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I. Introduction
Just a decade ago time dependent quantum mechanical methods were an esoteric field

shadowed by much more effective time independent methods. To mention early work
McCullough and R. E. Wyatt [1] used a direct finite difference scheme to solve the
H + H2 reactive scattering problem. The numerical effort to do the calculation was
formidable and although more effective finite difference schemes were developed [2] the
use was limited to problems where direct time dependent methods have a significant
advantage such as when the Hamiltonian has explicit time dependence [3] or when the
process is coupled to more than one continuum [4].

In parallel to this early work Heller and coworkers [5], have developed a time depen
dent semiclassical scheme which had a great impact on the field of molecular dynamics.
This work initiated new methods for obtaining observable results from time dependent
quantum mechanical methods. Of particular imponance were the formulas to obtain spec
troscopic quantities such as the absorption or Raman spectra [6]. A more critical evalua
tion of the semiclassical method showed that they can supply insight into the molecular
process but are very poor in obtaining quantitative results.

For many physical situations, time dependent methods have their own advantages.
Because they are initial value problems. the methods are easy to implement. In particu
lar the time dependent picture enables a simple treatment of continua and of the rear
rangement problem in reactive scattering [7]. Besides these technical advantages. time
dependent methods lead to a better interpretation of the physical mechanism under dis
cus sion . The time variable also enables a description of externally driven systems, by
introd uci ng time dependent Hamiltonians.

By now quantitative quantum mechanical time dependent methods have become
established. The methods compete successfully with stationary methods in reactive scat
tering [7]. They have become the method of choice in simulations of gas surface encoun
ters [8]. In simulations of photodissociation in particular for processes initiated by short
strong pulses time dependent methods are the main working tool [9]. As a demonstration
of the popularity of the field a whole volume of Computer physics communications
edited by K. Kullander [10] deals with time dependent quantum mechanical methods.

An important step inthe establishment of time dependent quantum mechanical meth 
ods has been the introduction of pseudo-spectral methods [11]. The change is more than
a technical improvement on algorithms. An elementary statment is that quantum
mechanics is a non local theory. This characteristic has to be reflected in the methods we
use to describe the quantum world. The foundation of the pseudo-spectral methods is a
global functional base [12], therefore the nonlocal character of the representation is built

Time -Dependent Quantum Molecular Dynamics, Edited by J. Broeckhove
and L. Latho uwers, Plenum Press, New York, 1992 97



in the formulation. The basic attributes of quantum mechanics such as the commutation
relations between conjugate operators are preserved in the pseudo-spectral description.
The use of semilocal approximations such as the finite difference schemes must eventu
ally lead to the violation of the uncertanty principles. Frequently the error does not
appear immediately which is why many practical applications have succeeded, neverthe
less the experimental ability to probe molecular dynamics as they evolve puts a new chal
lenge on computational methods. In particular for processes which maintain their coher
ence for long periods of time the global approaches are superior to the semilocal
approaches.

In this note a uniform global approach is suggested for the description of the position
momentum phase-space as well as the time energy phase-space. This approach is based
on global interpolation functions which are the key to the pseudo spectral methods.

II. Representation theory

Representation theory can be thought of as setting the stage on which dynamical
events take place. In quantum mechanics this stage supplies the mathematical framework
necessary to represent the state of a system and its evolution through time. In other
words, an algorithm is needed to extract from the state of the system the values of mea
surements. Axiomatic quantum mechanics which originated in the work of Von Neu
mann, bases the description of the state in Hilbert space. Three elements constitute this
Hilbert space: a) A functional domain with well defined boundary conditions. b) A set of
vectors defined on this functional domain.( A crucial element is the definition of the
scalar product of two vectors). c) Operators which map the vectors into new ones in the
same functional domain.

In the construction of a calculation scheme a restriction of a discrete representation
has to be imposed on the Hilbert space. Imagine viewing the functional space through a
finite set of portholes which allow a local picture only. If this porthole view is dense
enough, a complete picture can be reconstructed by using the continuous properties of the
functional space to interpolate the observed data and obtain the full picture. The colloca
tion technique which was originated by Gauss is just such a method [12].

2.1 General collocation method
Consider approximating an arbitrary function yr(x) by a set of functions gll(x) :

N-l
\I'(x) = 1: all gll(x) (2.1.1)

-0

where gll(x) are analytic in the domain of interest. The question is how to determine the
expansion coefficients all' In the collocation method these expansion coefficients are
determined by matching the solution on a set of N grid points:

N-l
yr(x j) ;: ~ all gil (xj) (2.1.2)

-0

where x j are the grid points ( or collocation points) which are the sampling points dis
cussed above. This equation is equivalent to a set of coupled linear equations. In matri x
form they become:

'If = (; a (2 .1.3)

where yrj =yr(Xj) and the matrix Gllj =gll(Xj). Provided gll(Xj) are linearly independent
the solution becomes:

a = (;-1 'If (2.1.4)

The functional basis that is connected through the expansion coefficients all to the spatial
grid, supplies the global picture. This provides the ability to define the scalar product of
two functions. If:

yr(x) = ~ allgll(x) and ;(x) = ~bmgm(x) (2.1.5)
II m
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then

< vrl; > == ~ a"b:'S"".
"'"where S"". is the overlap matrix:

s.; = Jg,,(x)g:'(x)dx
D

(2.1.6)

where the integration is carried out over the domain D.

The operators in the discrete Hilbert space can be represented by the mapping of the
expansion coefficients. Centeral to quantum mechanics is the calculation of nonlocal

operators, such as the momentum operator - tn a~

. a N-l a
-In ax vr(x) = - i1i~ a" ax g,,(x) (2.1.7)

The operation of these non local operators can be recast into the sampling points x j:

a s-: a
-i1i ax I(x j ) = - i1i ~ a" ax g,,(x j) (2.1.8)

resulting in a discrete representation of the non local operation. The duality of the repre
sentation which on the one hand is represented by the values at sampling points and on
the other hand, by a functional global representation, is responsible for the applicability
of the method to represent processes in Hilbert space.

