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A Planck-scale limit on spacetime fuzziness and
stochastic Lorentz invariance violation
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Wheeler's ‘spacetime-foam" picture of quantum gravity (QG)
suggests spacetime fuzziness (fluctuations leading to non-
deterministic effects) at distances comparable to the Planck
length, Ly A 1.62 x 107 cm, the inverse (in natural units) of
the Planck energy, Ep &~ 1.22 x 10" GeV. The resulting non-
deterministic motion of photons on the Planck scale is expected
to produce energy-dependent stochastic fluctuations in their
speed. Such a stochastic deviation from the well-measured
speed of light at low photon energies, ¢, should be contrasted
with the possibility of an energy-dependent systematic,
deterministic deviation. Such a systematic deviation, on which
observations by the Fermi satellite set Planck-scale limits for
linear energy dependence?, is more easily searched for than
stochastic deviations. Here, for the first time, we place Planck-
scale limits on the more generic spacetime-foam prediction of
energy-dependent fuzziness in the speed of photons. Using
high-energy observations from the Fermi Large Area Telescope
(LAT) of gamma-ray burst GRB0O90510, we test a model in
which photon speeds are distributed normally around ¢ with
a standard deviation proportional to the photon energy. We
constrain the model's characteristic energy scale beyond the
Planck scale at >2.8E; (>1.6E;)), at 95% (99%) confidence.
Our results set a benchmark constraint to be reckoned with by
any QG model that features spacetime quantization.

Significant advances in exploring QG-motivated phenomenol-
ogy® have been achieved in the past decade. In some cases, it was
possible to establish bounds on QG effects at the Planck scale.
Among the possible QG effects, it is expected*™ that the postulated
foamy/fuzzy structure of spacetime at short distances would induce
a stochastic effect, where two massless particles of equal energy
travel the exact same distance in different times. In this work, we
examine a model of spacetime foam®, in which quantum fluctua-
tions of spacetime near the Planck scale induce stochastic variations
in the speed of light, v(E) = ¢ + §v(E), where §v(E) is random
and distributed normally around zero with a standard deviation
0,(E) = (14+n,)/2(E/&,,. Ep)™c. In this model, we observation-
ally expect a bunch of photons of equal energy E emitted
simultaneously from a distant astrophysical source to propa-
gate with different speeds and arrive at different times, nor-
mally distributed around the light travel time T for v(E) =c,
with a standard deviation o;(E) = T.0,(E)/c, where T.~ T is
given by’:

or(E) 1 [* (1+z)" ,
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with Hy = 100hkms™ Mpc™ being the Hubble constant and
[$24, £2u, h] = [0.73, 0.27, 0.71] the cosmological parameters
we used.

This stochastic speed-of-light variation is in conflict with Lorentz
invariance, the basic symmetry of Einstein’s theory of relativity.
Such a conflict is usually referred to as Lorentz invariance violation
(LIV). Here, we examine a simple manifestation of ‘stochastic LIV,
in which the light-cone of special relativity still exists; however it
is fuzzy. The dimensionless parameter £, determines the energy
scale &, Ep of stochastic LIV, and the model-dependent parameter
n, determines the leading-order energy dependence of the effect.
Stochastic LIV should be distinguished from deterministic LIV, for
which LIV-induced dispersion is exactly the same for all photons
of the same energy E (that is, it is systematic) and is given
by 8v(E)=—S,,(1+n4)/2(E/&4,,En)"™ ¢, with S,, ==£1 a model-
dependent parameter.

Systematic LIV represents a more appreciable departure from the
structure of present theories, as in it the special-relativistic light-
cone does not merely acquire some fuzziness but is actually replaced
by a new structure. Moreover, whereas one should expect all
spacetime-foam models to inevitably produce some amount of light-
cone fuzziness of the type that induces stochastic LIV, systematic
LIV requires spacetime foam with very particular properties.

It follows immediately from Wheeler’s picture of spacetime
foam' that for a particle of energy E propagating in the foam,
the travel time T from source to detector should be uncertain
following a law that could depend only on the distance travelled,
the particle’s energy and the Planck scale, with leading-order form
of the type 8T ~x"E™ /E}""~", where m and n are model-dependent
powers and 14 m — n > 0. QG phenomenology is at present
focused mostly on effects suppressed at the (first power of the)
Plank scale, as stronger suppression leads to even weaker effects®.
Therefore, we focus on cases with n =m. The particular case
n=m=0 is a rather natural option, which, however, cannot be
tested, as it requires timing with Planck-time (fp A 5.39 x 10™**s)
accuracy. As will become clear shortly, the picture we focus on
here corresponds to the next natural choice of n=m =1, that is,
8T ~XE /Ep.

