) f “(X3 
2f($[J”(@ + f (2) J”(Z) 

5 [J”‘(Z# 1 J”“@) ~ 1  

+ - _ - - - - - - -  _  

2 [J”(f)]3 4 [J”(Z)]2 
(B-7) 

If (B.6) and (B.7) are satisfied, we obtain for our 
approximation: 

I= exp [J(a] f(j?) [2n/J”(Z)] y2. (B.8) 

B.3. Translation dominant vibmtion rotation 
distributions 

In this section we average the initial translation in 
eq. (1) over a Boltzrnann distribution. We define 

A=E,+ER-EL-Eb, (B-9) 

and the detailed rate constant: 

= Q-’ y [~(x+A)]~~(2j+l)(2j’+l) 
X0 

X exp (-ax + @ - oAj2) dx, 

where 

(B-10). 

x,,=max{-A,O}, I’2=[(x-t-A)1/~-(x)‘/2]2, 

o-1 = Q [x (.x -I- A)] 112 + cr2, (B-1 1) 

and Q is the translation partition function. In what 
follows, we assume that the momentum transfer dis- 
tribution dominates. Therefore we identify: 

J(x) =-(~r+hrq, (B-12) 

PI = [x(x + A)1 112, f,(x) = exp (-crAj2). 

Employing equation (B.8) we obtain our approxi- 
mation for (B.10) 

P(E:. E;I Ev.ER;B) =%F;.E@‘,, ER;P) 

X exp [-P(AlAl -zAj2)], 

where 

(B-13) 

and 

&Y!T~, EKI E,. ER ;p) = [~(TI)~~/Q] p-1’2A3’2(~/D)2 

X (1+4A/~)-5~4(2j+1)(2j’+l)expA, (B-14) 

where A = mm (PA, 0). (Note: Since we average the 
yield function, our integral obeys microscopic revers- 
ibility, except for the Boltzmann factor e(-PET). 
Therefore, the only difference between the endother- 
mic regions is the multiplication by exp (PA) for the 
endothermic transition.) 

The criterion (B.6) becomes 

1 A]P[(1+2h# - (1+4~/p>“21 Z+ 1, @- 15) 
which means that A has to be large in units of fl and X 
has to be far from the statistical limit compared to fl_ 

Criterion (B.7) leads only to one new conclusion - 
that both a and c cannot be too small in units of 
Xp j2_ When there is no change in vibration we can use 
the approximation that 
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(Ail2 = AR212 E&S, (B.16) 

and we obtain for the rigid rotor transition: 

P(E~IER;~)=~(~~IER;~)~~P(-~B~RIAI), (B.17) 

where 

e, =~[-1+(1+4x/p)“~c1+[pERB,(Qx/13+c)l-’}l. 
(B-18) 

x ~~~(~~-&A~)~~~~[~(~+(l-~)Aul~~, m.24) 

where 

Z=+IAvl [X@(l-+)]‘*- 

B.4. Vibmtion rotation distributions - geueml case References 

Another akernative of obtaining a simple approxi- 
mation is to integrate eq. (18) using the method pres- 
ented in section A of this appendix. We obtain 

P(Ei, E&E”.ER$) *:(E:.E&ER;P) (B.19) 

X “x~{-BA[(AR+~A~‘)/~L~(~-~C~)A~‘J~~~~, 

where A = (A/P)112 and 

X (B’12_?) (2j+l) (2j’+l) exp A, 

where A = min (pA,O), 

(B-20) 

X =f (X/j+” [(AR+$Au)~/$+(I-$)Av~]. 

Condition (B.6) for this approximation is always 
satisfied. Condition (8.7) leads to the following in- 
equality: 

$ {[(AR+~Au)~/~/+(I--)Au~] hP}-“*<,l, (B.21) 

which is simiIar to (13.15) but is also good in the statis- 
tical limit when A + 0. 

For Au = 0 we get the rigid rotor distribution: 

P(&~lER;~)==(EKIER;P) exp(--PBRIARI), 

e, = [(1+x~,ER)/pQrj,ER]v2, (B.22) 

which is the same as (B.18) for X/P + m. 

B:_% V-T trmsitions 

We integrate with the same method (B-19) over 
AR and obtain 

P(E;IE,,E~;~) =~(~~iE,,ER;P)exp(--P~~)XB.23) 

whereA= [(1-$)h/P]U2, 
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