The choice of the functions g,,(x) and of the sampling points x j have great influence
on the quality of the approximation as will be revealed in the next sections. Nevenheless
the use of the primitive collocation method with arbitrary functions and loosely chosen
sampling points, has the advantage of great flexibility. An example which has been well
studied is the distributed Gaussian method [14] in which:

g,,(x) = A exp( - (x - x"l(l.(1"2 ) (2.1.9)

where usually the center of the Gaussians are located on the sampling points x" = xi:

2.2 Orthogonal collocation schemes
A great simplification in the collocation scheme is achieved if the set of expansion

functions g,,(x) obey the orthogonality relation:

~ g,,(Xi)g,,(Xj) = oij (2.2.1)
"

allowing a direct inversion of equation (2.2.4):

a" = ~ vr(Xj)g,,(Xj) (2.2.2)
j

This means that the the expansion coefficients a" are the discrete functional transform of
the function I. On the other hand if

Jg,,(x)gm(x)dx = 0"",
D

then the scalar product in equation (2.2.5) is greatly simplified leading to:

< vrl; > = ~ a"b"
"

which using equation (2.2.9) is also:

< '1'1; > = ~ vr(Xj);(Xj)
j

(2.2 .3)

(2.2.4)

(2.2.5)
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The result of the orthogonality relations is that the collocation functional expansion
scheme becomes a discrete vector space with a unitary transformation between the dis
crete sampling points x j and the discrete functional base all. The next sections will elabo
rate on functional sets which fulfill the orthogonality constraints equations (2.2.1) and
(2.2.2).

2.3 The Fourier method in I-D
The Fourier method is a special case of an orthogonal collocation representation. This

method deserves special attention for two reasons: First, it can be shown that the limit of
one point per unit volume in phase space can be approached. Secondly because of its
great numerical advantages. Due to the FFT algorithm [13], the numerical effort scales
semilinearly with the volume of phase space.

In the Fourier method, the orthogonal functions gil (x) are chosen as:

g,,(x) = ei2x1cz1L , k =-(N/2-1), ... ,0, ... , N/2 (2.3.1)

leading to N equally spaced sampling points where Xj =U -1)~x, and L is the length of
the interval. using the relation L =N ~x, the completeness relations of the Fourier expan
sion function become:

(2.3.2)

(2.3.3)] i = 0"",
-1<

Nfl sn. 1 _ e,"21«i-j)
~ e'"21<IczIILe-·"21<lcz jIL = ~ ei2xA:iINe-'"2djIN = No
~ ~ 1- ei2x(i-j)/N = ij

Jc-Nfl-l Jc-Nfl-l

where the summation can be carried out because it is cast into a geometric series. The
third equality in equation (2.3.2) follows because unless i = j , Ii - jl is always smaller
than N.

The second orthogonality relation becomes:

_1_ fir eim:z'e-i"'" dx' = .2.. [ 1 ei(m-II):JC
2n _1< 2n i(m - n)

where x' = n(x!L - I), 0 S x S L. These relationships imply that the domain D has peri
odic boundary conditions. The symmetry between i and k in equation (2.3.2) leads to the
discrete version of equation (2.2.5):

N •
:E gJc(Xj) g/(Xj) = oJclN Ik - jl < N (2.3.4)
j=l

With the choice of Fourier expansion functions a wavefunction \fI'(x) is represented as:
Nfl

\fI'(x) = ~ a"e'"21<1cz1L (2.3.5)
A:-<Nfl-l)

The expansion coefficients aJc become the discrete Fourier expansion coefficients. One
can use the orthogonality of the Fourier functions with equidistant sampling points to
invert the relation giving:

1 N
aJc = - ~ \fI'(xj)e-·"21<lczj lL (2.3.6)

N j=1

In quantum mechanics the coefficients aJc have an important interpretation since they rep
resent the amplitude of the wavefunction in momentum space.

2.4 Representation of operators by the Fourier method
The main result of the previous section is the dual representation space: a discrete

representation in coordinate as well as in momentum space. The discrete Fourier trans
form supplies the unitary transformation between the two spaces. This relation is in direct
analogue to the continuous Fourier transformation changing a coordinate representation
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to a momentum representation. The special structure of the two spaces is used to convert
the operator mapping of vectors to local operations thus reducing the number of opera
tions from O(N2

) to O(N).

The partition of the Hamiltonian operator to the sum of local operators will now be
presented as an example. The Hamiltonian operator is partitioned between kinetic and
potential operators ii = t + V. The strategy is to calculate each operator locally. The
potential operator is already local in coordinate space, and therefore its operation is sim
ply a multiplication of V(Xj) by II/(Xj). A local operation of the kinetic energy operator is
possible in momentum space where it becomes a multiplication by the kinetic energy
discrete spectrum:

p2 n2k2

T(k) = 2m 2m (2.4.1)

and its operation on a wavefunction represented in momentum space becomes:

p2 k2

- jii(k) = "li2 - aA; (2.4.2)
2m 2m

This result can also be obtained from equation (2.3.6) by differentiating the Fourier
expansion functions twice. The result can be generalized for any local operator in
momentum space. The algorithm for calculating the mapping of such operators is as fol
lows : a) calculate the expansion coefficients aA; by the discrete Fourier transform. b) mul
tiply each point in k space by the value of the operator at that point. c) transform the
result back to the sampling space by an inverse Fourier transform. The total Hamiltonian
mapping becomes the sum of potential and kinetic operators.

This spectral representation preserves the coordinate momentum commutation rela
tions which are the heart of quantum mechanics [11].