Even though the model of spacetime-foam effects examined here
is rather natural, its applicability to specific QG theories is in most
cases difficult to establish, as obtaining rigorous physical predictions
within the various complex QG mathematical formalisms is typi-
cally challenging. However, this model does apply to the important
class of QG formalisms based on the so-called ‘Lie-algebra non-
commutative spacetimes®’, which feature non-commutativity of
coordinates of type [x,,Xs] = iR,s”x,/Ep. This class of QG for-
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Figure 1] Light curves of GRBO90510. The white and shaded histograms
show the light curves of GRBO90510 below and above the threshold energy
Ein, =300 MeV. The dashed curve shows the light curve template obtained
using a kernel-density estimate of the emission below Ey,.

malisms plays a key role in the only QG theory that has been solved
so far—the dimensionally reduced 2+ 1D version of QG. Moreover,
research on 3+ 1D QG has increasingly focused on Lie-algebra non-
commutative spacetimes, for which the phenomenology examined
here also applies.

To test the hypothesis of stochastic speed-of-light variations, we
need bursts of photons of high energy and short duration observed
from very distant sources. Gamma-ray bursts (GRBs) are ideal
sources for this task'®, thanks to their large distances (up to redshift"
z~9.4), rapidly varying emission (minimum variability timescale
down to ms), and high-energy extent of their emission (up to tens
of GeV).

GRB090510  occurred  at  cosmological  redshift'
z=0.90340.001 and was one of the brightest GRBs ever detected"’.
It was an exceptional GRB with a short duration (~1s), a very high
luminosity, photons of very high energy (up to ~31 GeV), and a fine
temporal structure with ~10 ms spikes in its light curve'>'. The
best and most robust limits for both n, =1 and n,; =2 deterministic
LIV were obtained using observations of this burst>'*. Here, we use
photon arrival time and energy data produced by the Fermi LAT
(ref. 16) observations of GRB090510 to place a stringent constraint
on &;,. We consider only n,=1, because for n,=2 the limits are
several orders of magnitude away from the Planck scale, and thus
not constraining QG models in a physically meaningful degree.

We adopt and modify for the case of stochastic effects a
well-established maximum-likelihood analysis that was successfully
used to search for deterministic LIV-induced energy dispersion in
active galactic nuclei"'”'"* and GRBs (ref. 15; see Supplementary
Information). We start the analysis by assuming that, without
stochastic LIV, the detected GRB light curve would be identical
across the whole observed Fermi-LAT energy range (from ~10 MeV
to tens of GeV). We then split the data into two energy ranges,
separated by a threshold energy E,,. The photons below Ey, are used
to estimate how the GRB emissions time profile would have been
detected on average without LIV (the ‘light curve template] f(£)),
whereas the photons above Ey, are used for evaluating the likelihood
function. The threshold energy Ey, is chosen to be low enough such
that any dispersion effects below it are effectively negligible, yet
high enough to allow adequate statistics for accurately estimating
the light curve template. Based on simulations using synthetic data
sets inspired by GRB090510, we chose Ej, =300 MeV; a choice that
corresponds to increased sensitivity and minimal systematic biases.

We focus on the brightest, most variable time interval possessing
the highest-energy photons of the GRB’s prompt emission. To min-
imize systematic biases, we then analyse a sub-interval of it, during
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Figure 2 | Construction of the Feldman-Cousins confidence belt.
Probability of obtaining a particular value of wpest (x-axis) versus the
simulated value of w (y-axis). The pair of red curves shows the 95%
Feldman-Cousins confidence belt. The horizontal solid black line denotes
our 95% upper limit on w, given the value wpes; =0's GeV ! obtained using
the actual data. The diagonal thin solid black line denotes the line of
equality between the simulated value (w) and the best estimate for this
value (Wpest).

which the GRB energy spectrum was measured to be relatively
stable®, namely 0.7-1.0 s post-trigger. Our chosen time interval and
Ey, correspond to 316 photons below Ey, and 37 photons above Ey,.

Guided by simulations, we estimate the light curve template using
a 6-ms bandwidth kernel-density estimate of the detected emission
below E,,. Figure 1 shows the estimated light curve template along
with histograms of the arrival times of photons with energies below
and above Ey. Using a maximume-likelihood analysis, we search
for any dispersion in the high-energy part of the data (above Ey,)
that is in excess of that below Ey. Assuming no source-intrinsic
effects, we interpret any excess dispersion at high energies as
arising from spacetime-foam effects, and use its presence or lack
thereof to constrain these effects. For the examined case of n,=1,
we quantify the magnitude of LIV-induced dispersion using the
quantity w(z) =o(E)/E. According to our maximum-likelihood
analysis, the best estimate for w is Wy =05 GeV~'. This null result
corresponds to the complete absence of any measurable excess
dispersion in the high-energy part of the data.