2.5 Phase space representation of the Fourier method
At this point the phase space representation of the Fourier method should be consid

ered. The minimum volume in phase space covered by the Fourier representation is cal
culated as follows: The length of the spatial dimension in phase space is L, and the maxi
mum momentum is PmaX" Therefore, the represented volume becomes Volume = 2L . Pmax'
where the factor of two appears because the momentum range is from - Pmax to + Pmax •
Using the fact that P = 7ik the phase space volume can be expressed as:

Volume = 27i L· kmax = Nh (2.5.1)

where N is the number of sampling points. Next, the sampling spacing Ax is related to the
maximum wave vector via:

~

~x = Ikmaxl (2.5.2)

Figure 2.1 expresses the relation between the volume in phase space, the unit volume,
and the grid parameters ~X and N . The computational scaling properties of the Fourier
method are a result of the scaling properties of the FFT algorithm which scales as
O(N log N). As a result the Fourier method scales with phase the space volume as
O( Volume log Volume ).

A function that is bounded in momentum space is equivalent to the band limited
Fourier transform of the function. Confinement of such a function to a finite volume in
phase space is equivalent to a band limited function with finite support. The accuracy of
a representation of this function is assured by the Whittaker-Kotel'nikov-Shannon sam
pling theorem. It states that a band limited function with finite support, is fully specified
if the functional values are given by a discrete, sufficiently dense set of equally spaced
sampling points. The number of points is determined by equation (2.5.1-2.5.2). This
implies that a value of a point between sampling points can be interpolated with any
desired accuracy. This theorem also implies a faithful representation of the n'th derivative
of the function inside the supported interval.
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As has been shown, a confined function in phase space can be represented with no loss
of accuracy. In realistic problems, the wavefunction cannot be confined, which means
that it is not strictly band limited with finite support. The idea of a wavepacket which is a
wavefunction that is almost band limited is central to the use of the discrete representa
tion. A wavepacket is a wavefunction that is semilocalized in phase space. The most
well-known example is the Gaussian wavepacket Although the wavefunction is not con
fined to a finite volume, the amplitude out of this volume in phase space converges expo
nentially to zero when the volume is increased. This exponential convergence is typical
of a good representation of phase space.

2.6 Example: harmonic oscillator
The use of the Fourier expansion method to calculate the spectrum of the Harmonic

oscillator can demonstrate the convergence of the method. For simplicity, consider an
harmonic oscillator with mass 1 and frequency 1 (h = 1). The problem is cast onto a finite
grid with equally spaced sampling points.

p

Pmax

Pmin Q
-L/2 L/2

Figure 2.1. Schematic phase space of the harmonic oscillator

On this grid the maximum value of the potential energy is determined by the extent of the
grid, leading to:

_ I ( L)2 _ ~X2N 2
Vmax - 2" 2" - -8- (2.6.1)

where N is the number of sampling points and the grid is centered around zero. Also the
maximum kinetic energy is limited by the maximum momentum which can be repre
sented on the grid leading to:

T _ P~ax _ I( 2n)2 _ ~ (262)
max - 2m - 2" 2~x - 2.1x2 . .

A cutoff in energy in a discrete representation of Hilbert space is a common feature. For a
balanced calculation the cutoff in the potential energy should match the cutoff in the
kinetic energy leading to:

(
2n )!.1xopt = Ii (2.6.3)

With the grid set, a finite expansion base is constructed by the functions
VFj(X) = 8(x -Xj). The Hamiltonian matrix in this basis is calculated as follows: The
potential energy matrix in this basis is diagonal leading to: Vjj =V(x j). To calculate the
kinetic energy matrix elements, a discrete Fourier transform was applied to the expansion
function VFj then it was multiplied by h2e (2m and back transformed. The resulting vector
becomes the matrix element Tjj. At this stage the Hamiltonian matrix H = t + V is diago
nalized and the eigenvalues of the discrete representation are compared to the exact
results. The next table shows the calculated eigenvalues using 8 , 16 and 32 sampling
points with the optimal grid spacing .1xopt :
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Table 2.1; Convergence of the Fourier representation

n Exact 8 points 16 points 32 points

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

0.5 0.4999760107111692
1.5 1.500539183698194
2.5 2.494397791604125
3.5 3.534291735531325
4 .5 4.378294841394608
5.5 5.960743369677700
6.5 6.212358517586826
7.5 9.976917743504451
8.5
9.5

10.5
11.5
12.5
13.5
14.5
15.5

0.4999999998715793
1.500000OO6153576
2.499999857637178
3.500002068787167
4.499978178076544
5.500169240572392
6.498928884935602
7.505 122466888302
8.478529454896226
9.567379412999802

1033263329166096
11.95570264326039
12.04789296489282
14.56012875187433
15.44949561677325
20.69252130835984

0.4999999999999845
1.499999999999986
2.5OOOOOOOOOOOOO2
3.499999999999993
4.499999999999982
5.5OOOOOOOOOOO130
6.499999999997876
7.5OOOOOOOOO25498
8.499999999731434
9.500000oo2414588

10.49999998073345
11.50000013337068
12.49999916184023
13.50000457741937
14.49997680742042
15.50010120025324
16.49957859092886
17.50146417275678

On comparing the 8 point with 16 point results, the exponential convergence of the
expansion is demonstrated. For the ground state energy the error decreases six orders of
magnitude by only doubling the number of grid points. Other states show similar behav
ior. When the number of points is doubled again to 32, the error in the ground state
becomes saturated because the roundoff error of the double precision arithmetic used in
the calculation overcomes the representation error. For unsaturated eigenvalues doubling
the number of points from 16 to 32 reduces the error another five to six orders of magni
tude.

Another issue is the number of converged eigenvalues that can be obtained in an n
point representation. If the criteria is three significant digits it can be seen from the table
that 3 eigenvalues are obtained for 8 points, 8 for 16 points, and 20 for 32 points. As a
conclusion the fraction of significant eigenvalues increases with the number of points in
the representation. Figure 2.2 shows the fraction of significant eigenvalues as a function
of the logarithm of the number of points.

1.00

8.007.504.50 8.00

LOON

Figure 2.2; convergence of the spatial representation

A converged eigenvalue is defined when the number of significant digits is larger than a
preset value. What can be seen in the figure is that the converged eigenvalue fraction
increases with the number of points until it reaches saturation regardless of the number
of significant digits used in the convergence criteria. The saturation phenomena occur

because the Fourier method constructs a rectangular phase space. Using the balanced
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choice of flx, the phase space becomes a square. On the other hand, due to energy conser
vation, the support for an eigenvalue in phase space has the shape of a disc, whereas the
support for all eigenvalues up to a cutoff energy have the shape of a circle (or an ellipse
in the general case). The area between the circumference of the circle and the square is
waisted sampling space. Therefore the the maximum sampling efficiency is the ratio of
the area of the circle to the area of the square leading to tr/4 '" 79%. This is the asymp
totic value represented by a bold line in figure 2.2. To illustrate further this point figure
2.3 shows the sampling ratio as a function of the grid spacing flx.

1.00

c: 0.61
o
"5
II
g
;;
;0s 0.33

""·u

\ .000.7S0.25 0.50

X

Figure 2.3 . sampling efficiency as a function of l1X.

-0.110 +----..-----,------,-----;
0.00

It is clear that a square in phase space offers the optimal choice.
The lesson from this example is that a careful choice of grid parameters can drastically

change the amount of computation effort.

2.7 Fourier method in many dimensions [15]
The most simple generalization of the Fourier method for multidimensions is the use

of an equally spaced Cartesian grid [13] . A more careful analysis leads to the observation
that this grid is not isotropic in momentum space, so that different directions have differ
ent sampling intervals. A faithful representation of a multidimensional function by the
Fourier method means that it has to be band limited. The symmetric construction of the
coordinate and momentum representation mean that the description of the function is also
periodic in momentum space. The representation therefore can be viewed as an infinite
number of replicas of the original k space picture extending in all directions. The band
limited property of the original function means that these replicas do not overlap. If a pri
ori there is no preferable direction in space a cutoff in momentum can be represented as a
sphere with radius Pmax. A Cartesian grid in coordinate space is also Cartesian in momen
tum space therefore the non overlapping role can be visioned as packing spheres such that
they touch their neighbours at 2d points for d dimensions. It is clear that the best sam
pled direction is in the diagonal one, but for an isotropic problem the volume between
the spheres is waisted sampling volume. Although a completely isotropic grid is not pos
sible, the sampling positions can be optimized to construct the optimum isotropic grid in
momentum space. From the above picture it can be concluded that the optimal sampling
points are equivalent to the centers of multidimensional densely packed hard spheres. (
The problem of the optimal packing of hard spheres has been solved up to 23 dimen
sions). The free volume between the spheres is wasted sampling volume. The sampling
efficiency can be defined as the ratio between the volume of the space filling spheres to
the volume of the total space. Figure 2.4 demonstrates the situation in two dimensions.
The Cartesian grid reaches a sampling efficiency of ~ '" 79%. S. Skewing the grid

increases the sampling efficiency to trt;;" '" 91%. In multidimensions, the limit of one
2v3

sampling point per unit volume is not obtainable even for optimal packing. Table 1 com-
pares the sampling efficiency of a cubic grid with the optimal grid as a function of dimen
sion.
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Table 2. 2 Isotropic Sampling Efficiency

Dimension Maximwn
sampling
efficiency

"aaa(%)
1 100.0
2 90.7
3 74.0
4 61.7
5 46.5
6 373
7 29.5
8 8.07

Efficiency
of

cubic lattice

"cab
(%)

100.0
78.5
52A
30.8
16.45
8.07
3.69
O.5OS

Imprnvement
factor

1.0
1.15
1.4
2.0
2.8
4.6
8.0

16.0

Sowce: Petersen and Middleton.

One can notice that the importance of optimal sampling is enhanced with dimensional
ity. Optimal sampling becomes extremely important for calculations beyond three
dimensions. For example for six dimensions, 2.7 sampling points are needed per unit
volume, compared to 12.4 points in the Cartesian cubic lattice. Nevertheless even the
optimal sampling efficiency decreases with dimensionality. This fact poses an intrinsic
limitation to the Fourier method for multidimensional calculations.

IlL Time propagation and other propagators

3.1 General considerations
To model the evolution of a physical system, the vector describing the state of the sys

tem has to be followed through time. In quantum mechanics the evolution operator U(t • r)
maps the state vector at time t to a new vector at time t'. The evolution operator is con
structed by using our physical intuition that the forces that induce the dynamics are
homogeneous, symmetric and continuous in time. These requirements imply a group
property to the evolution operator with the form:

_!.A (1'-1)
U(t , t) = U(t - r) = e II (3.1.1)

the operator H is a continuous generator of the evolution, and to fulfill the symmetry
requirerment H has to be hermitian. Part from this requirement the operator H is unre
stricted. It is customary to identify the operator H with the Hamiltonian of the system,
which means that its expectation value becomes the energy. From this analysis one con
cludes that the stage on which the dynamical events are observed is the time energy phase
space. TIme is interpreted as a parameter and not an operator of a continuous dynamical
group describing the evolution operator. From this description it seams that time and
energy are not set on the same footing. Contrary to this situation, in the position
momentum phase space a complete symmetry exists between the two variables. The dif
ferent descriptions are manifested in the boundary conditions of the discrete descriptions.
For the position momentum space the boundary values of phase space are imposed. In
the time energy phase space only an initial boundary condition in time is imposed. The
common strategy of both phase space descriptions is the use of global functional descrip
tions of the complete space. This nonlocal type of description assures the compliance
with the uncertainty principles central to quantum mechanics.