To produce a confidence interval on w we employ the Feldman-
Cousins (FC) approach’, as it provides confidence intervals of
proper coverage and is also less sensitive to biases in the estimation
of Wy The implementation of the FC approach involved a set
of simulations in which we first injected data sets similar to that
of GRB090510 with various degrees of stochastic dispersion (w),
and then applied the maximum-likelihood analysis to measure this
dispersion (that is, derive wy.). By examining the distribution of
measured dispersion values (wy.) for each particular value of the
injected dispersion (w), we found which values of true dispersion
are possible given our measurement of wy.; =0sGeV~!, thereby
producing a confidence interval on w. Figure 2 shows the results of
these simulations along with the resulting FC confidence belt, which
we used to place the constraints of Wy, < 0.013(0.023) sGeV ™' at
95% (99%) confidence. These constraints on w for the redshift of
GRB090510, z =0.903, correspond to constraints of &, > 2.8 (1.6)
at 95% (99%) confidence, respectively. These are the first-ever
constraints on spacetime-foam-induced stochastic variations on the
speed of light that are beyond the physically important milestone of
the Planck scale.

We extensively tested the validity and robustness of our results
(see Supplementary Information). Specifically, we considered how
the choice of time interval, the statistical uncertainty in the
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determination of the light curve template, the presence of spectral
evolution, the imperfect energy reconstruction, the uncertainty of
the cosmological parameters, and our choice of Ey, affect the results.
All the effects we examined had little influence on our results,
shifting our upper limits by less than 10% (or 20% at worst, for a
smaller time interval, 0.8-1.0 s post-trigger), and often by much less,
supporting the robustness of our results.

GRBs will probably remain the most constraining sources for
direct searches of stochastic speed-of-light variations. Of course,
one might alternatively seek indirect evidence of such variations:
for example, based on the effect of these variations on the fuzziness
of distance measurements operatively defined in terms of photon
travel times, L=vT. In this case, contributions to the uncertainty
8L>~c8T + T8v in L would include in addition to the standard con-
tribution from the Heisenberg uncertainty principle for a relativistic
probe, §T > h/2E = (Lyp/2¢c)Ep/E (where £ is the reduced Planck
constant), a novel contribution due to the stochastic QG effects:

s~ E 71L+ E “sL (1)
T2\Ey/) " \&,Ey

Equation (1) describes a fuzzy spacetime as there is no value
of the energy of the probe for which the distance determina-
tion is classically sharp (8L(E) % 8Ly, > 0). Minimization with
respect to E implies (up to numerical factors of order unity),
SL = (Lpy)"s/ stV L1/ st Satisfactorily, this falls within the general
expectations for the form of distance fuzziness 8L - (Lp)“L' ™ dis-
cussed in previous works**?**!.,

Equation (1) bridges two areas of investigation in quantum
gravity: one on stochastic speed-of-light variations and one on
a minimum-uncertainty principle for distance measurements.
For purposes of exploiting this to perform indirect tests for
stochastic speed-of-light variations, one should take notice that
the best method to date for testing distance fuzziness relies on its
implications on the formation of halo structures in the images of
distant quasars®. However, the outcome of those studies depends
rather crucially’ on the particular form of the fluctuations of the
light-cone in the direction transverse to the one of propagation, in
the same sense that our stochastic speed-of-light variations could
be modelled purely in terms of fluctuations of the light-cone along
the direction of propagation. Any attempt to test stochastic speed-
of-light variations on the basis of such quasar-image studies would
only produce ‘conditional limits), affected by assumptions about the
fluctuations of the light-cone in the direction orthogonal to the
propagation. A very exciting prospect for the future is to combine
the type of study of stochastic speed-of-light variations proposed
here and the studies of distance fuzziness developed in refs 5,20,21
to possibly obtain complementary views (or constraints) on light-
cone fluctuations, both in the direction of motion and also in the
transverse direction.

Remarkably, in spite of the stochastic nature of the examined
dispersion, it was possible to obtain limits that are beyond the Planck
scale, and comparable to those obtained for deterministic LIV
(refs 2,15). These stringent limits should be taken into account when
considering any QG theory that involves spacetime quantization.
Using the methodology presented here, Fermi-LAT observations
of GRBs brighter than GRB090510, and future high-sensitivity
and higher-energy Cherenkov Telescope Array*>* observations of
short-duration GRBs would enable us to reduce even further the
allowed windows for QG models.
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