The group property which is in the foundation of the time evolution operator U can be
exploited by subdividing the time interval into segments:

U(t + s) = U(t) U(s) (3.1.2)
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where for each segment there is an individual evolution operator. By repeating the seg
mentation process the individual evolution operator becomes a function of a very short
time interval. Knowing the limit lim U(t) = t one can linearize U(t) for short time

,-+0
intervals. This is the base of a family of propagation techniques based on a short time
expansion. Once a short time propagator is developed the global evolution operator can
be reassembled. Similar techniques allow one to develop the evolution operator for prob
lems with explicit time dependence.

To illustrate the use of this formal construction consider the following situation, a sys
tem is prepared in some initial state, for example by cooling the system one can reach the
ground state. Then at time t = 0 an abrupt change is imposed on the system changing the
potential. This can be realizable experimentally in the coloumb imaging technique. The
abrupt change imposes the initial value of the state of the system. The purpose of the
modeling is to follow the evolution of system in time under the influence of the new
Hamiltonian. This situation is a generic example for which the solution of the time
dependent Schrodinger equation

Hz a",(t) u" () (3 1 3)
Inat = '" t . .

subject to the initial condition ",(0) describes the evolution in time. Examining the r.h.s
of the Shrodinger equation, it can be identified as the mapping of the vector", caused by
the hamiltonian H. Building on section II where a discrete version of the mapping has
been worked out, it should be possible to use these discrete mapping techniques to solve
for the evolution of the system. For a stationary Hamiltonian the solution of the time
dependent Schrodinger equation becomes:

_!.jb
",(t) = e 1i ",(0) (3.1.4)

This is the integral version of the time dependent Schrodinger equation and is identical to
equation (3.1.3). Again comparing the r.h.s. of this integral form of the Schrodinger
equation, a solution to the evolution operator is possible if a mapping procedure can be
found which calculates the mapping caused by an exponential function of the Hamilto
nian operator. The main topic of this section is finding effective methods which allow to
calculate the mapping imposed on vectors in Hilbert space by mapping caused by a func
tion of an operator. This generalization will allow the use of the same basic techniques
for solving other equations.

3.2 Function of an operator
In this section the mapping operation is extended from the mapping caused by an

operator to the mapping caused by a function 1 of the operator 0:
; = 1(0)", (3.2.1)

Equation (3.2.1) has only formal meaning and therefore has to be interpreted. The inter
pretation is based on the analytic properties of the function I(z) which allow a convergent
expansion in powers of the operator O. This formulation can directly take advantage of
the ability which has been described in the previous chapter to perform the discrete map
ping caused by linear operators in Hilbert space of an initial vector", into a new vector ;,
; = 0",. This means that equation (3.2.1) can be evaluated by a successive application of
the basic mapping procedure. The next step is to utilize the spectral decomposition of the
operator 0

o = :E .:t"P"
"

(3.2.2)

where Ou" = .:t"u" and P" is the n'th projection operator P" =lu" >< u"l. Using the prop
erty of the projection operators: P" Pm = 811mPII' the spectral decomposition of the

operator in equation (3.2.1) can be written as:
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f(O/) = ~ f(~")P,,

"
(3.2.3)

This is a key step because now the problem of evaluating a function of an operator has
been transformed to the evaluation of a function of a scalar. The power expansion and
the spectral decomposition are the two basic methods of evaluating a function of an oper
ator. Equation (3.2.3) has the nice feature of transforming the evaluation of the function f
to be the evaluation of a scalar, but the formula requires the ability to perform the map 
ping of 'I' caused by the projection operators ¢" = P,,'I' . It will be found that these opera
tors are closely analogous to the Lagrange interpolation polynomials. Because of the
importance of these steps, a detailed description now follows. First consider the operator:

(3.2.4)

This operator has the opposite effect than the projection operator, it eliminates from 'I' the
component belonging to the eigenvector I. This is now the basic building block. Now
by successively applying these operators one can eliminate from the vector 'I' all eigen
vectors except the nth one with the result becoming a polynomial description of the nth
projection operator:

(3.2.5)

P" = (0 - ~Nn(O - A.N_Ii) . .. (0 - A.,,_li)(O - A."+ln ... (0 - A.li)(O - A.on· liN

where N is a normalization term which becomes:

(3.2 .6)

N = (A." - A.N)(~" - ~N-I) .• . (~" - ~"_I)(~,, - 11.,,+1) . •.. (A." - ~I)(~" - 11.0)

Inserting equation (3.2.5) into equation (3.2.3) constitutes a Lagrange interpolation poly
nomial procedure for evaluating the function of the operator. The polynomials can be
evaluated recursively by successive application of the basic mapping of the operator in
equation (3.2.4). The functional evaluation is at the interpolation points which match the
eigenvalues of O. This reconstruction of equation (3.2.3) is exact because of the follow
ing property of interpolation polynomials:

PN+I(X,,) == f(x,,) (3.2.7)

Numerically the Lagrange interpolation procedure has disadvantages mainly because N
different polynomials have to be evaluated. This problem can be overcome by the use of
Newtonian formulation of the interpolation polynomial:

(3.2.8)

f(z) = ao + al(z - xo) + a2(z - XI)(z - xo) + a3(z - X2)(Z - XI)(z - xo) + . ..
N-I ..-1

= ~ a" n (z - Xj)
11=0 j...o

where the coefficients a" are determined by imposing the interpolation condition leading
to:

ao = f[xo] f(xo)

(f(xI) - f(xo))

(XI - xo)

And the rest of the coefficients are calculated by the recursive formula:

(3.2.9)

"-I
f(x,,) - ao - ~ a/ (x" - xo) •.. (x" - X/-I)

/=1 · (3.2.10)

The coefficients a" are called the divided difference coefficients and a common symbol
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for them is at =I[xo, Xl, • •• ' Xt]. Using the results of equation (3.2.1 ) and by rewriting
equation (3.2.2) and by replacing z by 0 the function of the operator 1 is written as :

1(0) = aot + al (0 - xoi) + a2(0 - xli)(O - xoi) + ... (3.2.11)
N-I 11-1. •

= ~ all II (0 - X jl)
,.,,0 j=O

where t is the identity operator, XII =A.II , and the expansion coefficients all are calculated
by equation (3.2.9) (3.2.10). This formulation leads to a recursive algorithm based on the
elementary mapping, allowing one to construct the operation of the polynomial on an ini
tial function \II once an algorithm for the operation 0\11 exists. This recursive algorithm
eliminates intermediate storage because unlike equation (3.2.3) the need for the eigen
functions is eliminated. Summarizing the reformulation from equation (3.2.1) to equation
(3.2.11) a finite recursive polynomial expansion of the function 1(0) has been gained
based on the mapping operation 0\11. However the algorithm is based on the solution of
the more difficult problem of finding the set of eigenvalues of the operator O. As basic
diagonalization procedures scale as O(N3) where N is the size of the vector \II this
approach is prohibitively expensive for realistic problems. Nevertheless an important les
son can be learned from the formulation, Choosing the interpolation points in regions
where the eigenvalues of 0 reside will effectively improve the convergence of the poly
nomial approximation.

3.3 Uniform approximation approach
As has been concluded from the previous section a detailed knowledge of the posi

tions of the eigenvalues of 0 exclusively determines the interpolation polynomial. As this
detailed description is usually prohibitively expensive, a strategy of choosing the interpo
lation points has to be developed based on only a partial knowledge of the location of the
eigenvalues. It will be shown that the number of interpolation points or the order of the
polynomial can be reduced considerably from the number of eigenvalues of O.

First consider the situation when the operator 0 is hermitian. As a result, all eigenval
ues are located on the real axis and for most applications upper and lower bounds for the
eigenvalues A.II can be found. The strategy is then to use this partial knowledge to con
struct a uniform approximation of the function 1 on the interval on the real axis defined
by the upper and lower bounds of the eigenvalues. For the Hamiltonian operator this wil
be the energy axis. The original problem of approximating the operation of a function of
an operator has been transformed to the problem of finding the best uniform approxima
tion of a scalar function I(z) on a closed interval A."w, < z < A.max.

This problem is a classical problem in numerical analysis, that is finding a polynomial
approximation so that the maximum error is minimum on this interval. The most general
interpolation polynomial obeys the relation:

IN+I(~(z»
I(z) = PN(z) + (n+ I)! (z - xo)(z - XI)(Z - X2)·· · (3.3 .1)

where XII are sampling points and ~ which is a function of z is also in the interval. To
minimize the error regardless of its position in the interval one can choose the sampling
points XII such that the product in the r. h. s of the equation

E(z) = lI(z - xo)(z - XI)(Z - X2) .. · 11 (3.3.2)

is minimum for arbitrary z in the interval. This product is a monic polynomial of degree
N + 1. The minimax criteria can now be traced to a condition on equation (3.3.2) that the
maximum amplitude of E(z) in the interval is minimum. The Chebychev polynomial has
uniform amplitude in the interval therefore it obtains its maximum value N times with the
value 1/211-1 . All other polynomials of the same degree become non uniform and there
fore have larger maximum amplitudes ( see figure 3.1). As a result they are inferior to the
Chebychev polynomial in reducing the error term E(z). Because the usual definition of

the Chebychev polynomials is on the interval -1 to 1 , a shifting and scailling
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transformation is applied to the argument z:

z' = 2 z - A.min _ 1
A.max - A.min

(3.3.3)

What has been found is that minimizing the error is equivalent to choosing the sampling
points as the zeros of the N + 1 Chebychev polynomial. One can proceed directly now by
using the Newtonian formulation of the interpolation polynomial. This approach will be
analyzed later, alternatively a direct expansion of the function of the operator in Cheby
chev polynomials is formulated [16]. Mathematically it will be shown that the two
approaches are equivalent.

Explicitly for the function I(z) an expansion by Chebychev polynomials becomes
N ,

I(z) '" ~ b" T,,(z ) (3.3.4)
,,=0

where T" is the Chebychev polynomial of degree n, and b" are expansion coefficients
defined by:

1 '
b" = ~ f l(z)T,,(z) dz'

tr - r--;;)1,2
-1 "1-z-

(3.3.5)

Returning now to the problem of approximating ; = 1(0)"" the approximation is
obtained by replacing the argument z' by the operator O. This is done by the following
steps:
a) Scale and shift the original operator 0:

O• 0 - A.mini • 3 3 6=2 -I ( .. )
A.max - A.min

b) Calculate the expansion coefficients b" using equation (3.3.5).
c) Using the recursion relation of the Chebychev polynomials, calculate;" where:

;0 = '" (3.3.7)

;1 = 0'",
and

Again the calculation of the recursion is based on the ability to perform the discrete map
ping caused by the operator O. Two basic operations are used for the recursion, multipli
cation ( mapping ) by an operator on a vector and an addition of another vector. d)
Accumulate the result while calculating the recursion relation by multiplying b" by;,.
and adding to the previous result:

N
; = ~ b";,, (3.3.8)

,.=Q

e) Truncate the calculation when the desired accuracy has been obtained.
It should be noted that the Chebychev recursion relation which consumes most of the
numerical effort is independent of the function 1 to be approximated. This means that
many different functions 1 can be approximated simultaneously by repeating steps b d
and e. The uniform nature of the approximation means the error is independent of the
choice of the initial vector v.

Considering the time dependent Schrodinger equation: i1i a; = ii",

and its formal solution:

109



3.1a
0.50

0.17

.{).17

'\

3.1b

.{).50
0.00

0.00

U -5.00
os

- 10.0

- 15.0
0.00

12.5

12.5

25 .0

N

25 .0

N

37.5

37.5

50.0

50.0

Figure 3.1a. Amplitude of the expansion coefficients of a Chebychev polynomial expansion for the functions e- izt

(solid line). e- zt (broken line ) and _1_ (dashed line) as a function of the order n, t1Et{1 is chosen to be 40. and
z - tv

the point is indicated by the right errow. Beyond this point the expansion coefficients of the real time propagator decay

exponentially. The point (t1E{1)1 is indicated by the left errow showing the point where the imaginary time propaga
tion decays exponetially. Figure 3.1b shows the same picture where the coefficients are displayed in a logarithmic scale.
The exponential convergence is of the propagators is clearly shown in comparison to the absence of convergence of the
coefficients of the resolvant.
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(3.3.9)

the function f to be approximated is e-iz• Following the steps of the algorithm, the range
of energy 6E = Emu. - Emin represented by Ii is estimated. The shift operation causes a
phase shift in the final wavefunction which can be readjusted by multiplying 'P by the
phase factor:

The expansion coefficients b; are calculated from equation (3.3.5) to obtain:

(
!J.E . t )

bo = J 0 ----zit <I>

and

b = 2 '"J (6E' t) <I> n ~ I
" I" 21i

(3.3.10)

(3.3.11)

where J" are Bessel functions. The argument of the Bessel function !J.~ t is related to
the volume of the time energy phase space which is contained in the problem. The num
ber of terms N needed to converge the expansion is determined by this volume. This is
because of an asymptotic property of the Bessel function: when the order n becomes
larger than the argument the Bessel functions J" decreases exponentially fast ( see figure
3.1 ). .

The Chebychev vectors 'P" are functions of the normalized Hamiltonian and the initial
wavefunction ",. Therefore intermediate results can be obtained by calculating another set
of coefficients b" and repeating the resummation step. Figure 3.2 shows the relation
between the number of terms needed 10 achieve convergence and the propagated time
interval.
The linear relationship is clearly seen going up to very high orders of the polynomial. To
check the limit of the expansion, a propagation for a time interval of 400 cycles of an
oscillator has been tried. The resulting polynomial expansion was of the order of
N =120000. The norm energy and overlap with the initial state all achieved an accuracy
of 14 digits. This behavior is typical of the uniform convergence of the method where all
error indications are of the same order of magnitude.

Figure 3.3 shows the efficiency ratio defined as the time energy phase space volume
divided by the number of terms in the expansion needed to obtain convergence:
11 = (!J.E · t{l.1i) I N as a function of time.
The efficiency approaches 1 for long time propagations. For short time intervals the effi
ciency decreases which means that the overhead of points needed to obtain a prespecified
accuracy increases; This is the reason that the Chebychev propagation method is recom
mended for very long propagation times. As the error is uniformly distributed and can be
reduced to the precision determined by the computer the Chebychev scheme is a fast
accurate and stable method for propagating the time dependent Schrodinger equation.
The method is not unitary and because of the uniform nature of the error distribution
deviation from unitarity can be used as a check of accuracy. A vast number of applica
tions in molecular dynamics stress this point. The same algorithm has been used for
propagating the Liouville Von Neumann equation [15].

A small change in the function f leads to an effective method for obtaining the ground
state and several low lying excited states. Considering the propagation of a vector "' :

(3.3.12)
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Figure 3.2 The Number of Chebychev terms in the expansion needed to obtain 12 digits accuracy as a function of time.

The system used is an hannonic oscillator sampled by 64 spatial sampling points with grid spacing Of~x = O. 295 •
m = 1 and tv = 1.Tune is measured in periods of the oscillator. The energy range on the grid~E =99. 85.
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Figure 33. The effic iency ratio defined as ~E . t!2N where N is the number of expansion terms is plotted as a func
tion of time. The three lines correspond to 12 digits of accuracy 8 digits of accuracy and 4 dig its of accuracy. As time
progresses the three lines reach their asymptotic value of 1. For short time the efficiency deteriorates reaching 50% for
a time of 0.1 periods (40 terms ).
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when l' ~ 00, " approaches exponentially fast the ground state. A proof for this fact is
obtained by expanding I/' in the eigenstates of H:

e-A~I/' = l: e-E·~u" (3.3.13)

"
which converges to the ground state at a rate of e: (E I - Eo) ~. By choosing f(z) = e-' the
previous algorithm can be modified by performing analytic continuation to the expansion
coefficients to obtain:

bo = lo(a)' N

b; = 2l,,(a)' N

(3.3.14)

where a = - M . l' and I" are modified Bessel functions and N = e-+<!4E + E""">O-. These
2 .

expansion coefficients converge exponentially because the modified Bessel functions I"
decay exponentially when n > "'dE· l' /2. By comparison this convergence is faster
than the coefficients b" of equation (3.3.5). It should be noticed that equation (3.3.13)
becomes the solution to the diffusion or heat equation when Hamiltonian operator is
replaced by the appropriate diffusion operator. This means that the same algorithm can be
used to solve these equations. The scaling of the numerical effort as a square root of time
has physical significance in the diffusion equation, for which the higher eigenvalues loose
their significance as time progresses until in equilibrium only the lowest eigenvalue is of
importance. Consider for example obtaining .the ground state of the Harmonic oscillator
starting from a coherent initial state which means that the projections on the ground state
and first excited state are approximately equal. The convergence is exponential with the
relaxation constant of approximately as predicted from equation (3.3.13) for an harmonic
oscillator of frequency 1. Considering that the numerical effort scales as ..,fi the numerical
convergence is faster than exponential.

At this point it is appropriate to compare the Chebychev expansion of equation
(3.3.20) to the Newtonian interpolation formula of equation (3.2.5). The connection can
be worked out from equation (3.3.5) by replacing the analytic integration with a Gauss
Chebychev quadrature of order N:

(3.3.15)

The quadrature points x" are the zeros of the Chebychev polynomial of degree N + 1. On
inserting equation (3.3.15) into the Chebychev expansion (3.3.4) one finds that the
Chebychev expansion has become a polynomial interpolation formula equivalent to
(3.2.9) where the quadrature points are identical to the interpolation points:

(3.3.16)

~ f f f(XI)T"(XI)~"(x/c)

1t ,,=1 1=1 (1 - X~)}

1: roo ~ 1: T,,(XI)T,,(x/c)

1=1 1t 11=1 (1 - X~)!

The last equation is due to changing the order of summation and the Christofel-Darboux
formula. From equation (3.3.16) it can be concluded that the Chebychev expansion of
equation (3.3.4) is equivalent to a polynomial interpolation when the sampling points are
the zeros of the N + 1 Chebychev polynomial if the expansion coefficients are calculated
using the Gauss-Chebychev quadrature scheme of order N . The sampling points become
the quadrature points of the numerical integration. This means that an alternative uniform
algorithm can be obtained using equation (3.2.9) with the zeros of the Chebychev polyno
mial as the sampling points x"' together with the expansion coefficients a" calculated by
the divided difference procedure. To keep the, dynamical range of the calculation in
check it is desirable to use the scaled operator 6 also for the Newtonian formulation. To
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keep the divided difference coefficient in check the stable interval is from -2 to 2. To
obtain high orders the sampling points have to be staggered otherwise numerical instabili
ties occur. This point is quit amazing, noting that Newtons interpolation polynomials are
invariant to a permutation of points. On the other hand numerically reordering the points
completely changes the stability characteristics of the algorithm.

To connect to other work the derivation can be considered a pseudospectral scheme in
time, similar to the DVR expansion method of Lill, Hamilton and Light [12] which is
used for spatial coordinates.

3.4 Non uniform approximation.
The motto of this section is to find effective strategies to reduce the error in the poly

nomial interpolation procedure. Consider again the error in the polynomial expansion of
equation (3.2.11)

(3.4.1)R(z) = F(z) - PN(z)
fN+I(~)

= (N + I)! (z - XN)(Z - XN_I)" (z - xo)

If one considers a particular point z then define it as a new interpolation point. Following
the procedure that allows to add a point to the interpolation one obtains:

(3.4.2)

As has been described in section 3.2 the strategy of minimizing the error has been to min
imize the product term irrespective of z confined to the interval -1 to 1 . As a result the
quality of the interpolation is independent of the initial vector e-. In many cases in partic
ular when the vector", is spanned only by a small fraction of the spectral range of 0 it is
desirable to adopt the interpolation points to the actual vector ",. This can be done by
minimizing the norm of the error vector < XlX >:

where the minimization is in respect to the sampling points Xo Xl. ··· . XII' For the general
case evaluating the mapping of the operator f[xo . XIo ••.• XII: 0] is extremely difficult
because the divided difference coefficients are rational fractions and not polynomials. To
overcome this difficulty instead of the most general minimization procedure one can min
imize the norm of the vector produced by the r.h.s of equation (3.4.3) only:

(3.4.4)

with respect to the N sampling .points. To simplify the minimization problem equation
(3.4.3) can be rewritten as a power expansion:

_ N+I_ 1e
Z = R(z)", = L dle0 '" (3.4.5)

.t=O

(3.4.6)

where the minimalization procedure is now transformed to the die coefficients. Notice
that dN =1 because the polynomial in equation (3.4.4) in monomic. The norm of X with
respect to the die coefficients is a quadratic expression:

N N
< xiX> = L L djd · < ; jl; ' >

i=Oj~) )

where e, = Ole", is the Krylov space vector. The minimalization of the residuum (3.4.6)
leads to the linear expression for the d, vector:

Sd = b (3.4.7)

where the overlap matrix S is defined as:

(3.4.8)
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and the b vector becomes:

(3.4.9)

because the polynomial (3.4.4) is monomic dN+! = 1. Once the coefficients d" are known
solving for the roots of R(z) gives the desired optimal interpolation points. A twist on
this procedure is obtained if the primitive Krylov base is orhonormalized by a Grham
Schmit procedure: ~1 = ;1 and ~2 = ;2 - < ;21~1 > ~1 and etc. The result is a diagonal
overlap matrix S. Then minimizing the residuum in this functional base

N+!
R(z)V' = L ej~ j leads to: e" =0 for k ~ N + 1 and eN+! = 1. With the interpretation that

j.,{J

the minimum residuum vector is orthogonal to all other vectors in the Krylov space. The
consequences of this observation are that the use of an orthonormal Krylov subspace
automatically minimizes the interpolation error. This means that an alternative procedure
for obtaining the interpolation points is to find the eigenvalues of the Hamiltonian in the
truncated orthogonal Krylov space. This can be done simultaneously with the creation
of the Krylov space using the procedure:

Zo = V' (3.4.10)

and

OZo = aoZo + PoZ!

and generally:

where:

and
a" = < Z"IOIZ" >

(3.4.11)

(3.4.12)

(3.4.13)

This llrocedure due to Lanczos leads to a tridiagonal truncated representation of the oper
ator 0 [16]. The eigenvalues of this truncated space can be now used as interpolation
points in equations (3.2.9-3.2.11). The solution of the characteristic equation and the
location of the zeros of the polynomial R(z) for the minimum residuum case coincide
[17]. This is another case of a mathematically equivalent but algorithmically different
procedure.

IV. Summary
The purpose of this note is to demonstrate a uniform approach based on a global func

tional base to describe quantum mechanical dynamical processes. The description of the
position-momentum phase space and the time-energy phase space is based on a discrete
sampling which through the collocation technique determines the global functional base.
This note is far from exhausting all the possibilities. For the position momentum phase
space only the Fourier method was described in detail because due to its simplicity it
serves as a good illustration to the principles involved. In the time-energy phase space
the Chebychev and the short iterative Lanczos (SIL) were put on equal footing. Other
families of propagators in particular the split operator family [20] which have potential
for a global description are left to future notes.
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